
CCO
Commun. Comb. Optim.

© 2026 Azarbaijan Shahid Madani University

Communications in Combinatorics and Optimization

Vol. xx, No. x (xxxx), pp. 1-25

https://doi.org/10.22049/cco.2026.30955.2679

Research Article

Symmetric domino tilings of Aztec diamonds

Pravakar Paul†, Manjil P. Saikia∗

Mathematical and Physical Sciences division, School of Arts and Sciences, Ahmedabad University,
Ahmedabad 380009, Gujarat, India

†pravakar.paul@ahduni.edu.in
∗manjil.saikia@ahduni.edu.in

Received: 27 August 2025; Accepted: 23 October 2026
Published Online: 2 November 2026

Abstract: In this paper, we give inductive sum formulas to calculate the number
of diagonally symmetric, and diagonally and anti-diagonally symmetric domino tilings

of Aztec Diamonds. As a byproduct, we also find such a formula for the unrestricted

case as well. Our proofs rely on a new technique for counting the number of perfect
matchings of graphs, proposed by the authors recently.
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1. Introduction

This paper is concerned with a class of combinatorial objects called Aztec Diamonds,

which were introduced by Elkies, Kuperberg, Larsen, and Propp [11, 12]. The Aztec

diamond of order n (denoted by AD(n)) is the union of all unit squares inside the

contour ∣x∣ + ∣y∣ = n + 1 (see the top left of Figure 1 for AD(4); at this moment we

ignore the other figures). They considered the problem of counting the number of

domino tilings of an Aztec diamond of order n (see the top right of Figure 1 for an

example of such a tiling for n = 4) and proved that this number is equal to 2n(n+1)/2.

A domino tiling of AD(n) is a covering of AD(n) using dominoes without gaps or

overlaps. They gave four different proofs of this result.

Theorem 1 (Aztec Diamond Theorem, [11, 12]). The number of domino tilings

of the Aztec diamond of order n is 2n(n+1)/2.
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2 Symmetric domino tilings of Aztec diamonds

Figure 1. Top row: the Aztec Diamond AD(4) (left) and a tiling of AD(4) (right); bottom row: the
planar dual graph of AD(4) (left) and the perfect matching of the planar dual graph of AD(4)
corresponding to the tiling directly above it (right).

The proofs given by Elkies et. al. [11, 12] gave insights into the connection of Aztec

Diamonds with other objects, namely alternating sign matrices (ASMs), monotone

triangles, Grassmann algebras, square ice, etc. Several generalizations of Aztec Dia-

monds have also appeared in the literature, for instance Aztec rectangles [24], quar-

tered Aztec Diamonds [17, 18], hybrid regions on the square and triangular lattices

[17, 19], Aztec triangles [7, 8, 16], etc. In other direction, asymptotics of the domino

tiling model on a class of domains related to Aztec Diamonds have also been studied

[3]. The Arctic circle phenomenon for Aztec Diamonds and some of its generalizations

have also well-studied [6, 9, 15]. All of these makes the Aztec Diamonds one of the

most studied classes of combinatorial objects, with connections to different areas of

mathematics, including but not limited to probability theory (see, for instance [1, 2]),

statistical physics (see, for instance [13, 14]), other areas of combinatorics (via its

connections to ASMs), etc.

One combinatorial aspect of Aztec Diamonds that deserve proper study are the sym-

metric domino tilings. Ciucu [5] and Yang [25] have discussed certain symmetry

classes of domino tilings of AD(n) under the action of the dihedral group of order 8.

Out of the five classes so formed, the enumerations of three have been solved com-

pletely, while the other two remain open with no known conjectured formulas. In this

paper, we look at these two remaining symmetry classes.

Let r and t be the generators corresponding to a rotation by 90○ and a reflection

across the vertical diagonal of AD(n), respectively. Then, the dihedral group of order

8 is

D8 = ⟨r, t∣r4 = t2 = (tr)2 = id⟩.

We list the symmetry classes in Table 1. The first few values for the number of

domino tilings for each case are also given in the last column of Table 1. As already
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Subgroup of D8 Symmetry Class Sequence of values

{id} Unrestricted Aztec Diamonds 2,8,64,1024,32768,2097152, . . .
⟨r⟩ Quarter-turn symmetric 0,0,2,4,0,0,80,320, . . .

⟨r2⟩ Half-turn symmetric 2,4,12,48,288,2304, . . .
⟨t⟩ Diagonally symmetric 2,6,24,132,1048,11960,190912, . . .

⟨r2, t⟩ Diagonally and anti-diagonally symmetric 2,4,10,28,96,384,1848, . . .

Table 1. Symmetry classes of Aztec Diamonds.

mentioned, a formula for the unrestricted case is given by Theorem 1. A formula

for the quarter-turn symmetric case and the half-turn symmetric case can be found

in the work of Ciucu [5] and Yang [25]. No formula is known or conjectured for the

diagonally symmetric and the diagonally and anti-diagonally symmetric cases. In

some recent work, Lee [20, 21] has looked into two more classes of Aztec Diamonds

not covered in the previous five classes; however, we do not discuss them here.

n ⟨t⟩-symmetric domino tilings ⟨r2, t⟩-symmetric domino tilings

1 21 21

2 21 ⋅ 31 22

3 23 ⋅ 31 21 ⋅ 51

4 22 ⋅ 3 ⋅ 11 22 ⋅ 7

5 210 25 ⋅ 31

6 23 ⋅ 51 ⋅ 131 ⋅ 231 27 ⋅ 31

7 26 ⋅ 191 ⋅ 1571 23 ⋅ 31 ⋅ 71 ⋅ 111

Table 2. Prime factorizations of small values of the number of symmetric domino tilings.

Ideally, combinatorialists prefer a ‘product’ (or, in some cases, a ‘sum’) formula of

the type in Theorem 1, but due to the presence of large prime factors in the prime

factorization of the values in Table 2 for the diagonally symmetric and the diagonally

and anti-diagonally symmetric cases, it seems unlikely that a product formula exists

for these two cases. In this paper, we give an inductive sum formula for these two

remaining symmetry classes (Theorems 2 and 4). We also give a similar formula for

the unrestricted Aztec Diamond case (Theorem 3). The novelty of our approach here

is that, unlike trying via a brute-force way to calculate the number of domino tilings

of the regions, our formula builds up from the bottom values and gives a clean and

inductive way to calculate the number of domino tilings of the desired regions. The

main ingredient that we use is a new approach to calculating the number of perfect

matchings of a planar graph discussed in some recent work by us [23]. We defer

discussion on this towards the later part of the paper. In our earlier work [23] we

gave an independent proof of Theorem 1 using our new techniques. Our proof also

brings out the connection between Aztec Diamonds and ASMs in a much more natural

way. This approach was also used recently by the first author [22] to shed some light

on a tiling problem on the triangular lattice.

In Section 2 we present the inductive maps that we use to calculate the number

of unrestricted and diagonally-symmetric domino tilings of AD(n), in Section 3 we
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present the inductive maps to calculate the number of diagonally and anti-diagonally

symmetric domino tilings of AD(n); the proofs of the results mentioned in Sections

2 and 3 are given in Section 4.

2. Diagonally symmetric domino tilings of Aztec Diamonds

In this section, we present a way to inductively compute the number of diagonally

symmetric domino tilings of Aztec Diamonds in Theorem 2. We also give a similar

result for the unrestricted case in Theorem 3. Since the construction of some of the

maps we use in our results is intricate, we push the proofs of the theorems to Section 4.

We define a collection of functions {Cn}n∈N as follows

Cn ∶ {0,1}2n → Z≥0,

where {0,1}2n denotes the collection of binary sequences of length 2n and Z≥0 denotes
the set of non-negative integers. We associate the following important quantity to

each Cn.

Definition 1 (lk- norm of Cn). The lk-norm of Cn is defined by the following expres-
sion

∣∣Cn∣∣lk ∶= ∑
(ζ1,...,ζ2n)∈{0,1}2n

(Cn (ζ1, . . . , ζ2n))k .

Before defining the functions Cn, we list a property which we prove in Section 4.

Lemma 1. The support of Cn is bounded above by the following quantity

∣Supp(Cn)∣ ≤ ⌊
22n

3
⌋ + 1,

where Supp(Cn) denotes the set of elements in the domain with a non-zero image.

Theorem 2. The l1 norm of Cn, ∣∣Cn∣∣l1 enumerates the number of diagonally symmetric,
that is ⟨t⟩-invariant domino tilings of AD(n).

Theorem 3. The l2 norm of Cn, ∣∣Cn∣∣l2 enumerates the number of domino tiling of

AD(n), which is given by the formula ∣∣Cn∣∣l2 = 2
(n+1)⋅n

2 .

We illustrate Theorems 2 and 3 at the end of this section for n = 2.
Next, we move to the definition of Cn. We provide an inductive definition of {Cn}n∈N.
The base case n = 1 is given by the following formula

C1(0,0) = 1, C1(0,1) = 0, C1(1,0) = 0, C1(1,1) = 1. (2.1)

Inductively we shall define Cn using Cn−1. To do so, we need a few more constructions.
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Construction on free abelian group.

Any set map f ∶ S Ð→ T canonically extends to a map f ∶ Z ⟨S⟩ Ð→ Z ⟨T ⟩, where
Z ⟨S⟩ and Z ⟨T ⟩ denote the free abelian group generated by S and T respectively (see

for instance [10]). By an abuse of notation, we shall denote the map on free abelian

groups by the same letter f .

Similarly, any set map g ∶ S Ð→ Z≥0 canonically extends to a unique homomorphism

of abelian groups g ∶ Z ⟨S⟩ Ð→ Z. Again, by an abuse of notation, we shall use the

letter g to denote the unique homomorphism.

The reverse map Rn.

We define a map called the reverse map Rn as follows

Rn ∶ {0,1}n → {0,1}n

Rn (ζ1, . . . , ζn) = (ζ̄1, . . . , ζ̄n),

where {ζi, ζ̄i} = {0,1}, for all 1 ≤ i ≤ n. By the previous paragraph the symbol Rn shall

also denote the induced map on the respective free abelian groups. Note that Rn is a

fixed point free involution. In other words, Rn complements each coordinate (0↔ 1)

and does not permute the positions of the sequence; for instance R3(0,0,1) = (1,1,0).
This is precisely the third-to-fourth column step in Table 3: for ζ = (1,0,0,0) one has
E2(K4(ζ)) = (0,1), and R2(0,1) = (1,0).

The expansion map En.

For all n ≥ 2 we define a collection of maps called the expansion maps {En}n≥2. The
expansion map En is a map of the following form

En ∶ Z ⟨{0,1}n⟩ Ð→ Z ⟨{0,1}n⟩
En = En−1

n ○ ⋯ ○E1
n,

where we are composing the maps Ei
n, which we define now. For 1 ≤ i ≤ n − 1, the

maps Ei
n are called the basic expansions, which are given by the following formulas

Ei
n ∶ Z ⟨{0,1}n⟩ Ð→ Z ⟨{0,1}n⟩

Ei
n((ζ1, . . . , ζi−1,0,0, . . . , ζn)) = (ζ1, . . . , ζi−1,0,0, . . . , ζn) + (ζ1, . . . , ζi−1,1,1, . . . , ζn),

Ei
n((ζ1, . . . , ζi−1,0,1, . . . , ζn)) = (ζ1, . . . , ζi−1,0,1, . . . , ζn),

Ei
n((ζ1, . . . , ζi−1,1,0, . . . , ζn)) = (ζ1, . . . , ζi−1,1,0, . . . , ζn),

Ei
n((ζ1, . . . , ζi−1,1,1, . . . , ζn)) = (ζ1, . . . , ζi−1,1,1, . . . , ζn).
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The map E3 is explicitly calculated below. In order to calculate the expansion map

E3, we need to first calculate the basic expansion maps E1
3 and E2

3 , both of which are

done now.

First, we calculate E1
3 :

E1
3 ∶ Z ⟨{0,1}3⟩ Ð→ Z ⟨{0,1}3⟩ ,
E1

3((0,0,0)) = (0,0,0) + (1,1,0),
E1

3((0,0,1)) = (0,0,1) + (1,1,1),
E1

3((0,1,0)) = (0,1,0),
E1

3((0,1,1)) = (0,1,1),
E1

3((1,0,0)) = (1,0,0),
E1

3((1,0,1)) = (1,0,1),
E1

3((1,1,0)) = (1,1,0),
E1

3((1,1,1)) = (1,1,1).

Similarly, E2
3 is as follows:

E2
3 ∶ Z ⟨{0,1}3⟩ Ð→ Z ⟨{0,1}3⟩ ,
E2

3((0,0,0)) = (0,0,0) + (0,1,1),
E2

3((0,0,1)) = (0,0,1),
E2

3((0,1,0)) = (0,1,0),
E2

3((0,1,1)) = (0,1,1)
E2

3((1,0,0)) = (1,0,0) + (1,1,1),
E2

3((1,0,1)) = (1,0,1),
E2

3((1,1,0)) = (1,1,0),
E2

3((1,1,1)) = (1,1,1).

Finally the expansion map E3 is given by the following formula:

E3 ∶ Z ⟨{0,1}3⟩ Ð→ Z ⟨{0,1}3⟩ ,
E3((0,0,0)) = (0,0,0) + (1,1,0) + (0,1,1),
E3((0,0,1)) = (0,0,1) + (1,1,1),
E3((0,1,0)) = (0,1,0),
E3((0,1,1)) = (0,1,1),
E3((1,0,0)) = (1,0,0) + (1,1,1),
E3((1,0,1)) = (1,0,1),
E3((1,1,0)) = (1,1,0),
E3((1,1,1)) = (1,1,1).
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The contraction map Kn.

For n ≥ 4, we define a collection of maps called the contraction maps {Kn}n≥4. The

contraction map Kn is a map of the following form

Kn ∶ Z ⟨{0,1}n⟩ Ð→ Z ⟨{0,1}n−2⟩

More explicitly the map Kn is given below:

Kn((0,0, ζ3, . . . , ζn−2,0,0)) = (1, ζ3, . . . , ζn−2,1),
Kn((0,0, ζ3, . . . , ζn−2,0,1)) = (1, ζ3, . . . , ζn−2,0),
Kn((0,0, ζ3, . . . , ζn−2,1,0)) = 0,
Kn((0,0, ζ3, . . . , ζn−2,1,1)) = (1, ζ3, . . . , ζn−2,1),
Kn((0,1, ζ3, . . . , ζn−2,0,0)) = 0,
Kn((0,1, ζ3, . . . , ζn−2,0,1)) = 0,
Kn((0,1, ζ3, . . . , ζn−2,1,0)) = 0,
Kn((0,1, ζ3, . . . , ζn−2,1,1)) = 0,
Kn((1,0, ζ3, . . . , ζn−2,0,0)) = (0, ζ3, . . . , ζn−2,1),
Kn((1,0, ζ3, . . . , ζn−2,0,1)) = (0, ζ3, . . . , ζn−2,0),
Kn((1,0, ζ3, . . . , ζn−2,1,0)) = 0,
Kn((1,0, ζ3, . . . , ζn−2,1,1)) = (0, ζ3, . . . , ζn−2,1),
Kn((1,1, ζ3, . . . , ζn−2,0,0)) = (1, ζ3, . . . , ζn−2,1),
Kn((1,1, ζ3, . . . , ζn−2,0,1)) = (1, ζ3, . . . , ζn−2,0),
Kn((1,1, ζ3, . . . , ζn−2,1,0)) = 0,
Kn((1,1, ζ3, . . . , ζn−2,1,1)) = (1, ζ3, . . . , ζn−2,1).

Although this definition of Kn may appear ad-hoc, its origin will become clear as we

proceed in our discussion.

The inductive definition of Cn.

Finally, with all the above background we can write down the formula for Cn in terms

of Cn−1 as follows

Cn = Cn−1 ○R2n−2 ○E2n−2 ○K2n

where we treat the maps Cn as the homomorphism of abelian groups as discussed

above.

We illustrate the calculation for Theorems 2 and 3 when n = 2 in Table 3. The l1 norm

of C2 is then just the sum of the entries in the last column of Table 3, which equals

6 and this matches with the data in Table 1, giving us the number of ⟨t⟩-invariant
domino tilings of AD(2). The l2 norm of C2 is then just the sum of the squares of
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ζ = (ζ1, ζ2, ζ3, ζ4) K4(ζ) E2(K4(ζ)) R2(E2(K4(ζ))) C2(ζ) = C1(R2(E2(K4(ζ))))

(0,0,0,0) (1,1) (1,1) (1,1) 1
(0,0,0,1) (1,0) (1,0) (0,1) 0

(0,0,1,0) 0 0 0 0
(0,0,1,1) (1,1) (1,1) (1,1) 1

(0,1,0,0) 0 0 0 0

(0,1,0,1) 0 0 0 0
(0,1,1,0) 0 0 0 0

(0,1,1,1) 0 0 0 0

(1,0,0,0) (0,1) (0,1) (1,0) 0
(1,0,0,1) (0,0) (0,0) + (1,1) (0,0) + (1,1) 2

(1,0,1,0) 0 0 0 0

(1,0,1,1) (0,1) (0,1) (1,0) 0
(1,1,0,0) (1,1) (1,1) (1,1) 1

(1,1,0,1) (1,0) (1,0) (0,1) 0

(1,1,1,0) 0 0 0 0
(1,1,1,1) (1,1) (1,1) (1,1) 1

Table 3. Illustration of the map C2.

the entries in the last column of Table 3, which equals 8 and this matches with the

data in Table 1, giving us the enumeration formulas for unrestricted domino tilings

of AD(2).

3. Diagonally and anti-diagonally symmetric domino tilings
of Aztec Diamonds

In this section, we present a way to inductively compute the number of diagonally and

anti-diagonally symmetric domino tilings of Aztec Diamonds in Theorem 4. Since the

construction of some of the maps we use in our result is intricate, we push the proof

of the theorem to Section 4.

We define a collection of functions {C ′n}n∈N as follows:

C ′n ∶ {0,1}2n+1 → Z≥0.

We define C ′1 and C ′2 separately. Inductively, C
′

n+2 shall be defined using C ′n. Elements

in {0,1}2n+1 can be grouped into two parts: the first part consists of elements where

the middle element ζn+1 is 0 and the second part consists of elements where the middle

element ζn+1 is 1. Given such a function we associate the following important quantity

with it.

Definition 2 (l1/2-norm of C ′n). The l1/2-norm of C ′n is defined as

∣∣C′n∣∣l1/2 ∶= ∑
ζi∈{0,1} & ζn+1=0

C′n((ζ1, . . . , ζn,0, ζn+2, . . . , ζ2n+1))

+ ∑
ζi∈{0,1} & ζn+1=1

2 ⋅C′n((ζ1, . . . , ζn,1, ζn+2, . . . , ζ2n+1)).
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Theorem 4. The l1/2 norm of C′, ∣∣C′n∣∣l1/2 enumerates the number of diagonally and
anti-diagonally symmetric, that is ⟨r2, t⟩ invariant domino tilings of AD(n + 1).

We give a proof of Theorem 4 in the next section. In this section, we focus on the

construction of the map C ′n. To begin with, we write down the formula for C ′1 and

C ′2. We first start with the definition of C ′1.

C ′1((1,1,1))= 1, C ′1((1,0,0))= 1, C ′1((0,0,1))= 1, C ′1((ζ1, ζ2, ζ3))= 0 otherwise.

(3.1)

Note that ∣∣C ′1∣∣l1/2 = 4, which agrees with the value in Table 2. Next, we shall define

C ′2.

C ′2((0,0,1,0,1))= 1, C ′2((1,0,1,0,0))= 1, C ′2((1,0,1,1,1))= 1,
C ′2((1,1,1,0,1))= 1,C ′2((1,0,0,0,1))= 2, C ′2((ζ1, ζ2, ζ3, ζ4, ζ5))= 0 otherwise. (3.2)

Note that, ∣∣C ′2∣∣l1/2 = 10, which agrees with the value in Table 2. To define C ′n+2 from

C ′n we shall require a few constructions as before.

Further constructions on free abelian groups.

Notice that there is a canonical bijection

{0,1}n1+n2
∼Ð→ {0,1}n1 × {0,1}n2 .

The map is given by

(ζ1, . . . , ζn1 , ζn1+1, . . . , ζn1+n2) ↦ ((ζ1, . . . , ζn1), (ζn1+1, . . . , ζn1+n2))

This canonical bijection extends to a canonical isomorphism of free abelian groups as

follows:

Z ⟨{0,1}n1+n2⟩ ∼Ð→ Z ⟨{0,1}n1⟩ ⊗Z ⟨{0,1}n2⟩

In general, given two maps of abelian groups

f ∶ A1 Ð→ Z ⟨{0,1}n1⟩ and g ∶ A2 Ð→ Z ⟨{0,1}n2⟩ .

It naturally defines a map

f ⊗ g ∶ A1 ⊗A2 Ð→ Z ⟨{0,1}n1⟩ ⊗Z ⟨{0,1}n2⟩ ∼Ð→ Z ⟨{0,1}n1+n2⟩

Similar natural maps exist if we reverse the arrows of f , g, and f ⊗ g in the previous

construction.
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The middle contraction.

We define a collection of maps called the middle contraction maps {mKn}n≥1. The

middle contraction map mKn is a map of the following form:

mKn ∶ Z ⟨{0,1}2n+1⟩ Ð→ Z ⟨{0,1}2n⟩

mKn((ζ1, . . . , ζn−1,1,1,1, ζn+3, . . . , ζ2n+1)) = (ζ1, . . . , ζn−1,1,1, ζn+3, . . . , ζ2n+1)),
mKn((ζ1, . . . , ζn−1,1,0,0, ζn+3, . . . , ζ2n+1)) = (ζ1, . . . , ζn−1,1,1, ζn+3, . . . , ζ2n+1)),
mKn((ζ1, . . . , ζn−1,0,0,1, ζn+3, . . . , ζ2n+1)) = (ζ1, . . . , ζn−1,1,1, ζn+3, . . . , ζ2n+1)),
mKn((ζ1, . . . , ζn−1,0,1,1, ζn+3, . . . , ζ2n+1)) = (ζ1, . . . , ζn−1,0,1, ζn+3, . . . , ζ2n+1)),
mKn((ζ1, . . . , ζn−1,1,1,0, ζn+3, . . . , ζ2n+1)) = (ζ1, . . . , ζn−1,1,0, ζn+3, . . . , ζ2n+1)),
mKn((ζ1, . . . , ζn−1,0,0,0, ζn+3, . . . , ζ2n+1)) = (ζ1, . . . , ζn−1,0,1, ζn+3, . . . , ζ2n+1))

+ (ζ1, . . . , ζn−1,1,0, ζn+3, . . . , ζ2n+1)),
mKn((ζ1, . . . , ζn−1,0,1,0, ζn+3, . . . , ζ2n+1)) = (ζ1, . . . , ζn−1,0,0, ζn+3, . . . , ζ2n+1)),
mKn((ζ1, . . . , ζn−1,1,0,1, ζn+3, . . . , ζ2n+1)) = 0.

Observe that, we have the general formula

mKn = Idn−1 ⊗mK1 ⊗ Idn−1.

We need one more map to write down the formula for C ′n+2.

The central contraction.

We define a collection of maps called the central contraction maps, {cKn}n≥1. The

central contraction map cKn is a map of the following form

cKn ∶ Z ⟨{0,1}2n⟩ Ð→ Z ⟨{0,1}2n−1⟩ ,

cKn((ζ1, . . . ,0,1, . . . , ζ2n)) = (ζ1, . . . , ζn−1,1, ζn+2, . . . , ζ2n),
cKn((ζ1, . . . ,1,0, . . . , ζ2n)) = (ζ1, . . . , ζn−1,1, ζn+2, . . . , ζ2n),
cKn((ζ1, . . . ,1,1, . . . , ζ2n)) = (ζ1, . . . , ζn−1,0, ζn+2, . . . , ζ2n),
cKn((ζ1, . . . ,0,0, . . . , ζ2n)) = 0.

The inductive definition of C ′n+2.

Now we are in the position to write down the formula of C ′n+2 in terms of C ′n:

C ′n+2 = C ′n ○ (Rn ⊗ id⊗Rn) ○ cKn+1 ○ (En+1 ⊗En+1) ○mKn+1 ○K2n+5,

where Rn, Kn, En and Ei
n have been defined in the previous section.
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4. Proofs of Theorems 2, 3 and 4

In this section we prove Theorems 2, 3 and 4. We shall rely on the machinery that

we developed in a previous paper [23], which we describe in Subsection 4.1. But first,

we recast domino tilings of Aztec Diamonds into perfect matchings of certain planar

graphs. A perfect matching of a graph is a matching in which every vertex of the graph

is incident to exactly one edge of the matching. The domino tilings of a region can be

identified with perfect matchings of its planar dual graph, which is the graph that is

obtained if we identify each unit square with a vertex and unit squares sharing an edge

is identified with an edge. See the bottom left of Figure 1 for the planar dual graph

of AD(4), and the bottom right of Figure 1 for the perfect matching corresponding

to the tiling shown in the top right of Figure 1. So, enumerating domino tilings of

Aztec Diamonds is equivalent to calculating perfect matchings of the relevant graphs.

With this in mind, we proceed with giving an algebraic structure to our problem.

4.1. Matching algebras and other results

Assume G1 = (V1,E1) and G2 = (V2,E2) are two graphs with a choice of n-many

distinguished vertices of Vi for i = 1,2. Call them {x1, . . . , xn} ⊂ V1 and {y1, . . . , yn} ⊂
V2 respectively. We define the connected sum along these distinguished vertices as

G1#G2 ∶= G1 ⊍G2/xi ∼ yi,∀1 ≤ i ≤ n

where ⊍ denotes the disjoint union. The vertex set of G1#G2 is defined as V1⊍V2/xi ∼
yi, for all 1 ≤ i ≤ n and the edge set as E1⊍E2. For any graph G, let M(G) denote the
number of perfect matchings of G. The goal is to understand M(G1#G2) in terms

of M(G1) and M(G2).
We define an algebra structure that captures the behavior of M(G1#G2) along the

boundary. Define the matching algebra M over Z with two generators y and n given

by the following relations

M ∶= Z ⟨y, n⟩ / ⟨yn = ny = n;n2 = 0; y2 = y⟩

Here the variable y indicates yes or presence and the variable n indicates no or

absence. For any graph G = (V,E) with a choice of n distinguished vertices

{v1, . . . , vn} ⊂ V , we associate a non-negative integer G(ζ1, . . . , ζn), defined as the

number of perfect matchings of the subgraph of G obtained by deleting the i-th ver-

tex if ζi = y and keeping it if ζi = n; in particular G(n, . . . , n) =M(G). For a graph G

with a choice of n distinguished vertices {x1, . . . , xn} ⊂ V we shall assign an element

vG ∈ M⊗n of the form

vG = ∑
ζi∈{y,n}

G(ζ1, . . . , ζn)ζ1 ⊗⋯⊗ ζn.
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Define an involution ζ̄ which switches y to n and n to y. That is, as a set we have

{ζ, ζ̄} = {y, n}.

The main result in our previous work [23] was the following theorem.

Theorem 5 (Theorem 1, [23]). For graphs G1 = (V1,E1) and G2 = (V2,E2) with a
choice of distinguished vertices as mentioned above, let vGi denote the element defined as in
the previous paragraph. Then

M(G1#G2) = ∑
ζi∈{y,n}

G1(ζ1, . . . , ζn)G2(ζ̄1, . . . , ζ̄n).

Returning to the state sum expansion, ζi = y indicates the situation where the identi-

fied vertex vi is available to match with a vertex in the other graph in the connected

sum. Whereas, ζi = n indicates the situation where the identified vertex vi is already

matched with some other vertex in G. With this understanding, we associate the

element vG ∈ M⊗n which is a sum of 2n terms. We call this the state sum expansion

of G associated to {v1, . . . , vn}.

Remark 1. The framework above extends verbatim to (multiplicatively) edge-weighted
graphs. If each edge e carries a weight w(e) and one replaces M(G) by the weighted perfect-
matching generating function ∑µ∏e∈µw(e), the sum being over the perfect matchings µ
of G, then each coefficient G(ζ1, . . . , ζn) becomes the corresponding weighted sum over the
relevant subgraph. Theorem 5 continues to hold without change, since in a connected sum the
edge sets of G1 and G2 are disjoint and the weights therefore multiply across the boundary.
Consequently the inductive sums of Theorems 2, 3 and 4 lift to generating functions that
keep track of any multiplicative edge statistic.

Let (G1; v1, . . . , vi+j) and (G2;w1, . . . ,wj+k) be two graphs with (i + j) and (j + k)
distinguished vertices respectively. Assume vG1 and vG2 denote the state sum de-

composition of G1 and G2 respectively. We construct a new graph G with (i + j + k)
distinguished vertices defined as follows:

G ∶= G1 ⊍G2/vi+1 ∼ w1,⋯, vi+j ∼ wj . (4.1)

We want to express vG in terms of vG1 and vG2 . To understand it concretely, we need

the notion of internal multiplication. Let I ⊂ [n] and J ⊂ [m] with ∣I ∣ = ∣J ∣ where we

denote the set {1,2, . . . , k} by [k]. We can define an internal multiplication ϕI,J as

follows:

ϕI,J ∶ M⊗n ⊗M⊗m →M⊗(n+m−∣I ∣),

where the internal multiplication occurs only on the coordinates of I and J . More

explicitly, the cardinalities of I and J is k such that if i1 < ⋯ < ik are elements of I
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and j1 < ⋯ < jk are those of J . Take two simple tensors (A ⋅ ζ1 ⊗⋯⊗ ζn) ∈ M⊗n and

(B ⋅ η1 ⊗⋯⊗ ηm) ∈ M⊗m, where ζi, ηj ∈ {y, n}. Then,

ϕI,J ((A ⋅ ζ1 ⊗⋯⊗ ζn) ⊗ (B ⋅ η1 ⊗⋯⊗ ηm))
∶= (A ⋅B) ζ1⊗⋯⊗ζi1−1⊗(ζi1 ⋅ηj1)⊗⋯⊗(ζik ⋅ηjk)⊗⋯⊗ζn⊗η1⊗⋯⊗η̂j1⊗⋯⊗η̂jk⊗⋯⊗ηm,

where ⋅̂ denotes the absence of the variable. For general elements W ∈ M⊗n and

V ∈ M⊗m , we extend the definition of internal multiplication ϕI,J(W ⊗ V ) by dis-

tributivity. We give an example of the internal multiplication: for n = 3,m = 4 and

for I = {2,3}, J = {1,4}:

ϕI,J ((ζ1 ⊗ ζ2 ⊗ ζ3) ⊗ (η1 ⊗ η2 ⊗ η3 ⊗ η4)) = ζ1 ⊗ (ζ2 ⋅ η1) ⊗ (ζ3 ⋅ η4) ⊗ η2 ⊗ η3.

If I, J are well understood we shall remove them from ϕ.

The following lemma will be useful in the next subsection.

Lemma 2 (The Patching Lemma, Lemma 3 [23]). For I = {i+1, . . . , i+j} ⊂ [i+j]
and J = {1, . . . , j} ⊂ [j + k], the state sum decomposition of the graph G, where G = (V,E)
with n distinguished vertices {v1, . . . , vn} ⊂ V is given by

vG = ϕI,J(vG1 ⊗ vG2),

where G1 and G2 are as described in (4.1).

Informally, the Patching Lemma says that when a graph is assembled by gluing G1

and G2 along j distinguished vertices, its state sum decomposition is recovered from

those of the two pieces by performing the internal multiplication along the glued

coordinates; thus the perfect matchings of the assembled graph are computed locally

from those of the parts.

v1 v2 v3 v4 v5

w1 w2 w3 w4 w5

e1 e2 e3 e4 e5

Figure 2. Example of 1-factor addition.

Remark 2. In our application, if the distinguished vertices are well understood we use
the dot symbol ‘⋅’ to indicate the interior multiplication.
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Given a graph G = (V,E) with a choice of distinguished vertices {v1, . . . , vn} ⊂ V

we can construct a new graph called 1-factor addition of G where we add a separate

pendant edge ei for each distinguished vertex vi. We label the degree 1 vertex corre-

sponding to vi as wi. For example, see Figure 2 where the distinguished vertices are

colored red. If

G′ = (V ∪ {w1, . . . ,wn},E ∪ {e1, . . . , en})
denotes the 1-factor addition of G with the choice of distinguished vertices as

{w1, . . . ,wn} then we want to understand how the state sum decomposition vG and

vG′ related. The answer is provided in the next lemma.

Lemma 3 (Transfer lemma). If vG = ∑
ζi∈{y,n}

G(ζ1, . . . , ζn)ζ1 ⊗ ⋯ ⊗ ζn and vG′ =

∑
ζi∈{y,n}

G′(ζ1, . . . , ζn)ζ1 ⊗⋯⊗ ζn then the following holds

G(ζ1, . . . , ζn) = G′(ζ̄1, . . . , ζ̄n).

Proof. The set of distinguished vertices {v1, . . . , vn} in G no longer remains dis-

tinguished vertices in the 1-factor addition G
′

. Adding an edge ei corresponds to

taking a connected sum of G with L2 where the vertex vi is identified with one of the

boundary vertex of L2. The state sum decomposition of L2 is given by

vL2 = y ⊗ y + n⊗ n

Finally,

y ⋅ (y ⊗ y + n⊗ n) = y2 ⊗ y + (y ⋅ n) ⊗ n = y ⊗ y + n⊗ n,

n ⋅ (y ⊗ y + n⊗ n) = (n ⋅ y) ⊗ y + n2 ⊗ n = n⊗ y.

Thus, for simple tensor ζ1 ⊗⋯⊗ ζn appearing in the state sum decomposition of G,

if ζi = y then it transfers to n in G
′

. Similarly, ζi = n transfers to y in G
′

. This

is because, in the state sum decomposition of a graph the non-distinguished vertices

must be already matched. Finally, by Lemma 2, we conclude our proof.

We define an element Fn ∈ M⊗n as given by the stipulation that n must occur in

pairs in its simple tensor decomposition. Here are some examples

F1 = y,
F2 = y ⊗ y + n⊗ n,

F3 = y ⊗ y ⊗ y + y ⊗ n⊗ n + n⊗ n⊗ y,

F4 = y ⊗ y ⊗ y ⊗ y + n⊗ n⊗ y ⊗ y + y ⊗ n⊗ n⊗ y + y ⊗ y ⊗ n⊗ n + n⊗ n⊗ n⊗ n.

Note that the number of simple tensors in Fn (that is, the number of terms in Fn) is

exactly equal to the Fibonacci number Fn, where we define the sequence as

F1 = 1, F2 = 2, Fn = Fn−1 + Fn−2 for all n ≥ 3.
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Lemma 4. The state sum decomposition of the line graph Ln with n vertices where all
of the vertices are also distinguished vertices is given by Fn.

Proof. We use induction on n and Lemma 2. Note that the definition of Fn implies

the following for all n ≥ 2 (where F0 ∶= 1 denotes the empty tensor)

Fn = Fn−1 ⊗ y +Fn−2 ⊗ n⊗ n.

Now by Lemma 2, the state sum decomposition of the line graph Ln+1 is given by the

internal multiplication of Fn with F2 where we need to multiply the last coordinate

of Fn with the first coordinate of F2 via the matching algebraM. Thus, we have

Fn ⋅ F2 = (Fn−1 ⊗ y +Fn−2 ⊗ n⊗ n) ⋅ (y ⊗ y + n⊗ n)
= Fn−1 ⊗ (y2) ⊗ y + Fn−1 ⊗ (y ⋅ n) ⊗ n +Fn−2 ⊗ n⊗ (n ⋅ y) ⊗ y

+Fn−2 ⊗ n⊗ (n ⋅ n) ⊗ n

= Fn−1 ⊗ y ⊗ y +Fn−1 ⊗ n⊗ n + Fn−2 ⊗ n⊗ n⊗ y

= (Fn−1 ⊗ y +Fn−2 ⊗ n⊗ n) ⊗ y +Fn−1 ⊗ n⊗ n

= Fn ⊗ y +Fn−1 ⊗ n⊗ n

= Fn+1.

This completes the proof.

Armed with this lemma, we can finally prove our results.

4.2. Proof of Theorems 2 and 3

Observe that finding the number of diagonally symmetric, that is ⟨t⟩- invariant domino

tilings of AD(n) amounts to computing the state sum decomposition of the class of

graphs shown in Figure 3. We call this collection of graphs {MCn}n≥1, for n = 1,2,3
and 4 the graphs are as shown in Figure 3. Here and elsewhere we only mark the

distinguished vertices (in red) that we will use; all other vertices in the graphs are

unmarked. We prove the following theorem.

Figure 3. Dual graph associated with diagonally symmetric domino tilings of Aztec Diamonds.

Theorem 6. The sum of the coefficients in the state sum decomposition of MCn enumer-
ates the ⟨t⟩- invariant domino tilings of AD(n). The sum of the squares of the coefficients
in the state sum decomposition of MCn enumerates the total number of domino tilings of
AD(n).
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Proof. Taking the graphical dual of AD(n) we note that the number of ⟨t⟩- invariant
domino tilings of AD(n) is the same as the number of perfect matchings symmetric

with respect to the central line. For n = 4, refer to Figure 4.

Figure 4. Dual graph of AD(n) and its relation to ⟨t⟩-invariant tilings.

Note that any matching of the top MCn graph corresponding to the defect ζ1 ⊗⋯⊗
ζ2n extends uniquely to the bottom MCn with the same defect ζ1 ⊗ ⋯ ⊗ ζ2n. For

the centrally symmetric perfect matchings of AD(n) the bottom MCn is completely

determined by the choice of top MCn. Thus, we have the equality.

For the second part, the dual graph of AD(n) is the connected sum of the top copy

of MCn with its reflected bottom copy across the central line. Writing vG for the

state sum decomposition of the top copy and vG′ for that of the bottom copy, the

Transfer lemma (Lemma 3) identifies the two via G(ζ1, . . . , ζ2n) = G′(ζ̄1, . . . , ¯ζ2n).
Hence Theorem 5 gives

M(AD(n)) = ∑
ζi∈{y,n}

G(ζ1, . . . , ζ2n)G′(ζ̄1, . . . , ¯ζ2n) = ∑
ζi∈{y,n}

G(ζ1, . . . , ζ2n)2,

which is the sum of squares of the coefficients in the state sum decomposition of MCn.

Next, we relate the state sum decomposition of MCn with the function Cn discussed

in Section 2. We make the following identifications

y ←→ V(y) = 1,
n←→ V(n) = 0,

(ζ1 ⊗⋯⊗ ζn) ←→ (V(ζ1), . . . ,V(ζn)) .

Here, V stands for valuation. The valuation map V, allows us to transform the simple

tensor ζ1⊗⋯⊗ζn where ζi ∈ {y, n} to a sequence in {0,1}n. The relationship between

MCn and Cn is explicitly described by the following lemma.

Lemma 5. The coefficient of ζ1 ⊗ ⋯ ⊗ ζ2n in the state sum decomposition of MCn is
exactly equal to Cn((V(ζ1), . . . ,V(ζ2n))).
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Proof. We use induction on n. For n = 1 and n = 2 this relationship can easily be

verified. We assume the result is true for n − 1. We now build MCn from MCn−1

through the following steps as illustrated for n − 1 = 3 in Figures 5 – 8.

Step 1 We start with the graph MCn−1.

Step 2 We append pendant edges in MCn−1 along the distinguished vertices (see Figure

6).

Step 3 We take the connected sum of MCn−1 and L2n−2 along the new distinguished

vertices (see Figure 7).

Step 4 We take the connected sum of L1 from the right and from the left of the graph

obtained in the previous step (see Figure 8).

Figure 5. Step 1: We start with MCn−1 (here n = 4).

Figure 6. Step 2: We append pendant edges in MCn−1 (here n = 4).

#=

Figure 7. Step 3: We take the connected sum of 1-factor addition of MCn−1 and L2n−2 (here n = 4); here
and in the figures that follow, the symbol # denotes the connected sum of Section 4.1.

# # =

Figure 8. Step 4: We take the connected sum of L1 from the right and from the left of the graph obtained
in Step 3.
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Note that the transition of the state sum decomposition from Step 1 to Step 2 is given

by Lemma 3. Indeed, appending a pendant edge to every distinguished vertex is a

1-factor addition, so by the Transfer lemma each boundary state is exchanged, y↔ n

(an available vertex becomes matched, and a matched vertex becomes unavailable).

Under the valuation V this coordinate-wise exchange of 0 and 1 is precisely the reverse

map R2n−2 defined in Section 2, which therefore records the change.

Using Lemma 4, we conclude that the transition of the state sum decomposition from

Step 2 to Step 3 is given by the interior multiplication by the Fibonacci element

F2n−2 defined earlier. In order to determine the coefficient of ζ1 ⊗ ⋯ ⊗ ζ2n−2, we

need to understand all possible ways to construct ζ1 ⊗⋯⊗ ζ2n−2 through the interior

multiplication by F2n−2. By Lemma 4 we have the following identity

F2n−2 = F2⋯F2
´¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶

(2n−3) times

= (F2)2n−3 ,

where the interior multiplication of consecutive pairs of F2 multiplies the second factor

of the first F2 with the first factor of second F2, that is

F2⋅F2 = (y⊗y+n⊗n)⋅(y⊗y+n⊗n) = y⊗(y⋅y)⊗y+y⊗(y⋅n)⊗n+n⊗(n⋅y)⊗y+n⊗(n⋅n)⊗n.

Next, we analyse how multiplication by F2 affect simple tensors on both sides:

n ⋅ (y ⊗ y + n⊗ n) ⋅ n = n⊗ n,

n ⋅ (y ⊗ y + n⊗ n) ⋅ y = n⊗ y,

y ⋅ (y ⊗ y + n⊗ n) ⋅ n = y ⊗ n,

y ⋅ (y ⊗ y + n⊗ n) ⋅ y = y ⊗ y + n⊗ n.

Note that n⊗n can appear in two ways, either from n⋅F2 ⋅n or from y⋅F2 ⋅y. Thus in the

opposite direction, in terms of sequences (n⊗ n) ←→ (0,0) expands to (0,0) + (1,1).
Similarly (1,0), (0,1) and (1,1) uniquely expands to themselves. Using the same

reasoning for each of the 2n − 3 middle F ′2s, the expansion map E2n−2 captures the

phenomenon where the basic expansion Ei
2n−2 captures the i-th F2.

The reasoning in the last step is similar. It follows from the computation below:

y ⋅ (y ⊗ y + n⊗ n) = y ⊗ y + n⊗ n AND n ⋅ (y ⊗ y + n⊗ n) = n⊗ y,

(y ⊗ y + n⊗ n) ⋅ y = y ⊗ y + n⊗ n AND (y ⊗ y + n⊗ n) ⋅ n = y ⊗ n.

In the opposite direction both y⊗ y and n⊗n contracts to y on either end. Similarly,

if the simple tensor starts with y⊗n or ends with n⊗ y then it must contract to n on

either end. These observations are precisely encapsulated by the map K2n after the

translation into {0,1} sequences.
Going in the opposite direction we conclude the values of Cn = Cn−1 ○R2n−2 ○E2n−2 ○
K2n exactly captures the coefficients in the state sum decomposition of MCn.
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Proof of Theorems 2 and 3. Combining Theorem 6 and Lemma 5 we conclude the

proofs of Theorems 2 and 3.

Remark 3. We note that, the largest numbers appearing in the state sum decomposition
of MCn are the Large Schröder numbers. This is due to the fact that these numbers count the
number of perfect matchings in the cellular graph formed by a triangular grid of n squares
(see, the work of Ciucu [4] for more details).

We now prove Lemma 1.

Proof of Lemma 1. Note that for any sequence (ζ0, . . . , ζn−1) ∈ {0,1}n, we can asso-

ciate a unique integer by treating it as a binary expansion, that is

(ζ0,⋯, ζn−1) ←→
n−1

∑
i=0

ζi ⋅ 2i.

We prove the following observation: For (ζ1, . . . , ζ2n) ∈ {0,1}2n such that

(ζ1, . . . , ζ2n) ∈ Supp(Cn), we have 3∣∑2n
i=1 ζi ⋅ 2i−1.

Lemma 1 follows quite easily from this observation. We prove this observation using

induction on n. For n = 1, it can be seen quite easily. Our strategy for the general step

would be to follow the steps described in Lemma 5. We now show that the divisibility

condition remains the same in each intermediate step.

Assume the condition remains true for Cn. The divisibility condition in Step 1

is the induction hypothesis. In Step 2, the element (ζ1, . . . , ζ2n) transforms to

(1 − ζ1, . . . ,1 − ζ2n). The divisibility condition follows from the following fact :

1 + 2 + 22 +⋯ + 22n−1 = 22n − 1 = 4n − 1 ≡ 0 (mod 3).

In Step 3, when we have the consecutive terms in the sequence ζi = 0, ζi+1 = 1 or

ζi = 1, ζi+1 = 0 or ζi = ζi+1 = 0, it remains same after the interior multiplication by

F2n−2. However if the consecutive terms are ζi = ζi+1 = 1 then it branches off to two

different elements with corresponding terms being ζi = ζi+1 = 1 and ζi = ζi+1 = 0. In

the first case, the divisibility condition is trivial. In the second case, the associated

numbers differ by 2i+1 + 2i = 3 ⋅ 2i, which is divisible by 3.

Finally, we verify the divisibility condition in Step 4. For the sequence

(ζ1, ζ2, . . . , ζ2n−1, ζ2n) ∈ {0,1}2n we denote the associated number by A = ∑2n
i=1 ζi ⋅2i−1.

Then we have the following

• If ζ1 = ζ2n = 0, then the sequence transforms to (1, ζ1, ζ2, . . . , ζ2n−1, ζ2n,1). The
associated number for the new sequence is given by 2 ⋅A+1+22n+1 ≡ 0 (mod 3)
when A ≡ 0 (mod 3).

• If ζ1 = 1 and ζ2n = 0, then the sequence transforms to two new sequences:

(1, ζ1, ζ2, . . . , ζ2n−1, ζ2n,1) and (0,1 − ζ1, ζ2, . . . , ζ2n−1, ζ2n,1).



20 Symmetric domino tilings of Aztec diamonds

In the first one, the associated number is given by 2 ⋅A+1+22n+1. In the second

one, the associated number is given by 2 ⋅A − 2 + 22n+1 ≡ 0 (mod 3) when A ≡ 0
(mod 3).

• The case ζ1 = 0 and ζ2n = 1 is similar to the previous case.

• Finally with ζ1 = ζ2n = 1 the sequence transforms to four different sequences:

(1, ζ1, ζ2,⋯, ζ2n−1, ζ2n,1), (0,1 − ζ1, ζ2,⋯, ζ2n−1, ζ2n,1)
(1, ζ1, ζ2,⋯, ζ2n−1,1 − ζ2n,0), (0,1 − ζ1, ζ2,⋯, ζ2n−1,1 − ζ2n,0) .

The associated numbers are given by 2⋅A+1+22n+1, 2⋅A−2+22n+1, 2⋅A+1−22n and

2A−2−22n respectively. The divisibility condition can be checked similarly.

4.3. Proof of Theorem 4

Observe that finding the number of diagonally and anti-diagonally symmetric, that

is ⟨r2, t⟩- invariant domino tilings of AD(n) amounts to computing the state sum

decomposition of the class of graphs shown in Figure 9. We call this collection of

graphs {MCn}n≥1, for n = 1,2,3 and 4 the graphs are as shown in Figure 9.

Figure 9. Dual graph associated with diagonally and anti-diagonally symmetric domino tilings of Aztec
Diamonds.

Like earlier, the following theorem holds.

Theorem 7. The sum of the coefficients in the state sum decomposition of MCn, weighted
according to whether the middle distinguished vertex (that is, the one on the bottom left
corner) corresponds to a n or a y with weights 1 and 2 respectively, enumerates the ⟨r2, t⟩-
invariant domino tilings of AD(n).

Proof. Dualizing the picture of AD(n) we note that the number of ⟨r2, t⟩- invariant
domino tilings of AD(n) is the same as the number of perfect matchings symmetric

with respect to the dotted lines shown in Figure 10 (here we take n = 5, and ignore

the red dotted square for the moment).

The red dotted square in the middle is special. Any ⟨r2, t⟩-invariant domino tiling will

either contain this square as a sub-tiling or it will not contain the square as a sub-

tiling (that is, the unit squares making up this 2× 2 square will tile with unit squares
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Figure 10. Aztec Diamond with diagonal and anti-diagonal symmetry highlighted.

which lie outside the 2 × 2 square). The first case corresponds to a y assigned to the

bottom left corner distinguished vertex of MCn, while the second case corresponds to

a n being assigned to this vertex. In the first case, the 2 tilings of the 2 × 2 square

correspond to a weight of 2 for the relevant coefficient in the state sum decomposition

of MCn, while the other case, corresponds to a weight of 1 for the relevant coefficient

in the state sum decomposition of MCn. This completes the proof.

Next, we relate the state sum decomposition of MCn with the function C ′n discussed

in Section 3. We again use the valuation map defined in the previous subsection. The

relationship between MCn and C ′n is explicitly described by the following lemma.

Lemma 6. The coefficient of ζ1 ⊗⋯⊗ ζ2n+1 in the state sum decomposition of MCn+1 is
exactly equal to C ′n((V(ζ1), . . . ,V(ζ2n+1))).

Proof. The proof is again by using induction on n. For n = 1 and n = 2 this

relationship can easily be verified. We assume the result is true for n − 1. We now

build MCn+1 from MCn−1 through the following steps as illustrated for n − 1 = 5 in

Figure 11.

Step 1 We start with the graph MCn−1 (we mark the vertices 1,2, . . . ,2n − 3 as shown

in Figure 11).

Step 2 We append pendant edges in MCn−1 along the distinguished vertices, except for

the vertex in the bottom-left corner.

Step 3 We take the connected sum of MCn−1 and L3 along the middle vertex of L3 and

the vertex in the bottom-left corner of MCn−1.

Step 4 We take the connected sum of Ln−1 from the left and from the bottom of the

graph obtained in the previous step (see the middle figure of the second row in

Figure 11).
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Step 5 We take the connected sum of the graph obtained in the previous step and L3

along the extreme vertices of L3 and the vertices in the bottom corners of the

graph obtained in the previous step (see left figure of second row in Figure 11).

Step 6 We take the connected sum of L2 and the graph obtained in the previous step,

once from the top left corner and once from the bottom right corner (see the

left figure of the third row in Figure 11). This now results in MCn+1.

#

#

#

#

#

#

1

2

3

4

5
6 7 8 9

Step 1 Step 2 Step 3

Step 4

Step 5

Step 6

Figure 11. Steps 1 to 6, starting from top left and following the arrows to bottom right; the symbol #
denotes the connected sum of Section 4.1.

Since the process was explained in detail in the proof of Lemma 5, we only sketch

the relevant details here. The transition from Step 1 to Step 2 is via the map Rn ⊗
id ⊗ Rn. This is easy to see as we are appending edges only to the top n vertices

on the left and right n vertices on the bottom. The transition from Step 2 to Step

3 is described as follows: we are taking the connected sum of L3 along the middle

vertex. In this process, the distinguished vertex turns to a non-distinguished vertex

in the new configuration in step 3. The boundary vertices of L3 turn into two new
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additional distinguished vertices. Taking the interior multiplication of the state sum

decomposition of L3 along the middle vertex we observe the following multiplication

table:

y ⊗ (y ⋅ y) ⊗ y + n⊗ (n ⋅ y) ⊗ y + y ⊗ (n ⋅ y) ⊗ n = y ⊗ y ⊗ y + n⊗ n⊗ y + y ⊗ n⊗ n,

y ⊗ (y ⋅ n) ⊗ y + n⊗ (n ⋅ n) ⊗ y + y ⊗ (n ⋅ n) ⊗ n = y ⊗ n⊗ y,

where the y or n denotes the state sum decomposition of the middle distinguished

vertex in Step 2. Since it turns to a non-distinguished vertex in Step 3, the only

relevant terms are those that turn n after the multiplication on the right-hand side.

The relevant terms are bold on the right-hand side of the equation. Finally, by the

identification

y ←→ 1;n←→ 0,

the central contraction map cKn exactly captures the situation in the opposite direc-

tion. The transition from Step 3 to Step 4 is via the map En+1⊗En+1 in the opposite

direction, this was explained in the proof of Lemma 5 going from Step 2 to Step 3 in

that case. Similarly, the transition from Step 4 to Step 5 is via the middle contraction

map mKn+1 in the opposite direction. It follows from observing the multiplication

table

y ⋅ (y ⊗ y ⊗ y + n⊗ n⊗ y + y ⊗ n⊗ n) ⋅ y = (y ⊗ y ⊗ y + n⊗ n⊗ y + y ⊗ n⊗ n) ,
y ⋅ (y ⊗ y ⊗ y + n⊗ n⊗ y + y ⊗ n⊗ n) ⋅ n = y ⊗ y ⊗ n + n⊗ n⊗ n,

n ⋅ (y ⊗ y ⊗ y + n⊗ n⊗ y + y ⊗ n⊗ n) ⋅ y = n⊗ y ⊗ y + n⊗ n⊗ n,

n ⋅ (y ⊗ y ⊗ y + n⊗ n⊗ y + y ⊗ n⊗ n) ⋅ n = n⊗ y ⊗ n.

Finally in the final step, Step 6, two pendant edges are being appended. This situation

was explained in the proof of Lemma 5 going from Step 3 to Step 4 in that case.

Proof of Theorem 4. Combining Theorem 7 and Lemma 6 we conclude the proof of

Theorem 4.
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