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Abstract: Let G = (V, E) be a simple and finite graph of order n. An edge k-labeling
¢: E — {1,2,...,k} is called a modular irregular labeling of a graph G if the weight
function, o : V(G) — Zn, defined by o(u) = wtg(u) = ZquE(G) ¢(uv) (mod n)
is bijective, where Z,, denotes the group of integers modulo n. The value o(u) is
referred to as the modular weight of the vertex u. The minimum integer k such that G
admits a modular irregular labeling using labels from {1, 2, ..., k} is called the modular
irregularity strength of G. In this paper, we determine the modular irregularity strength
for complete tripartite graphs, cocktail party graphs, and crown graphs. Moreover, we
study the behavior of this parameter under the addition of a regular factor, and we
apply these results to decompositions of complete multipartite graphs.
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2 Graphs with constant modular irregularity strength

1. Introduction

Research on irregular labeling was initiated by Chartrand et al. [8] in 1988, motivated
by the question: “Is there any irregular graph?” The existence of irregular graphs is
guaranteed only in the context of multigraphs, where the number of multiple edges
can be interpreted as the edge label. This gave rise to the concept of irregular labeling.
An drregular labeling of a simple graph G is an edge labeling ¢ : E(G) — {1,2,...,k},
where k is a positive integer, such that the weights of every pair of distinct vertices
are different. The weight of a vertex u € V(G) is defined as wty(u) = >, ¢(uw).
weE(G)

The notation s(G) is used for the irregularity strength of G. It is the smallest positive
integer k such that G admits an irregular labeling using labels from {1,2,...,k}. The
notation s(G) = oo is used if no such labeling of G exists. It is clear that s(G) < oo
if and only if G has no isolated edges and contains at most one isolated vertex.
Several variations of irregular labeling have been investigated, including edge irregular
labeling, vertex irregular total labeling, and edge irregular total labeling, see [1, 4].
One such variation, which is the focus of this paper, is modular irregular labeling. A
modular irregular labeling of a graph G of order n is an edge k-labeling ¢ : E(G) —
{1,2,...,k} such that the weight function wty(u) : V(G) — Z,, defined by

is bijective, where Z,, denotes the group of integers modulo n. The function wty is
called the modular weight of the vertex w. The minimum value of k for which the
graph G admits a modular irregular labeling using edge labels from 1 to k is called
the modular irreqularity strength of G, denoted ms(G). If no such labeling of G exists,
then ms(G) = oo, see [6].

The modular irregularity strength has been determined for several classes of graphs.
In [6], Baca, Muthugurupackiam, Kathiresan, and Ramya determined the modular
irregularity strength for various classes of graphs, including paths, stars, triangular
graphs, cycles, and gear graphs. Subsequently, in 2021, Baca et al. established the
modular irregularity strength for fan graphs [5] and wheel graphs [3]. In the same
year, Sugeng et al. [18] obtained the modular irregularity strength for double stars and
friendship graphs. In 2022, Dewi [10] investigated the modular irregularity strength
of the corona product of a cycle C,, and p isolates, denoted C,, ® K,,. More recently,
in 2023, Sugeng et al. [19] determined the modular irregularity strength for certain
flower graphs. The modular irregularity strength of some corona product of graphs
was further explored by Barack et al. [7]. In 2024, Suparta et al. [20] established the
exact values of the modular irregularity strength for several dense graphs, including
complete graphs and complete bipartite graphs. Interestingly, these complete graphs
and complete bipartite graphs, which are dense graphs, exhibit a constant modular
irregularity strength. Motivated by these results, we aim to identify characteristics of
families of graphs that possess constant modular irregularity strength.
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2. Known results

Chartrand et al. in [8] obtained the lower bound of the irregularity strength in the
following form

)

iti—1
s(G) > max L
1<i<A i

where n; denotes the number of vertices of degree ¢ and A is the maximum degree
of the graph G. For any r-regular graph with » > 2 and order n this lower bound is
reduced to

n+r—1
" .

s(G) > (2.1)

Aigner and Triesch [2] and later Nierhoff [15] investigated the upper bound of the
irregularity strength. For general graphs with no component of order at most 2 it was
estimated that

S(G) < V()] — L.

This upper bound was improved by Cuckler and Lazebnik in [9]. The better upper
bound was obtained by Przybylo in [16], where it was proved that s(G) < 167 + 6
for r-regular graphs with n vertices and s(G) < 112% + 28 in the general case for
graphs with minimum degree § > 1. Further improvement in the estimation of the
irregularity strength were obtained by Kalkowski et al. in [13], who made use of
a deterministic algorithm to prove that s(G) < 6 [%1 for all graphs which do not
contain isolated edges. Majerski and Przybyto [14] used the same approach and a
more developed probabilistic method to prove that s(G) < W + 4 for graphs of
minimum degree § > /nlnn.

It is evident that every modular irregular labeling of a graph is also an irregular
labeling. Then

s(G) < ms(G) (2.2)
i.e., the irregularity strength provides a lower bound for the modular irregularity
strength.

To illustrate inequality (2.2), consider the complete bipartite graph K 4 with vertices
v1, V2, U3, Uy, w, where the edge labeling « is defined as a(v;w) =4, i = 1,2,3,4. The
corresponding vertex weights are wt,(v;) = 4, ¢ = 1,2,3,4, and wt,(w) = 10 = 0
(mod 5). Hence, both the irregularity strength and the modular irregularity strength
of K1 4 are equal to 4, that is, s(K7.4) = ms(Ki 4) = 4.

Now consider the graph G obtained from K4 by adding the edge vsvs. Define the
edge labeling § by B(viw) = B(vzw) = 1, B(vew) = B(vgw) = 2, B(vsvy) = 2. This
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labeling yields vertex weights wtg(v;) = ¢, ¢ = 1,2,3,4, and wig(w) = 6. The edge
labeling /3 is an irregular labeling, and therefore, s(G) = 2. However, § is not a
modular irregular labeling. It is straightforward to verify that all modular irregular
labels of G require at least label 3. Next, consider a different labeling v of the same
graph G, defined by y(viw) = 1, y(vew) = y(vsw) = 2, y(vaw) = 3, y(vsvy) = 2.
The induced vertex weights modulo 5 are: wt,(vi) = 1, wty(v2) = 2, wt,(v3) = 4,
wty(v4) = 0, wty(w) = 3. Thus, v is a modular irregular labeling, and we obtain
ms(G) = 3 > s(G). This example demonstrates that the converse of inequality (2.2) is
not valid in general. Nevertheless, a condition under which equality holds is provided
in the following statement.

Theorem 1. [6] Let G be a graph with no component of order at most 2 and let s(G) = k.
If there exists an irregular labeling of G with edge values at most k, where weights of vertices
constitute a set of consecutive integers, then s(G) = ms(G) = k.

Baca, Muthugurupackiam, Kathiresan and Ramya [6] proved the following theorem,
which gives a sufficient condition for the modular irregularity strength of a graph to
be infinite.

Theorem 2. [6] If G is a graph of order n, n = 2 (mod 4), then G has no modular
irreqular k-labeling, i.e., ms(G) = oco.

Suparta et al. [20] determined the precise values of the modular irregularity strength
of the complete graph K,,, n > 3, and the complete bipartite graph K, ,, n > 2, as
follows:

Theorem 3. [20] Let K,, be a complete graph on n vertices, n > 3. Then

3 ; 2 d 4
ms(k,) = 45 Un# (mod 4),
0o, ifn=2 (mod4).
Theorem 4. [20] Let Kn., be a complete bipartite graph on 2n vertices with n > 2. Then
ms(Kon) = {37 if n is even,

oo, ifn is odd.

The following two theorems, proven in [20], provide the exact values of the modular
irregularity strength of complete bipartite graphs K, ,,+1 and K, ,,12.

Theorem 5. [20] Let Ky nt1 be a complete bipartite graph on 2n+ 1 vertices with n > 1.
Then

2, ifn=1,

mﬂk%m+ﬂzz{3 ifn>2
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Theorem 6. [20] Let K, nt2 be a complete bipartite graph on 2n+ 2 vertices with n > 1.
Then

4, ifn=1,
ms(Knnt2) =<3, ifn >3 is odd,

00, if n is even.

A modular irregular labeling with & = n is equivalent to a modular edge-graceful
labeling, see for instance [12]. When such a modular graceful labeling exists in a
graph G, we clearly have ms(G) < oco. Hence, as a corollary of their results, we have
the following:

Corollary 1. Let G be a connected graph of order n > 3. Then ms(G) < n if and only
if n # 2 (mod 4).

Given a graph G, we denote its density by D(G) = % G is said to be dense
if % < D(G) <1, and it is sparse otherwise, see [20]. Based on the previous results,
we propose the following conjecture.

Conjecture 7. Let G be a dense regular graph G of order n, n # 2 (mod 4). Then
ms(G) = 3.

In subsequent sections of the paper, we present results that support the validity of
the proposed conjecture.

3. Tripartite graphs
For the regular graph G, we have ms(G) > 3 as stated in the following lemma.

Lemma 1. If G is an r-reqular graph with r > 1, then ms(G) > 3.

Proof. Suppose that G is a r-regular graph with n vertices that admit a modular
irregular labeling ¢ : E(G) — {1,2}. Under this labeling, the vertex weight for every
vertex v is given by: wty(v) = r + n, where n, is the number of edges incident with
v having label 2. Since ¢ is a modular irregular labeling, then {wt,(v) : v € V(G)} =
{0,1,...,n—1} (mod n). Thus, {r+mn, : v € V(G)} is equivalent to {0,1,...,n—1}
(mod n). This implies that there exists a vertex w that must have n—1 incident edges
with label 2, while another vertex u having no incident edges with label 2, which is a
contradiction. So, there exists no regular graph G with ms(G) = 2. O

To simplify the notation, we denote the m-partite graph Kn,n,n,...,n as Kpxn. In
—_———

m times

this notation, the complete bipartite graph K, ,, is denoted by Kax,. In this section,
we determine the modular irregularity strength of complete tripartite graphs Ksxp.
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In Figure 1, we can see the modular irregularity labeling for K344, where the color
black, blue, and red represent the edge label 1,2 and 3, respectively. This labeling
is found from the pattern of the adjacency-label matrix in Table 1. Adjacency-label
means that the element of the matrix is the label of the representing edge.

Figure 1. A modular irregular labeling and corresponding vertex weights of Ksx4. Edges with label 1,
2, and 3 are depicted in black, blue, and red, respectively.

In Table 1, we can see the idea on how to find the pattern on the edge label. We
start by filling all the elements from row 1, that is, represent the edge color from
vertex x1, with label 1. To make the vertex weights distinct, we cannot use all 1
labels for another row. Thus, in the second row, which represents the vertex zo, we
add element 2. Since the size of the matrix is 12 x 12, and to make the vertex weight
are all distinct, the labels 1 and 2 are not enough, so we need the label 3. The next
process is to try to find the pattern where to put the labels 1,2, and 3, so that it can
also be used for the general graph Ks3x,.

Table 1. A modular irregular labeling and corresponding vertex weights of K3y4.
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Theorem 8. Let Ksx, be a complete tripartite graph with n > 1. Then

3, ifn#2 (mod4),
oo, ifn=2 (mod4).

ms (Ksxn) = {

Proof. If n =2 (mod 4) then |V(K3x,)| = 3n = 2 (mod 4) and from Theorem 2,
it follows ms(Ksy,,) = 00.

The complete tripartite graph Ksx, is a 2n-regular graph with three partition
sets of vertices, let us say Vi = {x1,29,...,2,}, Vo = {y1,92,...,yn}, and V3 =
{z1,22,...,2n}. According to Lemma 1,

ms (K3xn) > 3.

To show that the value 3 is also the upper bound for the irregularity strength of K3y,
n #Z 2 (mod 4), we describe an appropriate 3-labeling in three cases, according to the
order of the complete tripartite graph.

Case I. For n =0 (mod 4), define the edge labeling ¢ as follows.

2, ifit+j>3n+2,
P(ziy;) = { 2

1, otherwise,

2, ifi+k>n+2andi< g,
p(zizg) = 3, f2+1<i<n,

1, otherwise,

2, fj+k=n4+1k<n

2, ifj>2+1,k>2+1
d(yj2k) = s N o
3, ifj+k>2+25;<2
1

, otherwise.

The maximum label of the edge labeling ¢ is equal to three. Then, the edge labeling
¢ is an edge 3-labeling of the complete tripartite graph K3y, with n =0 (mod 4).
One can see that the vertex weights are as follows.

NS CIER R SRS
wt (x;) =
U\ 4i-1, if2+1<i<n,

3In+2j-2, if1<j<7,
wh(y;) =430 +2j—1, f241<j<B,
2n+j—-1, ifg+1<5<n,

Sn+2k—1, f1<k<t
wt(z) = (3n+2k—2, if2+1<k
Intk—1, if2+1<k
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We can see that in this case the weights of vertices of the complete tripartite graph
K3y, attain the consecutive integers from 2n to 5n — 1.

Case II. For n =1 (mod 4), n > 5, define the edge labeling ¢ in the following way.

e s s~ 3n43
ifi+j > =%,
otherwise.
2, ifi+k>n+1andi< 2,
P(wizg) = 3, ifi> 22
1, otherwise,

e s _ n+l -1
2, lfj+k—nT,kSnT,
2, ifj>n8 k> ni
3
1

, ifj+ k> 5 <t

P(yj2n) =

, otherwise.

The maximal edge labels are 3 and the vertex weights are the following

() 2n + i, if 1<q<nbl

wt\xr;) =

VT o1, i B <<,
3n+2j—1, iflgjg”T*l’
3n+2j if 83 < j < nzl

wt (y;) = hoo T RIS
4n, 1f]:T7
2n+j, if 253 < j<n,
3n + 2k, if1<k<ned

wt (zk) =< 3n+ 2k — 1, if"T“’gkg%lv
dn+k, if 251 <k <n.

Thus, in this case the weights of vertices of the complete tripartite graph K3y, suc-
cessively admit consecutive integers from 2n + 1 to 5n.

For n = 1 we have the complete tripartite graph K31 as the cycle on three vertices
x1,Y1,21. Consider an edge labeling ¢ with the edge values ¢(z1y1) = 1, ¢(z121) =2
and ¢(y121) = 3. The corresponding weights of vertices are wt(z1) = 3, wt(y1) = 4
and wt(z1) = 5. Hence, the edge labeling ¢ is appropriate labeling which proves that
S(K3><1) = 3.

Case IIL. For n =3 (mod 4), n > 3, define the edge labeling ¢ as follows.

2

1, otherwise.

, ifi4 g > 3

P(ziy;) = {
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2, ifi+k2n+2andi§”T+17
G(xiz) = 3, if i > "3,
1, otherwise,
if 7 = 3 +5 1
2, ifjk=rgt mE <k <,
2’ ifj>n+37anT+37
Gyjzn) =3, ifj+k="18 1<k<ndl
3, ifj k>R 5 <
1, otherwise.

The maximum label of the edge labeling ¢ is equal to three. Then, the edge labeling
¢ is an edge 3-labeling of the complete tripartite graph on Ksx,, with n =3 (mod 4).
We obtain that the vertex weights are as follows.

(z:) 2n4i—1, if1<qi< 2
wilt(x;) =
Il pi—1, if 23 <i<n.
3n+2j—2, ifl1<j<ntd
wt(y;) = {3n+2j -1, if 282 <j
2n+j—1, if 2 <y
3n+2k—1, ifl1<k<ntl
wt(z) =< 3n 42k —2, if 2 <k
dn4k—1, ifnE3 <k

In any of the previous three cases we have described the appropriate irregular labeling
3 that shows that the value 3 is also the upper bound for the irregularity strength
of Ksxn, n £ 2 (mod 4), and then s (K3x,) = 3. Since in each case the weights of
vertices constitute a set of consecutive integers, then according to Theorem 1 we have
s (K3xn) = ms (K3xp) = 3 for n #2 (mod 4). This completes the proof. O

4. Removing perfect matching of regular graph

By removing a perfect matching from a complete graph of order 2m, we obtain the
complete m-partite graph K,,x2. This graph is known as the cocktail party graph
of order 2m, see [21] and is also referred to as the Turdn graph T'(2m,m), see [17].
In the following theorem, we characterize the (modular) irregularity strength of the
cocktail party graph.

Theorem 9. Let K,,x2 be a cocktail party graph, m > 2. Then

3 if m is even,
ms (KmXQ) = { ’

oo, if m is odd.
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Proof.  Let the vertex set V(Ka,,) = {x1,22,...,Tam} and the edge set F(Ka,,) =
2m—1

U {ziziy; : 1 < 5 < 2m — i} except for the perfect matching edges x;xit1, ¢ =
i=1
1,3,...,2m —1.
If m is odd, m > 3, then |V (K, x2)| = 2m = 2 (mod 4) and it follows from Theorem
2 that ms(K,,x2) = oc.
Since K, x2 is a (2m — 2)-regular graph then from (2.1) it follows that

4m — 3
2m —2°

S (Km><2) Z

The irregularity strength of K, «2 must be larger or equal than the smallest integer
greater or equal to 32:3. Hence s (Knx2) > 3. To show that the value 3 is also an
upper bound for the irregularity strength of the cocktail party graph, we describe an

appropriate edge labeling.

For m = 2 the cocktail party graph Kaxs is the cycle Cy = (21, x2, 23, z4).Evidently,
the edge labeling A with values A(z122) = A(z124) = 1, AM(zax3) = 2 and A(x324) = 3
is appropriate 3-labeling with vertex weights wt(z1) = 2, wt(z2) = 3, wt(z3) = 5 and
wt(xy) = 4. Consequently s(Kax2) = ms(Kaoyxo) = 3.

For m > 4 we define an edge labeling ¢ : E(Knx2) — {1,2,3} in the following way.

) = d(xj2i) =1, ifi+j<2m+1,i# jand i+ 1+# j for i odd,
) (xjz;) =3, ifi+j=3mandm+1<i<3m=2
) (xamzi) = 3, ifi=m+1,
d(riziz1) = (Tip1m;) = 3, ifm+2<i<2m—2and i is even,
) = &(
) = &(

d(Tizam) = ¢(v2mxi) = 3, if i = 3,
o(zix;) = oz a;) =2, otherwise.
Now, consider a 2m x 2m matrix A = [a;;], i, = 1,2,...,2m, with entry
a;; = ¢(x;x;). Thus, the symmetric matrix A describes the edge labeling ¢ of the
cocktail party graph K,,x2 if it also contains zero elements a;; =0,¢=1,2,...,2m,
respectively a; 41 = ai41, = 0, ¢ = 1,3,5,...,2m — 1, which correspond to non-
existent edges z;x;, i = 1,2,...,2m, respectively, the perfect matching edges x;x;41
and x;412;, ¢ =1,3,5,...,2m — 1.
Clearly, the weight of vertex z;, i = 1,2,...,2m, under the edge labeling ¢ is the
2m
sum of entries in the ith row of the matrix A. Consequently wt(z;) = > a;;,
j=1
1=1,2,...,2m.

It is a matter of routine checking to see that the first row of the matrix A contains
two zeros, 2m — 2 integers 1 and no integers 2 and 3. Then wt(x1) = 2m — 2.

For every i, 2 < i < m, the ith row of the matrix A contains two zeros, 2m — i — 1
integers 1, ¢ — 1 integers 2 and no integer 3. Then wt(z;) =2m —i—14+2(: — 1) =
2m +1i— 3.
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For every i, m + 1 < i < 2m, the ith row of the matrix A contains two zeros, two
integers 3, 2m — ¢+ 1 integers 1 and i — 5 integers 2. Then wt(z;) =6+2m —i+1+
2(i—5)=2m+1i—3.

The determined vertex weights constitute a sequence of consecutive integers from
2m — 2 to 4m — 3, i.e., the edge labeling ¢ is the required irregular 3-labeling with
s(Kmx2) = 3. Immediately from Theorem 1 it follows that s(Ky,x2) = ms(Kpx2) = 3
and we are done. O

In this part, we consider the class of graphs obtained by removing a perfect matching
from a complete bipartite graph of order 2n. Let K, , denote the complete bipartite
graph with vertex set V(K, ) = {w;,v; : 1 < 4,5 < n} and edge set E(K, ) =
{u;v; : 1 <14,7 < n}. In [20], Suparta, Candisa, Prasancika, and Baca provided the
following edge labeling ¢ of K, ,, for even n > 4 to prove that ms(K, ,) = 3.

P(uzvy) = 2,
P(un—1v1) = 2,
o(uv;) =2, ifitj=n+1,5+1<i<n, (4.1)
o(uv;) =3, ifi+j>n+2 3<i<n,
o(uv;) =1, otherwise.

A crown graph H, , is obtained from K, , by removing a perfect matching, see
[11]. More formally, the graph H, , is an (n — 1)-regular graph with vertex set
V(Hnn) = V(K,,n) and edge set E(Hy ) = {uv; : 1 <45 <nandi#j} The
following theorem establishes the exact value of the modular irregularity strength for
Hy .

Theorem 10. Let Hyn be a crown graph on 2n vertices with n > 3. Then

4, if n is even,

oo, if n is odd.

Proof. If nis odd, n > 3, then |V(H, )| = 2n =2 (mod 4) and by Theorem 2 we
have ms(H,, ) = oo.

The fact that the value 4 is a lower bound for the irregularity strength of the (n—1)-
regular crown graph H,, ,, follows from (2.1). In order to show that value 4 is an upper
bound for the irregularity strength of H,, ., it only remains to describe a suitable edge
4-labeling for every even n > 4.

First, for Hy 4 with vertices u;,v;, 1 < 4,5 < 4, we define a special edge labeling ¢
such that

¢(ulvj):17 1f2§]§4a
¢(U2'U1) = 4a
(ZS(’LLi’Ul) = 3, if 3 < % < 4,
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P(uzvg) =1,

P(ugvz) = 2,

d(ujvg) = 3if i =2 or i =4,
dluvg) =2,if2<i <3

To facilitate a clearer visualization, in Table 2 the edge labels are presented in the
form of a matrix, where the entry in the row u; and column v; corresponds to the
edge label connecting the vertices u; and vj, if such an edge exists. An entry of 0
indicates the absence of an edge between the respective vertices. The weights of the
vertices u;, for i = 1,2, 3,4, are listed in the final column of Table 2, while the weights
of the vertices v;, for j = 1,2,3,4, are provided in the final row. Since the vertex
weights form a sequence of consecutive integers, it follows directly from Theorem 1
that S(H474) = ms(H474) =4.

Table 2. A modular irregular labeling and corresponding vertex weights of Hy 4.

ur [JO[L[L[L] 3
U9 4 312 9
us [[3[1][0[2] 6
us 3[0] s

wtp (i) [[10] 475 |

Now, for Hg ¢ with vertices u;,v;, 1 < 7,5 < 6, we construct a special edge labeling ¢
as follows.

. ifi+j<T.1<i<3andi# ],
) lf]:1727

)=1

)=1

)=2

) =2, ifi+5=7,4<i<6,
P(uzv;) =3,  if 5 <5 <6,

) =3, if2<75<3,

)=3

)=4

, if4<4,j7<6andi#j.

A labeling of Hg ¢ is presented analogously in Table 3. Once again, the vertex weights
are different and range from 5 to 16, which implies s(Hg ) = ms(Heg ) = 4.
For n even, n > 8, we use the edge label ¢ defined in (4.1) and construct the label
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Table 3. A modular irregular labeling and corresponding vertex weights of Hg 6.

Lo v 5o ot )
up Oj1|1]|1]1]1 5
ug 1(0(1]1(1]2 6
us 1{1(01|3]3 9
Uyg 1|{1|12|0(4]|4 12
us 2123|4014 15
ug 213(3[41410 16
witp(vg) ][ 718 [10[11]13]14]]
¢ E(H,n) — {1,2,3,4} as follows.
o (ugvr) = 2,
¢ (uv11) = 2, if1<i<g—1,
' (uvir1) = 4, if 24+1<i<n-1,
¢ (uviro) = 4, f2+1<i<n-2,
' (uiv543) = 4, if £4+1<i<n-3,
¢ (uvn 1) =4, ifi=n—2,n-1,n,
@ (ujvn y9) =4, ifi=n-—1,n,
¥ (un”%-%) =4,
¢’ (uvj) = p(uwv;),  otherwise.

It is clear that the labeling ¢’ is a 4-labeling. Now, we split the vertex set of H,, ,
into four mutually disjoint subsets A, B, C, D, where
A= {ulau%vlan}a
B:{ui:i:3,4,...,%}u{vj :j:3,4,...,%},
C={ui:i=2+1,%+2....n=3}U{v;:j=2+1,%+2,...,n—1},
D= {un—27 Un—1, Un, Un} .
We proceed by systematically verifying the vertex weights in each subset under the
labeling .
1. For the weights of the vertices from the set A we get

Wty (u1) = n,

wtyr (ug2) =n+1,
wty (v1) =n+2,
wtyr (v2) =n + 3.
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The weights obtained from the set A create the set W4 = {n,n+1,n+2,n+3}.

2. In the set B we first obtain weights for the vertices u;, i = 3,4,...,5 — 1, then
for the vertex uz, and finally for the vertices v;, j = 3,4,..., 3.

Wty (u;) =n — 2 + 24,
wty(uz) =2n -2,

wtyr (v;) =n — 1+ 2j.

One can see that the vertices of the set B admit the weights of the set Wp =
{n+4,n+5n+6,...,2n —2,2n — 1}.

3. In the set C' we first obtain weights for the vertices u;, i = §+1,5+2,...,n-3,
then step by step for the vertices vz 1, vz42, vz i3 and finally for the vertices
vi,i=5+4,5+5...,n—1

Observe that the weights of the vertices of the set C form the set W = {2n, 2n+
1,...,3n—7,3n — 6,3n — 4}.

4. The vertices of the set D receive the following weights.

Wty (Un—2) =
Wt (Up—1

Wiy (U,

NN
Il

w oW w w
S
\
N

The vertices of the set D admit the weights Wp = {3n—5,3n—3,3n—2,3n—1}.

It is a matter of performing a routine check to see that the determined weights of
the vertices of H,, ,, n > 8 even, constitute a sequence of consecutive integers from
n to 3n — 1. This means that the edge labeling ¢’ is an irregular 4-labeling and with
respect to Theorem 1 we get s(H,, ) = ms(Hy, ) = 4. O
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5. Factor addition and multipartite decomposition

In the search for graphs with constant modular irregularity strength, we investigated
the effect of adding factors to some classes of dense graphs. We then applied these
results to particular classes of multipartite graphs, obtaining for several families of
pairs m,n the value of ms(Kyxn). The following result, inspired by Theorem 10 of
[12], shows how the modular irregularity strength behaves under the addition of a
factor.

Theorem 11. Let G’ be a graph of order n, and let G' = GUF , where G is a spanning
subgraph of G’ and F is a k-factor of G', E(G) N E(F) = 0. Then ms(G') < ms(G).

Proof. The statement clearly holds if ms(G) = oo, and hence we may assume
that ms(G) is finite. Let then ¢ : E(G) — {1,...,ms(G)} be a modular irregu-
lar labeling that realizes the modular irregularity strength of G. Hence {wty4(v) :
v € V(G)} = {0,1,..,n — 1} (mod n). Now, consider the following labeling
®.: E(G') — {1,...,ms(GQ)}, where ¢ can be any fixed element of {1,...,ms(G)}.

By(e) = { 9 € € E(G),
‘ ¢, e € E(F).

Since F is a k-factor of G’ and G is spanning (hence G and G’ have the same order n
and the weight calculation has the same modulo), it follows that: wtg, (v) = wty(v)+
¢k (mod n). Thus, {wte,(v) :v e V(G)} = {wts(v) +c-k (modn):veV(G)} =
{0,1,...,n — 1} (mod n). Hence, ¥, is a modular irregular labeling of G’, and the
statement follows. O

Corollary 2. Let G' = GUF be a reqular graph of order n, with G is a spanning graph
of G’ and F be a k-factor of G'. Then ms(G) = 3 gives ms(G’) = 3.

For even m, the cocktail party graph K,, 2 contains a spanning copy of K, ,,, while
the remaining edges form an (m — 2)-factor. Hence, Theorem 11, together with
Theorem 4 and Lemma 1, gives an alternative proof of Theorem 9.

In the remainder of this section, we compute the value of ms(K,,xy,) for some pairs
m,n using Theorem 11.

Theorem 12. Let n,m,d be positive integers. If d|n, then

mS(Kdmx%) < mS(K'an)-

Moreover, if m =2 and n are even or m =3 and n # 2 (mod 4) then ms(Kgpxn) = 3.
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Proof. 1t can be easily seen that Kgmxz = Kpmxn UF, where F' is a (n — %)-factor.
So, by Theorem 11 we have

ms(Kamxz) < ms(Kpxn)

Now, if m = 2 and n are even or m = 3 and n # 2 (mod 4), by Theorems 4 and 8 it
respectively follows ms(K,,x,) = 3; since Kamx = is regular, by Lemma 1 we have:

3< mS(Kde%) < mS(Kmxn) =3,
hence the statement. O

Corollary 3. Let m,n be positive integers such that mn # 2 (mod 4), and 2 | m or
3| m. Then ms(Kmxn) = 3.

Proof. Let m, n be as in the statement. It is clear from Lemma 1 that ms(K,,x»n) >
3. Assume first that m is even, hence m = 2d for some integer d. Since mn #*
2 (mod 4) we deduce that nd is even. By applying Theorems 4 and 12, we have
ms(Kogxn) < ms(Koxng) = 3. A similar argument can be done for m = 3d, where
now the conclusion follows from Theorem 8. O

6. Conclusion

We conjecture that every dense and regular graph of order n, n Z 2 (mod 4), has a
constant modular irregularity strength. In the paper, we determined the exact values
of the modular irregularity strength for complete tripartite graphs, providing evidence
to support the proposed conjecture. In addition, we establish the precise values of
the modular irregularity strength for the cocktail party graph K,,«2, obtained by
removing a perfect matching from the complete graph Ks,,, and the crown graph
H,, ,, obtained by removing a perfect matching from the complete bipartite graph
K, . Furthermore, we determined the exact modular irregularity strength for a
broad family of graphs obtained through the decomposition of complete multipartite
graphs.

The known results, together with those presented in this paper, suggest that regular
multipartite graphs K, «, satisfying the necessary condition nm # 2 (mod 4) are
strong candidates for having a constant modular irregularity strength. It would be
of particular interest to investigate this conjecture further for the remaining cases
m = 1,5 (mod 6). Moreover, our findings concerning graphs derived from dense
graphs by the removal of a perfect matching open an additional promising direction
for future research. Specifically, one may ask: What is the effect of removing a regular
factor (such as a collection of cycles) from a dense graph? Will the resulting graph
still have constant modular irregularity strength? Based on the observed patterns,
we believe that this is indeed the case.
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