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Abstract: A k-nearly independent vertex subset of a graph G is a set of vertices

that induces a subgraph containing exactly k edges. For k = 0, this coincides with
the classical notion of independent subsets. This paper investigates the average size,

av1(G) of the 1-nearly independent vertex subsets of both graphs and trees of a given
order n.

Let En denote the n-vertex edgeless graph, so that av1(En) = 0. We determine all

n-vertex graphs G ̸= En that minimize or maximize av1. Similarly, we identify the
trees of order n that achieve the minimum value of av1, and prove that the maximum

value lies between n/2 and (n+1)/2 if n > 8. Finally, we construct a family of n-vertex

trees which attains the upper bound with an additive error tending to zero, as n tends
to infinity.
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1. Introduction

Counting substructures in graphs is a central topic in combinatorics and graph the-

ory. Among these, the enumeration of subgraphs–particularly induced subgraphs,

spanning subgraphs, independent sets and their generalizations–plays a crucial role

in understanding graph complexity and structure. Key questions include which n-

vertex graphs minimize or maximize the number or average size of independent sets,

under various structural constraints.

∗ Corresponding Author
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An independent vertex set in a graph G is a set of vertices, no two of which are

adjacent in G. The number of independent vertex sets of G is also known as the

Fibonacci number or Merrifield-Simmons index of G in the mathematical literature.

Their enumeration has deep ties to certain models in statistical physics via the hard-

core model, where each independent set is assigned a weight based on its size (see [10]).

Let i(G) denote the number of independent vertex sets (including the empty set) in

graph G. Among n-vertex graphs, the minimum is achieved by the complete graph

Kn with i(Kn) = n+1. For graphs with a fixed number of vertices and edges, a classic

result of Kahn [8] shows that among d-regular bipartite graphs G on n vertices such

that 2d divides n, the maximum value of i(G) is achieved by the disjoint union of n/2d

copies of Kd,d, confirming a special case of a conjecture by Alon and Kahn. In general

graphs, Zhao [11] extended Kahn’s entropy method to show, as a special case of a

broader result, that among all n-vertex, d-regular graphs (not necessarily bipartite),

the number of independent vertex sets is maximized by the disjoint union of n/2d

copies of Kd,d, when n is a multiple of 2d. Among regular graphs, the minimum is

less understood, but lower bounds have been given in terms of vertex degrees.

There are many other works on i(G) when G is restricted to various classes of n-

vertex graphs such as graphs with a given minimum degree [6, 7], or a given degree

sequence [1].

A 1-nearly independent vertex set allows exactly one pair of adjacent vertices in the

collection. This concept was recently introduced by Andriantiana and Shozi in [3],

where various properties are discussed and extremal n-vertex graphs and n-vertex

trees are characterized.

The analogous edge version [4] counts edge subsets with one adjacent pair; the star

minimizes and the path maximizes this number among n-vertex trees. These new

generalizations open further directions for extremal and enumerative analyses.

Let S0(G) denote the set of all independent vertex subsets of graph G = (V,E).

Define the average size of independent vertex sets in G by

s̄(G) :=
1

i(G)

∑
I∈S0(G)

|I| .

Andriantiana et al. [2] showed that among all n-vertex graphs, s̄ is maximized by the

edgeless graph En and minimized by the complete graph Kn, while among trees, the

path Pn minimizes s̄ and the star Sn maximizes it. See also the old short paper [9]

which studies the asymptotic behaviour of s̄(G) in terms of both order and chromatic

number of G, and the recent results [5] giving a tight lower bound on the expected

size of a uniformly chosen independent set in triangle-free graphs of bounded degree.

In this manuscript, we investigate the average size av1 of 1-nearly independent vertex

subsets in the class of graphs of fixed order n, and subsequently in the class of trees of

order n. Both upper and lower bounds are established, along with characterizations
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of the graphs that attain the bounds, except for the case of the upper bound for

n-vertex trees.

The paper is structured as follows. In Section 2, we formally define av1, compute ex-

plicit expressions of av1 for graphs that have less complicated structures, and establish

some technical recursive formulas. These formulas will later be needed in proving our

main theorems. Section 3 is devoted to the study of the average among n-vertex

graphs. In particular, graphs with the smallest and largest av1 are characterized. In

Section 4 we show that the star is the n-vertex tree with the smallest av1. We also

prove that the maximum value of av1 is less than (n + 1)/2 for n > 8. Moreover,

we characterize an explicit family of n-vertex trees Rn with av1(Rn) = n/2 + δn for

some 0 < δn < 1/2, thus matching our bounds. Finally, we provide further relations

between 0- and 1-nearly independent vertex sets in graphs; see Section 5.

The contributions of the different sections are not of the same nature. Most of the

extremal results for general graphs established in Section 3 are consequences of the

averaging identity of Lemma 4, which relates the average size of 1-nearly independent

vertex sets to the contributions of the edges of the graph. These results provide

useful general bounds and, in the relevant cases, characterize the graphs attaining

the corresponding extrema. The main new contribution of Section 4 is more specific

to trees. We determine the exact minimum of av1 among n-vertex trees, attained by

the star, and establish that the maximum is asymptotically localized around n/2: for

n > 8, it is strictly less than (n + 1)/2. We further construct an explicit family of

n-vertex trees Rn for which av1(Rn) = n/2+ δn with limn→∞ δn = 1/2, showing that

the upper bound is essentially sharp. Thus, although the exact tree attaining the

maximum is not identified here, the location of the maximum is determined up to a

bounded error, and the family Rn provides explicit near-extremal trees approaching

the upper bound. Accordingly, Section 4 is the central part of the paper.

2. Preliminary results

Throughout this paper, all graphs are simple. The number of elements in a finite set

S is denoted by |S|. The empty sum is treated as 0.

Let G = (V,E) be a simple graph and l a non-negative integer. As defined in [3], a set

S ⊆ V is called a l-nearly independent vertex set in G if the graph induced by S in

G contains exactly l edges. Thus, 0-nearly independent vertex sets are precisely the

classical independent vertex sets. Denote by Sl(G) the set of all l-nearly independent

vertex sets in G, and set

σl(G) := |Sl(G)| and Sl(G) :=
∑

S∈Sl(G)

|S| ,

that is σl(G) is the number of l-nearly independent vertex sets in G, while Sl(G) is

the sum of the sizes of the l-nearly independent vertex sets in G. We are specifically
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interested in the average size of a l-nearly independent vertex set in G, which is

given by

avl(G) :=
Sl(G)

σl(G)
,

provided that σl(G) ̸= 0. If Sl(G) = ∅, then it is consistent to write avl(G) = 0.

We denote by σl(G, k) the number of l-nearly independent vertex sets in G that have

cardinality k. Clearly, σ0(G, 0) = 1, while σl(G, 0) = 0 for all l > 0 and σ1(G, k) = 0

for all k < 2. We define the l-nearly series Il(G;x) by

Il(G;x) =
∑
k≥0

σl(G, k)xk ,

which has a finite number of terms since σl(G, k) = 0 for all k > |V (G)|. We refer to

Il(G;x) as the l-nearly independent vertex polynomial of G. It follows that

σl(G) =
∑
k≥0

σl(G, k) = Il(G; 1) and

Sl(G) =
∑
k≥0

k · σl(G, k) =
d

dx
Il(G;x)

∣∣∣
x=1

:= I ′l(G; 1) .

An edge e with end vertices u, v in a graph G will be denoted by e = uv. Let G1

and G2 be two graphs such that their vertex sets are disjoint. Then G1 ∪G2 means

the graph with vertex set V (G1) ∪ V (G2) and edge set E(G1) ∪E(G2). In this case,

if S is a 1-nearly independent vertex set in G1 ∪ G2, then the unique edge e = uv

in the subgraph induced by S necessarily comes from G1 or G2, and S\{u, v} is an

independent vertex set in G1 ∪ G2. Conversely, S ∩ V (Gj) is either an independent

or a 1-nearly independent vertex set in Gj for j ∈ {1, 2}, depending on the location

of edge e = uv.

We therefore obtain the following identities.

Lemma 1. Let G1 and G2 be two vertex disjoint graphs. We have

σ1(G1 ∪G2, k) =

k∑
l=2

σ1(G1, l)σ0(G2, k − l) + σ1(G2, l)σ0(G1, k − l) and

σ1(G1 ∪G2) = σ1(G1)σ0(G2) + σ1(G2)σ0(G1) .

We also obtain the following.

Lemma 2. Let G1 and G2 be two vertex disjoint graphs. We have

I1(G1 ∪G2;x) = I1(G1;x)I0(G2;x) + I1(G2;x)I0(G1;x) and (2.1)

S1(G1 ∪G2) = S1(G1)σ0(G2) + σ1(G1)S0(G2) + S1(G2)σ0(G1) + σ1(G2)S0(G1) . (2.2)
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Proof. Formula (2.1) follows immediately from Lemma 1. For (2.2), simply note

that

I ′1(G1 ∪G2;x) = I ′1(G1;x)I0(G2;x) + I1(G1;x)I
′
0(G2;x)

+ I ′1(G2;x)I0(G1;x) + I1(G2;x)I
′
0(G1;x) .

Let G = (V,E) be a graph. For S ⊆ V , we denote by G − S the graph induced by

V \S in G. For simplicity, we write G − v instead of G − {v}. We use the standard

notation that N(v) is the set of all neighbors of v ∈ V in G and N [v] = N(v) ∪ {v}.
We can count the contribution of v to σ1(G, k) as follows. If v is an element of

S ∈ S1(G), then S can only contain at most one neighbor of v in G. If S contains

both v and u ∈ N(v), then no other element of N(v) ∪ N(u) can belong to S and

S\{u, v} is an independent vertex set in G. Thus the contribution of v to σ1(G, k) is

given by

σ1(G−N [v], k − 1) +
∑

u∈N(v)

σ0(G− (N [v] ∪N [u]), k − 2) .

Therefore,

σ1(G, k) = σ1(G− v, k) + σ1(G−N [v], k − 1) +
∑

u∈N(v)

σ0(G− (N [v] ∪N [u]), k − 2)

holds. Note that G − (N [v] ∪ N [u]) and G − (N(v) ∪ N(u)) are isomorphic graphs

since uv ∈ E.

The next lemma follows immediately, and its proof is omitted. Note that the recursive

formula for S1 is obtained by differentiating the expression for I1 and evaluating it at

x = 1.

Lemma 3. Let G be a graph and v a vertex of G. We have

I1(G;x) = I1(G− v;x) + xI1(G−N [v];x) + x2
∑

u∈N(v)

I0
(
G− (N(v) ∪N(u));x

)
,

σ1(G) = σ1(G− v) + σ1(G−N [v]) +
∑

u∈N(v)

σ0

(
G− (N(v) ∪N(u))

)
, and

S1(G) = S1(G− v) + σ1(G−N [v]) + S1(G−N [v])

+
∑

u∈N(v)

(
2σ0

(
G− (N(v) ∪N(u))

)
+ S0

(
G− (N(v) ∪N(u))

))
.

In what follows, we compute σ1(G), S1(G) for a few classes of graphs. We use the

following usual notation for n-vertex graphs:
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• En: graph with no edges (edgeless graph),

• Sn: star (a central vertex incident to n− 1 pendant edges),

• Kn: complete graph (every two vertices are adjacent),

• Pn: path (a tree with maximum degree less than or equal to 2).

Proposition 1.

σ1(En) = S1(En) = 0 ,

σ1(Sn) = n− 1, S1(Sn) = 2(n− 1) , and

σ1(Kn) = n(n− 1)/2, S1(Kn) = n(n− 1).

Proof. All these expressions are easily obtained by direct counting arguments. Nev-

ertheless, let us use the above decomposition formulas. En has no edge, so S1(En) = ∅.
Let v be the central vertex of Sn, we have Sn − v = En−1, Sn −N [v] = ∅, and

σ1(Sn) = σ1(En−1) + σ1(∅) +
∑

u∈N(v)

σ0(∅) = |N(v)| = n− 1 ,

S1(Sn) = S1(En−1) + σ1(∅) + S1(∅) +
∑

u∈N(v)

(2σ0(∅) + S0(∅)) = 2|N(v)| = 2(n− 1) .

For the complete graph,

σ1(Kn) = σ1(Kn−1) + σ1(∅) +
∑

u∈N(v)

σ0(∅) = σ1(Kn−1) + |N(v)| = σ1(Kn−1) + n− 1 ,

S1(Kn) = S1(Kn−1) + σ1(∅) + S1(∅) +
∑

u∈N(v)

(
2σ0(∅) + S0(∅)

)
= S1(Kn−1) + 2|N(v)| = S1(Kn−1) + 2(n− 1) .

Solving these recursions yields σ1(Kn) = n(n− 1)/2 and S1(Kn) = n(n− 1).

Let G = (V,E) be a graph. Since every element of S1(G) induces a graph that

contains only one edge, the set S1(G) can be partitioned into

S1(G) =
⋃
e∈E

⋃
k≥2

Se1,k(G) ,

where Se1,k(G) comprises all those k-element 1-nearly independent vertex sets involving

the two end vertices of edge e. One can therefore determine |Se1,k(G)|, the contribution
of edge e = uv to σ1(G, k). Following the same argument given above, we get

|Se1,k(G)| = σ0

(
G− (N(v) ∪N(u)), k − 2

)
,

σ1(G, k) =
∑
uv∈E

σ0

(
G− (N(v) ∪N(u)), k − 2

)
.

As an immediate consequence, we obtain the following formulas.
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Lemma 4. For every graph G, it holds that

I1(G;x) = x2
∑
uv∈E

I0(G− (N(v) ∪N(u));x) ,

σ1(G) =
∑
uv∈E

σ0

(
G− (N(v) ∪N(u))

)
,

S1(G) =
∑
uv∈E

(
2σ0

(
G− (N(v) ∪N(u))

)
+ S0

(
G− (N(v) ∪N(u))

))
=

∑
uv∈E

σ0

(
G− (N(v) ∪N(u))

)(
2 + av0

(
G− (N(v) ∪N(u))

))
.

For example, by defining both P−1 and P0 as the graph with empty vertex set, setting

E(Pn) := {v0v1, v1v2, . . . , vn−2vn−1}, and using this lemma we can compute σ1(Pn)

and S1(Pn) as

σ1(Pn) =

n−1∑
j=1

σ0(Pj−2 ∪ Pn−2−j) =

n−1∑
j=1

σ0(Pj−2)σ0(Pn−2−j) ,

where the second equality comes from Lemma 5 below.

Lemma 5 ([2]). Let G1 and G2 be two vertex disjoint graphs. We have

σ0(G1 ∪G2) = σ0(G1)σ0(G2) ,

av0(G1 ∪G2) = av0(G1) + av0(G2) .

The next lemma provides an alternative formula for av1(G) that will be useful in

some cases.

Lemma 6. If G is not an edgeless graph, then

av1(G) =
S1(G)

σ1(G)
= 2 +

∑
uv∈E

S0

(
G− (N(v) ∪N(u))

)
∑
uv∈E

σ0

(
G− (N(v) ∪N(u))

) .

Furthermore, there exist edges u1v1, u2v2 of G such that

2 + av0
(
G− (N(v1) ∪N(u1))

)
≤ av1(G) ≤ 2 + av0

(
G− (N(v2) ∪N(u2))

)
.

Proof. According to Lemma 4,

av1(G) = 2 +

∑
uv∈E

S0

(
G− (N(v) ∪N(u))

)
∑
uv∈E

σ0

(
G− (N(v) ∪N(u))

) .
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Now set Huv := G− (N(v) ∪N(u)) and note that

av1(G) = 2 +

∑
uvE

S0(Huv)∑
uv∈E

σ0(Huv)
= 2 +

∑
uv∈E

αuv
S0(Huv)

σ0(Huv)

= 2 +
∑
uv∈E

αuv · av0(Huv) , (2.3)

where αuv = σ0(Huv)/
∑

uv∈E σ0(Huv). Since αuv > 0 and
∑

uv∈E αuv = 1, we

can interpret
∑

uv∈E αuv
S0(Huv)
σ0(Huv)

as an average. Hence, there is a case of uv that

corresponds to a term not less than the average, and there is a case that corresponds

to a term not larger than the average. The lemma follows.

In the next section, we consider graphs with a given order n.

3. Extremal n-vertex graphs

In this section, we characterize the structure of graphs that minimize or maximize

av1. Trivially, av1(G) ≥ 0 with equality if and only if G is an edgeless graph. Here

and in the following, we assume G ̸= En for all n.

In [2] it was proved that the star maximizes av0 among all n-vertex trees, while [3]

shows that the star minimizes σ1 among all n-vertex connected graphs. It will be

shown that the star also uniquely achieves the minimum value of av1 among connected

graphs.

In paper [3], a good graph G = (V,E) is defined as a graph in which every edge uv

satisfies N(v) ∪N(u) = V . A full characterization of the set H of all good graphs is

provided there. For any H ∈ H ∖ {K1}, we have av1(H) = 2. Hence we have the

following first main theorem of this paper.

Theorem 1. For every n-vertex graph G that is not edgeless, we have

av1(G) ≥ 2 .

Equality holds if and only if G ∈ H\{K1}.
In particular, Sn uniquely minimizes av1 among n-vertex trees, and it is one of the n-vertex
graphs that minimizes av1.

Proof. By Lemma 6, av1(G) ≥ 2 for all G = (V,E) that are not edgeless, and

equality holds if and only if S0

(
G − (N(v) ∪ N(u))

)
= 0 for all uv ∈ E, i.e. every

G− (N(v) ∪N(u)) is the empty graph, or equivalently N(v) ∪N(u) = V .

The only edgeless graph from H is K1.
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We use Lemma 6 to obtain some bounds on av1. For a graph G = (V,E), define

δ1(G) = min
uv∈E

|N(v) ∪N(u)| and δ2(G) = max
uv∈E

|N(v) ∪N(u)| .

It is clear that 2 ≤ δ1(G) ≤ δ2(G) ≤ |V | for all G that are not edgeless.

Proposition 2. For every n-vertex graph G ̸= En,

2 ≤ 3n+ 2− 3δ2(G)

n+ 1− δ2(G)
≤ av1(G) ≤ n+ 4− δ1(G)

2
≤ n+ 2

2
.

Proof. Using u1, v1, u2 and v2 as in Lemma 6 and the result

n

n+ 1
= av0(Kn) ≤ av0(H) ≤ av0(En) =

n

2

that holds for all n-vertex graph H (see [2]), we have

2 +
n− |N(v1) ∪N(u1)|

n+ 1− |N(v1) ∪N(u1)|
≤ av1(G) ≤ 2 +

n− |N(v2) ∪N(u2)|
2

.

The function x 7→ (a − x)/(b − x) is decreasing in x, provided that a < b. It follows

that

2 +
n− δ2(G)

n+ 1− δ2(G)
≤ av1(G) ≤ 2 +

n− δ1(G)

2
≤ 2 +

n− 2

2
.

We now aim to obtain a sharp upper bound on av1.

Proposition 3 ([2]). For every n-vertex graph G, we have

av0(G) ≤ av0(En) = n/2 .

Equality holds if and only if G is isomorphic to En.

Let av1(G, e) denote the average of all 1-nearly independent vertex subsets of G that

contain the two end vertices of edge e. For e = uv, we have

av1(G, e) = 2 + av0
(
G− (N(u) ∪N(v))

)
.
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Moreover,

av1(G) = 2 +
∑
uv∈E

αuv · av0
(
G− (N(v) ∪N(u))

)
for certain αuv > 0 such that

∑
uv∈E αuv = 1, provided G is not an edgeless graph;

see the proof of Lemma 6.

Since av0(Em) increases with m, the above identities imply that

av1(G) ≤ max
e∈E(G)

av1(G, e) ≤ 2 + av0(En−2)

holds for every graph G with n vertices.

Define Gn := K2 ∪ (n− 2)K1 for n ≥ 2. This graph Gn contains only one edge, thus

av1(Gn) = 2 + av0(En−2) .

Hence, our next theorem follows:

Theorem 2. Let n ≥ 2. For every n-vertex graph G,

av1(G) ≤ n

2
+ 1 .

Equality holds if and only if G = Gn.

Proof. It is only left to prove that if av1(G) = n
2 +1, with n = |V (G)|, then G = Gn.

Clearly, G cannot be edgeless. From (2.3), we have

av1(G) = 2 +
∑

uv∈E(G)

αuv · av0(Huv),

where Huv = G − (N(v) ∪ N(u)), αuv > 0 and
∑

uv∈E(G) αuv = 1. Moreover, by

Proposition 3, we know that for any uv ∈ E(G),

av0(Huv) ≤
|V (Huv)|

2
≤ n− 2

2

holds, with equality if and only ifHuv is edgeless and |V (Huv)| = n−2. In other words,

av0(Huv) =
n−2
2 holds if and only if Huv = En−2, and thus N(v) ∪N(u) = {u, v}.

So, av1(G) = n
2 + 1 = 2 + n−2

2 holds if and only if both G− (N(v) ∪N(u)) = En−2

and N(v) ∪N(u) = {u, v} hold for every edge uv in G.

Assume that av1(G) = 2+ n−2
2 and let u0v0 ∈ E(G). Since N(v0)∪N(u0) = {u0, v0},

vertices u0 and v0 span a K2 connected component in G. Since Hu0v0 = En−2, the

graph G contains no edge other than u0v0. Hence G = K2 ∪ (n− 2)K1 = Gn.

We now shift our focus to the family of n-vertex trees.
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4. Extremal n-vertex trees

As a particular case of Theorem 1, the star Sn uniquely minimizes av1 among n-vertex

trees. The next task is to search for n-vertex trees with the maximum average size of

1-nearly independent vertex sets.

By an internal vertex in a tree T , we mean a vertex with degree greater than 1 in T .

Any tree with order at least 3 contains an internal vertex.

Proposition 4. Let n ≥ 3 be an integer and T a tree of order n. Denote by δ′ the
minimum of the internal vertex degrees in T . Then we have

av1(T ) ≤ 2 +
n− δ′ − 1

2
.

Equality holds if and only if n = 1 + δ′.

Proof. Let T be chosen as stated in the proposition. As already seen in the proof

of Lemma 6,

av1(T ) = 2 +
∑

uv∈E(T )

αuv · av0
(
T − (N(u) ∪N(v))

)
for some positive numbers αuv that sum to 1. Given that n ≥ 3, if uv ∈ E(T ) then

at least u or v is necessarily an internal vertex of T . Thus, we have

|N(u) ∪N(v)| ≥ 1 + δ′ (4.1)

with equality if and only if u is a leaf (a vertex of degree 1) in T and v is of degree δ′

in T , or vice versa. Now we invoke Proposition 3 to obtain

av0
(
T − (N(u) ∪N(v))

)
≤

|V
(
T − (N(u) ∪N(v))

)
|

2
=

|V (T )| − |N(u) ∪N(v)|
2

≤ n− (1 + δ′)

2
. (4.2)

Equality holds in (4.2) if and only if it holds in (4.1) and T−(N(u)∪N(v)) is edgeless.

It follows that

av1(T ) = 2 +
∑

uv∈E(T )

αuv · av0
(
T − (N(u) ∪N(v))

)
≤ 2 +

n− (1 + δ′)

2

with equality if and only if both T − (N(u) ∪N(v)) = En−(1+δ′) and

|N(u) ∪N(v)| = 1 + δ′ hold for every uv ∈ E(T ) . (4.3)
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By (4.3), the tree T cannot contain an induced path of order 4, since otherwise we

could find on such a path an edge whose end vertices are both internal in T . Hence,

av1(T ) = 2 + n−(1+δ′)
2 implies that T is of diameter at most 2, that is T is a star.

This means n = 1 + δ′.

We can then deduce the following upper bound for n-vertex trees, obtained for δ′ = 2.

Corollary 1. Let n ≥ 3 be an integer. For any n-vertex tree T , we have

av1(T ) ≤ 2 +
n− 3

2

with equality holding if and only if T = P3.

We will prove a matching lower bound on the maximum average size of 1-nearly

independent vertex sets in trees.

For n ≥ 4, define Rn to be the tree obtained by subdividing once an edge of the star

Sn−1, i.e. by adding an edge between a leaf of Sn−1 and a new vertex.

Let v be a leaf of Rn such that v is adjacent to a vertex u of degree 2. With this

choice of vertex v, we apply Lemma 3 alongside Proposition 1 to obtain

av1(Rn) =
S1(Sn−1) + S1(Sn−2) + σ1(Sn−2) + S0(En−3) + 2σ0(En−3)

σ1(Sn−1) + σ1(Sn−2) + σ0(En−3)

and

av1(Rn) =
2(n− 2) + 2(n− 3) + (n− 3) + (n− 3)2n−4 + 2× 2n−3

(n− 2) + (n− 3) + 2n−3
,

respectively, where in the latter we used the formulas

σ0(Em) = 2m , S0(Em) = m2m−1 .

Thus

av1(Rn) =
5n− 13 + (n+ 1)2n−4

2n− 5 + 2n−3

=
n

2
+

2n−4 − n2 + 15n/2− 13

2n− 5 + 2n−3
,

and we also have

av1(Rn) =
5n− 13 + (n+ 1)2n−4

2n− 5 + 2n−3

=
n+ 1

2
− n2 − 13n/2 + 21/2

2n− 5 + 2n−3
<

n+ 1

2
. (4.4)
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Note that

lim
n→∞

av1(Rn)−
n+ 1

2
= 0

and that

av1(Rn) =
n

2
+

2n−4 − n2 + 15n/2− 13

2n− 5 + 2n−3
>

n

2
,

for all n, except n ∈ {6, 7, 8}.

Theorem 3. Let n > 8. Then

n

2
< max

T is a tree
|V (T )|=n

av1(T ) <
n+ 1

2
.

Moreover, the upper bound is asymptotically sharp.

At this stage, it is reasonable to make the following conjecture.

Conjecture 4. The tree Rn reaches the maximum value of av1 over the set of all n-vertex
trees.

We conclude this work with further bounds relating σ0 and σ1.

5. Further bounds

This short section investigates further relations between the numbers σ0 and σ1 of

0- and 1-nearly independent vertex sets, respectively. The quantity σ1 is directly

involved in the definition of av1. Thus, σ1 is the natural counting parameter un-

derlying this average, while σ0 provides a comparison with the preceding level of

near-independence. We establish further identities and bounds relating these two

counting parameters. In particular, we show that the ratio σ1/σ0 has an additive-

type behavior under graph unions. We also prove that σ0 ≤ 3σ1 for graphs with

maximum degree 2 and no isolated vertex. These results complement the study of

av1 by describing the relationship between σ0 and σ1; they are presented as further

structural observations rather than as part of the principal extremal analysis.

We begin with a lemma.

Lemma 7. For every graph G = (V,E) that is not edgeless and every uv ∈ E, we have

1

3 · 2luv−2
≤ 1

2luv−2 + 2luv−mu + 2luv−mv
≤

σ0

(
G− (N(v) ∪N(u))

)
σ0(G)

≤ 1− σ0(G− v)

σ0(G)
,
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where

luv = |N(v) ∪N(u)| , mu = |N [u]| , mv = |N [v]| .

In particular,

σ0

(
G− (N(v) ∪N(u)

)
σ0(G)

≥ 1

3 · 2luv−2
.

Proof. By partitioning the set of independent vertex subsets of G into those that

contain neither u nor v, those that contain u but not v, and those that contain v and

not u we obtain

σ0(G) = σ0(G− {u, v}) + σ0(G−N [u]) + σ0(G−N [v])

≤ 2luv−2σ0

(
G− (N(v) ∪N(u))

)
+ 2luv−muσ0

(
G− (N(v) ∪N(u))

)
+ 2luv−mvσ0

(
G− (N(v) ∪N(u))

)
≤

(
2luv−2 + 2luv−mu + 2luv−mv

)
σ0

(
G− (N(v) ∪N(u))

)
≤ 3 · 2luv−2σ0

(
G− (N(v) ∪N(u))

)
.

This proves the lower bounds.

Now, we prove the upper bound. Note that G−(N(v)∪N(u)) is an induced subgraph

of G−N [v], thus σ0(G−N [v]) ≥ σ0

(
G− (N(v) ∪N(u))

)
and

σ0(G) = σ0(G− v) + σ0(G−N [v]) ≥ σ0(G− v) + σ0

(
G− (N(v) ∪N(u))

)
.

This implies

1 ≥ σ0(G− v)

σ0(G)
+

σ0

(
G− (N(v) ∪N(u))

)
σ0(G)

as desired.

In the next proposition, we show that σ1/σ0 is a somewhat additive function in the

union of graphs.

Proposition 5. Let G1 and G2 be two vertex disjoint graphs. We have

σ1(G1 ∪G2)

σ0(G1 ∪G2)
=

σ1(G1)

σ0(G1)
+

σ1(G2)

σ0(G2)
.

Moreover, for every graph G = (V,E) with no isolated vertex and maximum degree 2,

σ1(G)

σ0(G)
≥ 1

3
.

Equality holds for P2.
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Proof. The first identity immediately follows from Lemmas 1 and 5:

σ1(G1 ∪G2)

σ0(G1 ∪G2)
=

σ1(G1)σ0(G2) + σ1(G2)σ0(G1)

σ0(G1)σ0(G2)
.

Now let G = (V,E) be a graph with no isolated vertex and maximum degree 2. All

the connected components of G are paths and/or cycles. If P2 is such a component,

then set G1 := P2 and G2 := G− V (G1) to obtain

σ1(G)

σ0(G)
=

σ1(P2)

σ0(P2)
+

σ1(G2)

σ0(G2)
≥ σ1(P2)

σ0(P2)
=

1

3
.

Otherwise,

luv := |N(v) ∪N(u)| ∈ {3, 4}

for all uv ∈ E. Here we distinguish two cases:

Case 1: |E| ≥ 5.

We can partition E as E = E4 ∪ E3, where

E4 = {uv ∈ E : luv = 4} and E3 = {uv ∈ E : luv = 3} .

We combine (see Lemma 7)

σ0

(
G− (N(v) ∪N(u)

)
σ0(G)

≥ 1

(3 · 2luv−2 + 1)

and (see Lemma 4)

σ1(G)

σ0(G)
=

∑
uv∈E

σ0

(
G− (N(v) ∪N(u))

)
σ0(G)

to obtain

σ1(G)

σ0(G)
≥

∑
uv∈E4

1

(3 · 24−2 + 1)
+

∑
uv∈E3

1

(3 · 23−2 + 1)
=

|E4|
13

+
|E3|
7

≥ 5− |E3|
13

+
|E3|
7

=
35 + 6|E3|

91
>

1

3
.

Case 2: 1 ≤ |E| ≤ 4.

Here all the connected components of G must belong to the set

Q := {P5, C4, P4, C3, P3} ,
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while easy calculations yield

σ1(P5)

σ0(P5)
=

10

13
,

σ1(C4)

σ0(C4)
=

4

7
,

σ1(P4)

σ0(P4)
=

5

8
,

σ1(C3)

σ0(C3)
=

3

4
,

σ1(P3)

σ0(P3)
=

2

5
.

All these values are greater than 1/3. Now G = G1 ∪G2 for some G1 ∈ Q. We have

σ1(G1 ∪G2)

σ0(G1 ∪G2)
=

σ1(G1)

σ0(G1)
+

σ1(G2)

σ0(G2)
>

1

3
,

which concludes the proof.
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