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Abstract: We introduce the multiplicative variable Euler-Sombor index,

Mgs, (G) = [] d2 + d2 + Adyd.,
uweE(G)

where A is a real parameter. For 0 < A < 2, we characterize the graphs that attain the
minimum of this quantity. A key intermediate result asserts that any connected graph
attaining the minimum with fixed order and size must satisfy A(G) — §(G) < 1. This
structural fact yields a complete description of the graphs that attain the minimum in
several families: paths among trees, cycles among unicyclic graphs, and, for bicyclic
graphs, the book and single-bridge dumbbell graphs. In the general setting of k-cyclic
graphs (with k > 3 and n > 5(k—1)), the graphs that attain the minimum are precisely
the bidegreed graphs with degree set {2,3}, and the value they attain is exactly

3k—4 n—2k+1

(1849072 (13+6X)(8+4)\) " 2

Our framework provides the first extremal characterization for the multiplicative Eu-
ler-Sombor index (the case A = 1), together with a complete description for all
0 < XA < 2. This simultaneously extends the known results for the classical multi-
plicative Sombor index (A = 0) and introduces a new parametric family that has not
been previously investigated.
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2 Multiplicative variable Euler-Sombor index

1. Introduction

A graph invariant is a mapping from a class of graphs into the real numbers that is
preserved under isomorphism [5]. In mathematical chemistry, invariants of this kind
(usually called topological indices) are used as numerical descriptors of the structure
of a molecular graph, in which vertices stand for atoms and edges for chemical bonds.
This approach has been central to QSAR/QSPR methodology since the 1970s [21,
22], where the goal is to correlate physicochemical, biological, or pharmacological
properties with the graph structure of a molecule.

Among the degree-based indices introduced in the past decade, the one proposed by
Gutman [8] stands out for its geometric motivation: for a graph G, taking the degree
pair (d(u),d(v)) of an edge uv as a point in the plane and measuring its Euclidean
distance from the origin yields

> Vdw)? +d(v)?.

weE(G)

Several variants of SO(G) have since been proposed. Gutman, Furtula and Oz [10]
replaced the point (d(u), d(v)) by an ellipse, arriving at the elliptic Sombor index

ESO(G)= > (d(u)+d(v))/d(u)? + d(v)2.

uwweE(G)

Gutman [9] pursued a related but different idea, based this time on the perimeter of
an ellipse. Using Euler’s 1773 approximation formula for this perimeter [7], he arrived
at the Euler—-Sombor index

= Y Vdw )? + d(u)d(v).

weE(G)

For a comprehensive survey on extremal results and bounds for elliptic Sombor and
Euler—Sombor indices, see [2]. Its properties were studied further in [9, 20]; in the
latter paper the index was shown to correlate (with R? above 0.9) with the acentric
factor and the entropy of octane isomers.

Shortly thereafter, a one-parameter extension was proposed [11] by replacing the
coefficient of the cross term d(u)d(v) with a real parameter A € [—2, 00):

= > V) )2 + Ad(u)d(v).

uwweE(G)

The restriction A > —2 ensures that the radicand is nonnegative for all degree pairs.
This single parameter unifies several classical indices: A = 0 recovers SO(G); A =1
yields the Euler-Sombor index EU(G); A = 2 gives 3, cp(q)(d(u) + d(v)), the
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first Zagreb index [12]; and A = —2 produces }_,,c p(q) |d(u) — d(v)], the Albertson
irregularity index [1]. The properties of this index were investigated in [6] over the
interval A € [—2,2), yielding a complete characterization of the extremal graphs for
the subintervals [0,2) and [—2,0) by different analytical methods. Gutman et al.
[11] obtained bounds for several graph products; a geometric reading of the case
A € [—2,2], via the law of cosines, was given later by Nyauli and Buragohain [19].

Alongside these additive constructions, multiplicative topological indices have devel-
oped into their own line of research. Kulli [15] defined the multiplicative Sombor

Hso(G) = H \/ d(u)2 + d(’l))2.

wveE(G)

index

In many graph classes the structures attaining the minimum and maximum for IIgo
turn out to coincide with those for SO [4, 17]: the path P, and the complete graph
K, are, respectively, the graphs attaining the minimum and the maximum among
all graphs of given order, the star S,, attains the maximum among trees, and similar
patterns persist for bipartite and unicyclic graphs. One place where this parallel
breaks down, however, is the case of graphs with prescribed chromatic number: there
the problem of identifying the graphs attaining the minimum has essentially only been
settled for the additive index, and the multiplicative counterpart remains open.

The multiplicative Sombor index has been computed for specific nanostructures such
as nanotubes [15]. More recently, its behaviour has been examined under a fixed chro-
matic number [14], in terms of sharp inequalities involving order, minimum degree
and radius [3], and with respect to standard graph products [13]. Kulli [16] also in-
troduced multiplicative analogues of the elliptic and modified elliptic Sombor indices,
which suggests that the multiplicative framework can accommodate essentially any
additive construction of this type.

What is missing from this picture is a parametric multiplicative index in the spirit of
EU (A, G). To our knowledge, no multiplicative version of the variable Euler-Sombor
index has been considered so far, and the results available for multiplicative indices
are, almost without exception, proved index by index, with little in the way of a
common method. We take this as our starting point and introduce the multiplicative
variable Fuler—-Sombor index

Oes, (G)= [ V@ +d+Ndud,,  Ae[-2,00).
wweE(G)

The restriction A > —2 ensures that the radicand is nonnegative for all degree pairs,
as in the additive case. Its kernel,

ox(z,y) = Va? +y? + vy,

contains a cross term Azy that is absent from the classical multiplicative Sombor
kernel, and it is precisely this term that makes the analysis of the graphs attaining
the minimum considerably harder than in the case A = 0.
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The present paper is not simply a routine adaptation of the arguments used for IIgo.
Working directly with ¢,, we obtain a sharp monotonicity statement together with a
new difference inequality for ¢, strong enough to control edge-switching operations
in situations where earlier, cruder estimates were not sufficient. Using these properties
we are able to apply a general lemma of Liu et al. [18] and conclude that every graph
attaining the minimum must be almost regular; however, checking that the hypotheses
of that lemma actually hold for ¢, and carrying the resulting classification through to
completion, requires arguments that are new to the multiplicative parametric setting.
Rather than treating a single value of A, we work over the whole range A € [0,2) and
track how the graphs attaining the minimum change with .

With this machinery we obtain a complete description of the graphs attaining the
minimum of Hgg, for A € [0,2). We show that every connected graph attaining
the minimum of given order and size is almost regular, in the sense that A(G) —
0(G) < 1, and use this fact to determine the graphs attaining the minimum in several
natural graph classes: the path P, among trees, the cycle C;, among unicyclic graphs,
and, among bicyclic graphs, the book graph together with the single-bridge dumbbell
graph. For k-cyclic graphs with & > 3 and n > 5(k — 1), we show that the graphs
attaining the minimum are exactly the bidegreed graphs with degree set {2,3}, and
we compute the corresponding minimum value in closed form:

3k—4 n—2k+1

s, (G) = (18 +9X) "7 (134 60)(8 +4\) 2 .

Beyond the classification itself, the analysis of ) seems to be of some independent
interest. The difference inequality we prove is sharp, with an explicit equality con-
dition, and we expect the same estimate to be useful for other multiplicative indices
built from similar two-variable kernels. Because our results are stated for a full range
of A, they also make it possible to compare the multiplicative and additive versions
directly and to see how the interaction term Ad,d, shapes the structures that attain
the minimum.

It should be stressed that, although the almost-regularity of graphs attaining the
minimum is obtained via a general lemma taken from [18], everything else in the
paper (the construction of the analytic framework around @), the verification that
this lemma applies, the edge-switching arguments, and the full classification of graphs
attaining the minimum) is developed here for the first time. In this sense our results
extend the theory of multiplicative Sombor-type indices to a genuinely parametric
setting.

The rest of the paper is organized as follows. Section 2 fixes notation and establishes
the analytic properties of ¢, that are used throughout. Section 3 contains the classi-
fication of graphs attaining the minimum among trees, unicyclic, bicyclic, and general
k-cyclic graphs.
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2. Preliminaries and notation

We begin by fixing the graph-theoretic terminology used throughout. All graphs under
consideration are finite, undirected, and contain neither loops nor multiple edges. For
a graph G, the degree of a vertex v € V(G) is denoted by d,,; the largest and smallest
degrees occurring in G are denoted by A(G) and §(G), respectively. A graph is said
to be almost reqular whenever A(G) — 6(G) < 1.

A connected graph on n vertices with exactly n — 1 4+ k edges is called k-cyclic; its
cyclomatic number equals k. Trees (k = 0), unicyclic graphs (k = 1), and bicyclic
graphs (k = 2) are the three smallest cases.

For a fixed parameter A € [0,2), we define the multiplicative variable Euler—Sombor
index of a graph G as

Hgs, (G) = H wk(du’dv)v
uwveE(G)

where the function

Qp)\(xay) = Vm2+y2+>\$y, x,yz(),

will be referred to as the kernel of the index. This kernel contains a cross term Azy
that distinguishes it from the kernel of the classical multiplicative Sombor index. We
also set

Ya(z,y) = log px(z, ).

Throughout the preliminary results, all logarithmic expressions involving the kernel
are written in terms of ).

We shall use P, and C), to denote, respectively, the path graph and the cycle graph
on n vertices.

3. Minimal graphs for ) € [0,2)

In this section we study the kernel ¢, for A € [0,2). Our aim is to determine the
structure of all k-cyclic graphs for which the minimum of the index Ilgg, is attained.
We begin with the following lemma, which provides the elementary properties of the
kernel needed for this purpose.

Theorem 1. Let A € [0,2). Then the function vy is strictly increasing in each variable
for x,y > 1.

Proof.  Since the map t — In(v/t) = L In(¢) is strictly increasing for ¢ > 0, it suffices
to prove that
flz,y) = 2% +y* + Aay

is strictly increasing in each variable.



6 Multiplicative variable Euler-Sombor index

First, fix y and let 1 > x5 > 1. Then

fl1,y) = flze,y) = (27 + 9% + Azy) — (23 + y° + Azay)
= (27 — 23) + Ay(21 — 22)
= (21 — x2)(x1 + 22 + \y).

Because x1 — 22 > 0 and x1 + 2 + Ay > 0 (since 1 + z2 > 2 and Ay > 0), we obtain
f(xhy) - f(x%y) > 0.
Hence ¥y (21,y) > ¥a(z2,y). Therefore, 1y is strictly increasing in x.

By symmetry of f in x and y, the same argument holds for the variable y. Indeed,
fixing x and taking y; > yo > 1 gives

f@,y1) = f(@,92) = (y1 — y2) (1 + y2 + Az) > 0,
s0 Y (x,y1) > ¥a(z,y2). Thus, 1, is strictly increasing in each variable. O
Lemma 1. For every a>b>0 and X € [0,2), the function
z — Ya(a,z) — Pa(b, z)

is strictly decreasing on (0,00).

Proof.  Set
1 a? + 22 + lax
= — br)y==-In|{ ——5——] .
g<x) w)\(a”x) w)\( 7‘7:) 2 n(b2+$2+Abl‘
Differentiating with respect to x, we get
, 1 2z + Aa 2z + Ab
g'(x) =3 - :
2 \a?+ 22+ dax b2+ 22+ Nz

After putting over a common denominator, the numerator becomes

(22 + Xa)(b* 4+ z2 + M\bx) — (22 4+ Ab)(a® + 2% + Aax)
= —(a—b)(Az® +2(a + b)z + Aab).

Since a > b >0 and = > 0, we have a — b > 0 and

Az? +2(a + b)x + Aab > 0.
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Hence the numerator is strictly negative. The denominator
2(a® 4 2% + Xax)(b? + 2 + \bx)
is positive for > 0 because both quadratic factors are positive. Therefore
g(x)<0 Vz>0.
Thus g is strictly decreasing on (0, c0). O

Lemma 2. Let A =2+ X with A € [0,2), and define for integers n > 2

n An? n An? + An+1
A”_§m<EﬁfEﬁi>’ B”—imﬁ‘iﬂ?‘*'

Then An > Bp_1.
Proof. Set D,, := An? — An + 1. The inequality A, > B,_; is equivalent to
(An®)"(A(n—1)2)""" > D21,
Taking the (2n — 1)-th root, this becomes
G(A) = (An?) 7T (A(n — 1)2) 5" > D,,.

We prove that G(A) > D, for every A > 2. Consider

n n—1
P(A):=InG(A) —InD,, = In(An? In(A(n —1)%) —In D,,.
(4) = W G(A) ~In Dy = =" n(An?) + - In(A(n — 1)*) = ln D,
A direct differentiation yields
n 1 n—11 n?—n

/ _ _ —_
P<A)_2n—1A+2n—1A D,

1 nn-1) Dp—An(n—-1) 1 50
A D, AD,, AD, T 7

Hence P is strictly increasing on [2,00). Thus P(A) > P(2) for all A > 2. Tt remains
to verify P(2) > 0.
At A =2, we have D,, = 2n? — 2n + 1 =n? + (n — 1)2, and

n—1

G(2) =2(n?) ™ ((n—1)%) .
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We need to show G(2) > n? + (n — 1)2. Divide both sides by (n — 1)? and put

1
x = r > 1, d:=

0.
n—1 271—1>

Then 2%/ (2n=1) = z1+d and the required inequality becomes
2217 > 22 41,
Let t :=2—1=1/(n—1) > 0. By Bernoulli’s inequality,
1+ > 14 (14 d.

Thus
201 > 2 4 2(1 + d)t.

It is enough to show
24 2(1+d)t > 1+ 2t + 12,

which is equivalent to
1+2dt —t* > 0.

Since d =1/(2n —1) and t = 1/(n — 1), we have

2 1
1+2dt —t* =1 — .
+ T o D=1 -1y
For n = 2, this equals 2/3 > 0. For n > 3, we have 1 — ﬁ > 0 and the middle

term is positive; hence the expression is strictly positive. Therefore 2z't4 > 22 + 1,
so G(2) > D,,. Thus P(2) > 0, and consequently P(A) > 0 for all A > 2. This proves
G(A) > D,,, which is exactly A, > B,_1. O

Lemma 3. The sequence (Bpn)n>1 is strictly increasing.

Proof. Consider the real function

x 1 1
F(x)::21n<1—|—x+Ax2>, x> 0.
Then B,, = F(n). Put w = 1/2 and define
2 2u*
H(u):zln(1+u+i‘4)—m, u > 0.
1+U+I
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A direct calculation gives

because for A > 2 and u > 0: - If A = 2, then the bracket becomes u + “72 > 0. -1If
A > 2 then 1— % > 0 and all other terms are non-negative, so the bracket is strictly
positive. Thus H'(u) > 0 for all w > 0. Since lim,_,o+ H(u) = 0, we have H(u) > 0
for u > 0. Therefore

F'(z) = %H(l/x) >0,
so F is strictly increasing. Hence B,, = F(n) is strictly increasing. O
Theorem 2. For every A € [0,2) and all integers a > b+ 1> 2,
a[z/)x(a, a) —Ya(a — 1,a)} > b[wk(b—i— 1,b) — ¥a(b, b)]

Proof.  Since
1
U(z,y) = 5 In(@” + % + Azy),

let A=2+ \. For n > 2,

A 2
st )~ atn = 1] = Sin( ) = A

and for m > 1,

Am? + Am+1 _ g
Am? oo

m[Ya(m+1,m) — ¥x(m,m)] = n;ln(
Now assume a > b+ 1> 2. Then a — 1 > b. By Lemma 2 with n = a,
A, > B,_1.
Since B, is strictly increasing (Lemma 3) and a — 1 > b, we have
Bo_1 > By.
Combining the two inequalities yields A, > By, which is precisely

a[wA(a,a) —Yr(a— La)] > b[(/»\(b—l— 1,b) — (b, b)]

This completes the proof. O
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Theorem 3. Let A € [0,2), and let G be a connected graph with n vertices and m edges.
If G attains the minimum value of Ilgs, among all connected graphs with the same numbers
of vertices and edges, then G is almost regular.

Proof. Based on the results established above, the function ¥, satisfies the three
required conditions of [18, Lemma 2.2]: condition (i) follows from the strict mono-
tonicity proven in Theorem 1, condition (ii) follows from the decreasing difference
property proven in Lemma 1, and condition (iii) follows from the switching inequality
proven in Theorem 2.

Since the logarithm is strictly increasing on (0,00), the problem of attaining the
minimum of IIgg, (G) is equivalent to attaining the minimum of its logarithm:

IHHESA(G) = Z 1/))\(du7dv)'

weE(G)

By [18, Lemma 2.2}, if a symmetric function I: Z2, — R satisfies conditions (i)-(iii),
then any connected graph attaining the minimum of

TIG) = Y I(du.dy)

weEE(G)

must satisfy A(G) — §(G) < 1 (that is, it must be almost regular).

Applying this lemma to the function I = 1y, every connected graph attaining the
minimum of Y ¥ (dy, d,) is almost regular. Because of the logarithmic equivalence,
the same property holds for the graphs attaining the minimum of Ilgg,. Hence G is
almost regular. O

Corollary 1. Let A €0,2) and n > 3. Among all trees of order n, the path P, uniquely
attains the minimum value of Ilgs, .

Proof. Let T be a tree of order n that attains the minimum of Ilgg, over all trees
on n vertices. Since every tree is connected and has exactly n — 1 edges, Theorem 3
applies and yields that T is almost regular, i.e.,

A(T) - §(T) < 1.

Every tree has at least two leaves, so 6(T") = 1. The almost regularity condition then
implies A(T) < 2. Since T is connected and n > 3, we must have A(T) = 2.

A connected graph with maximum degree at most 2 is either a path or a cycle. Because
T is a tree, it cannot contain a cycle; hence T' must be the path P,. Therefore, the
unique graph attaining the minimum is P,. O

Corollary 2. Let A €[0,2) and n > 3. Among all unicyclic graphs of order n, the cycle
Chr is the unique graph attaining the minimum value of Ilgs, .
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Proof. Let G be a unicyclic graph of order n that attains the minimum of Ilgg, over
all unicyclic graphs on n vertices. Every unicyclic graph is connected and has exactly
n edges, so Theorem 3 applies and yields

A(G) = 68(G) < 1.

We first show that §(G) > 2. Suppose, to the contrary, that 6(G) = 1. Then almost
regularity forces A(G) < 2, so every vertex has degree 1 or 2. Let ny be the number
of vertices of degree 1. By the Handshaking Lemma,

Z dy=n1-14(n—mn1)-2=2n—n;.
veV(G)

But for a unicyclic graph, the sum of degrees is 2n (since it has n edges). Hence
ny = 0, contradicting §(G) = 1. Therefore §(G) > 2.

Now, since §(G) > 2 and A(G) — §(G) < 1, all degrees must be equal to 2. Thus G
is a 2-regular connected graph, which is precisely a cycle. Hence G = C),.
Consequently, C,, is the unique graph attaining the minimum of Ilgg, among all
unicyclic graphs of order n. O

Theorem 4. Let A € [0,2) and n > 4. Among all bicyclic graphs of order n, a graph
G attains the minimum of llgs, if and only if G has exactly two vertices of degree 3, they
are adjacent, and all remaining vertices have degree 2. The graphs with this property are
precisely:

(i) two cycles sharing a common edge (the “book” graph), existing for all n > 4;

(i) two cycles joined by a single edge (a bridge of length 1) (the “dumbbell” graph), existing
forn > 6.

In particular, for n € {4,5} the minimum is uniquely attained by type (i), while for n > 6
both types attain the minimum simultaneously.

Proof. By Theorem 3, any graph G attaining the minimum of Ilgg, among all
connected graphs with the same number of vertices and edges is almost regular.
Hence

A(G)-46(G) < 1.

Every bicyclic graph on n vertices is connected and has exactly n + 1 edges. Since
all graphs in this class share the same number of edges, the above bound applies to
every bicyclic graph G attaining the minimum.

Let G be a bicyclic graph attaining the minimum. The Handshaking Lemma gives.
The Handshaking Lemma gives

Y dy=2(n+1)=2n+2.
veV(G)
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We first determine the minimum degree. If §(G) > 3, then > d, > 3n > 2n + 2 for
n > 4, impossible. If 6(G) = 1, then almost regularity gives A(G) < 2. Since G is
connected and has at least one vertex of degree 1, we have

d dy<142n—1)=2n-1<2n+2,
veV(G)

a contradiction. Hence §(G) = 2, and therefore A(G) < 3.
Let ng be the number of vertices of degree 3. Since all degrees are 2 or 3, the degree
sum gives

2(n—n3)+3n3=2n+2 = nz3=2.

Thus G has exactly two degree-3 vertices, say v and v, and all other vertices have
degree 2.
We now classify the possible structures based on the adjacency of u and v.

Case 1: uw and v are non-adjacent. In this case, there are two possible configurations.
Either v and v are connected by three internally vertex-disjoint paths (a theta graph
O(a, b, c)), or they lie on two cycles joined by a path of length at least 2 (a dumbbell
graph with a bridge of length > 2). In both configurations, the multiset of edge
degree-pairs is the same:

(3,3): 0, (3,2) : 6, (2,2) :n—5.

Indeed, since u and v are not adjacent, there is no (3,3)-edge. FEach of the two
degree-3 vertices is incident to exactly three edges whose other endpoints have degree
2, giving 34 3 = 6 edges of type (3,2). The remaining n+ 1 —6 = n — 5 edges are of
type (2,2). Thus, for the purpose of comparing the index, these two configurations
can be treated together as the non-adjacent case.

Case 2: uw and v are adjacent. If the edge uv lies on two distinct cycles, we obtain
the book graph. If uv is a bridge connecting the two cycles, we obtain the dumbbell
graph (with a bridge of length exactly 1). In both subcases, the multiset of edge
degree-pairs is identical:

(3,3):1,  (3,2):4,  (2,2):n—4.

Let Gpq be a graph of book or dumbbell type, and let Gphon-adj be a graph in the
non-adjacent case above. Using the edge-pair counts,

InMgs, (Gba) — InIlgs, (Ghon-adj) = ¥A(3,3) + ¥ (2,2) — 291 (3, 2).

Since ¥5(z,y) = 1 In(a? + y* + Azy), we obtain

InIlgs, (Gha) — InIlgs, (Ghon-adj) =

1. (184 9X)(8 +4))
21n< (13+ 6))2 )
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Now
(18 +9\)(8 + 4\) = 144 + 144X + 36)2 = (12 + 6))?,

" (18 + ON)(8 +4N) (124 6X)2

(13 + 61)2 (13 + 6X)2°

For A\ € [0,2), we have 12 + 6A < 13 + 6, hence the fraction is strictly less than 1.
Therefore
InITgs, (Gha) — InIlgs, (Ghon-adj) < 0,

which means Igg, (Gba) < IIgs, (Gnon-adj). Hence the non-adjacent case cannot be a
graph attaining the minimum.

Consequently, the two degree-3 vertices must be adjacent, and the graphs attaining
the minimum are exactly the book graph and the dumbbell graph with a single-edge
bridge. The book graph exists for every n > 4 (two cycles sharing an edge, with total
order n), while the single-edge dumbbell graph requires two cycles, each of length at
least 3, plus the bridge edge, so it exists only for n > 6. For n = 4,5, only the book
graph is possible, giving a unique graph attaining the minimum; for n > 6, both types
occur and attain the same minimum value. O

Theorem 5. Let A € [0,2), k > 3, and n > 5(k — 1). Among all k-cyclic graphs of
order n, a graph G attains the minimum value of Ilgs, (G) if and only if G is bidegreed with
degrees in {2,3} and the multiset of its edge degree-pairs consists of:

(i) two edges of type (2,3);
(i) n — 2k + 1 edges of type (2,2);
(ii1) 3k — 4 edges of type (3,3).
The minimum value is

Mes, (G) = (#2(3,3)) (ex(2,3)) (92(2,2)" ",

which, upon substituting x(x,y) = /22 + y? + Azy, becomes

3k—4 n—2k+4+1

Igs, (G) = (184 9X) Z (13+6A)(8+4\)" 2

Proof. As verified in the proof of Theorem 3, the function ), satisfies conditions
()-(iii) of [18, Lemma 2.2] for every X € [0,2).

Since the natural logarithm is strictly increasing on (0,00), attaining the minimum
of the product Ilgg, (G) is equivalent to attaining the minimum of its logarithm:

IHHESA(G): Z hl(‘F’)\(duvdv)): Z U (du, dy).

weE(G) w€EE(G)
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Thus, the graph structure (the degree sequence and the edge-pair multiplicities) that
attains the minimum of the product is exactly the same as the one that attains the
minimum of > ¥y.

Applying [18, Theorem 2.1] (which establishes the structure for the sum of ), we
obtain that any graph G attaining the minimum must be bidegreed with degrees
{2, 3}, containing exactly two (2, 3) edges, n — 2k + 1 edges of type (2,2), and 3k — 4
edges of type (3,3).

Substituting these multiplicities into the product definition yields the stated minimum

value:
s, (G) = (92(3,3)" " (92(2,3))" (9a(2,2)" "
— (VIB+ N TV 6N P (VB + an)T
= (184 9X) "7 (13+6A)(8 +4)) "2 .
This completes the proof. O
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