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Abstract: Graph pebbling is a technique used to optimize the movement of resources

through a network, focusing on efficient transit and allocation. Given a connected graph
G, an edge pebbling move involves the removal of two pebbles from one edge and the

addition of one pebble to an adjacent edge, while the other pebble will be discarded

from the play. In this paper, we carry out the edge pebbling move in the concepts of
detour pebbling and cover pebbling to arrive a new graph invariant called the detour

edge cover pebbling number. We compute the edge detour distance between two edges
with repeated vertices. An edge detour path between eu and ev is a sequence of edges

P ∗
e = {eu, e1, e2, . . . , ek, ev} such that ei ∩ ei+1 ̸= ∅, no edge appears more than once

in the sequence, and repeated vertices are allowed. Thus, the edge detour distance
between eu and ev , denoted by d∗(eu, ev) = |P ∗

e | − 1, where |P ∗
e | is the total number

of edges in the edge detour path. The detour edge cover pebbling number, f∗
ec(G), is

the minimum number of pebbles required to cover all the edges of G with at least one
pebble each on them after a sequence of pebbling moves by using edge detour paths.
The strategy of detour edge cover pebbling number is applied to some standard graphs

and staircase graphs S1,n, n ≥ 4. Also, we give an example that offers grounds for the
results and some applications are being discussed.

Keywords: Edge pebbling move, edge detour path, edge detour distance, detour edge
cover pebbling number, staircase graph.
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1. Introduction

Graph pebbling is a combinatorial game on graphs with practical applications in

optimizing computer processes, such as reducing memory traffic, solving register allo-

cation, and efficient data transmission. The pebbling move involves analyzing the cost
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of ‘pebble loss’ and has been extensively researched to establish computational lower

bounds on graphs. Graph pebbling is one of the developing concepts in Graph theory

and in which many of the fundamentals have been studied. For further reading on

Graph theory concepts, readers can refer to [20]. The concept of pebbling in graphs

was first mentioned by F.R.K. Chung [5] in 1989. Many of the authors did a detailed

study on the fundamentals of graph pebbling, and a clear view of pebbling concept is

explained by G. Hurlbert [9].

The pebbling number, f(G), [5] is the minimum number of pebbles that are sufficient

to reach any target vertex with one pebble irrespective of the initial configuration of

the pebbles. The pebbling problem can be likened to transmitting data from a source

node to a destination node.

There are many different types of pebbling concepts have been studied, including op-

timal pebbling, t-pebbling, cover pebbling and monophonic pebbling, please refer to

[2, 8, 13, 16]. In 2020, P. Paul extended the concept of pebbling by finding the edge

pebbling number for various kinds of graphs. Given a connected graph G, an edge

pebbling move involves the removal of two pebbles from one edge and the addition

of one pebble to an adjacent edge, while the other pebble will be discarded from the

play. P. Paul has also introduced the covering cover edge pebbling number in graphs.

To find more about these concepts, please refer to [15].

Topics relevant to distances in graphs are widely investigated in the literature, and

a large number of its applications to real life problems are also found in the litera-

ture. For instance, Euclidean distance [6] is used in many of the Machine Learning

Algorithms. Here, we use edge detour distance in graphs. Chartrand et al. [3] have

investigated the fundamental concepts of detour distance in graphs. For any pair of

vertices x, y ∈ V (G), the detour distance d∗(x, y) is the length of the longest x-y

path between x and y in G. From [7], we compute the edge detour distance be-

tween two edges with repeated vertices. Let G = (V,E) be a connected graph, and

let eu, ev ∈ E(G). An edge detour path between eu and ev is a sequence of edges

P ∗
e = {eu, e1, e2, . . . , ek, ev} such that ei ∩ ei+1 ̸= ∅, no edge appears more than once

in the sequence, and repeated vertices are allowed. Thus, the edge detour distance

between eu and ev, d
∗(eu, ev) = |P ∗

e | − 1, where |P ∗
e | is the total number of edges in

the edge detour path. Hurlbert et al. [10] have studied the secure vertex cover peb-

bling number in graphs. Lourdusamy et al. [14] have introduced the detour pebbling

number using a detour path in any connected graph. The detour pebbling number,

f∗(G), is the minimum number such that these pebbles are placed on the vertices of

G, it is possible to shift a pebble to a target vertex by a sequence of pebble moves

regardless of the beginning configuration using a detour path. For the extension of de-

tour pebbling concepts, please refer to [4, 11]. Vincylin et al. [18, 19] have introduced

the detour edge pebbling number, f∗
e (G), in graphs.

In this paper, by considering the concepts of vertex cover, detour pebbling and edge

pebbling move, we define the detour edge cover pebbling number and compute the

detour edge cover pebbling number for the path graph, wheel graph, n-star graph,

cycle graph and staircase graphs.

The detour edge cover pebbling number, f∗
ec(G), is the minimum number of pebbles
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required to cover all the edges of G with at least one pebble each on them after a

sequence of pebbling moves by using edge detour paths.

We give an example in the next section that paves the way for finding out the detour

edge cover pebbling number for any graph. In section 3, we find the detour edge cover

pebbling number for some standard graphs. In section 4, we discuss the staircase

graph and find the detour edge cover pebbling for staircase graphs. In section 5, some

authentic applications are discussed. In the last section, pre-existing limitations are

addressed, and the detour edge cover pebbling concept is compared to some existing

theories using a comparative interpretation table.

2. Example

Figure 1. A connected graph G with 7 edges.

From Figure 1, let ṡe = e1, where ṡe is the source edge. The possible edge detour

paths from e1 to e2 are P ∗
e,1 : e1, e6, e4, e5, e2 and P ∗

e,2 : e1, e5, e3, e6, e2. Thus, the

edge detour distance from e1 to e2 is 4. Therefore, to cover e2, we require 16 pebbles.

The edge detour distance from e1 to e3, e4, e5, or e6 is 4. Therefore, to cover e3, e4,

e5, and e6 using the edge detour paths P ∗
e,1 : e1, e6, e4, e5, e3, P

∗
e,2 : e1, e6, e3, e5, e4,

P ∗
e,3 : e1, e2, e3, e4, e5, and P ∗

e,4 : e1, e2, e5, e4, e6, we require 4 · 24 pebbles. The edge

detour distance from e1 to e7 is 5. Therefore, to cover e7 using the edge detour path

P ∗
e,1 : e1, e2, e5, e4, e3, e7, we require 32 pebbles. Moreover, to cover e1, we require 1

pebble. Therefore, altogether 113 pebbles are required to cover E(G) using the edge

detour paths. Hence ṡe =
∑

ek∈E(G) 2
d∗(e1,ek). Similarly, we can consider any edge to

be the source edge and determine the number of pebbles needed to cover E(G) using

the edge detour paths. Therefore, if ṡe = e2, e3, e4, e5, or e6, we require 113 pebbles.

If ṡe = e7, we require 193 pebbles. Table 1 shows the edge detour distance between

the edges of G, and Table 2 shows the possible edge detour paths between the edges

of G and the number of pebbles needed to cover each edge from the source edges.

Therefore, from Tables 1 and 2, we can conclude that the detour edge cover pebbling

number for the graph G is f∗
ec(G) = 193.
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Table 1. Edge detour distance between the edges of G

- e1 e2 e3 e4 e5 e6 e7
e1 0 4 4 4 4 4 5
e2 4 0 4 4 4 4 5
e3 4 4 0 4 4 4 5
e4 4 4 4 0 4 4 5
e5 4 4 4 4 0 4 5
e6 4 4 4 4 4 0 5
e7 5 5 5 5 5 5 0

Table 2. Edge detour paths between the edges of G and pebbles distributed on E(G)

- e1 e2 e3 e4 e5 e6 e7

ṡe = e1 1 pebble

16 pebbles
P1: e1, e6,
e4, e5, e2

& P2: e1, e5,
e3, e6, e2

16 pebbles
P1: e1, e6,
e4, e5, e3,

P2: e1, e2,
e5, e4, e3

& P3: e1, e4,
e6, e2, e3

16 pebbles
P1: e1, e6,
e3, e5, e4

& P2: e1, e5,
e2, e6, e4

16 pebbles
P1: e1, e2,
e3, e4, e5

& P2: e1, e4,
e6, e2, e5

16 pebbles
P1: e1, e2,
e5, e4, e6

& P2: e1, e4,
e3, e2, e6

32 pebbles
P1: e1, e2,
e5, e4,
e3, e7

& P2: e1, e5,
e3, e6,
e2, e7

ṡe = e2

16 pebbles
P1: e2, e5,
e4, e6, e1

& P2: e2, e6,
e3, e5, e1

1 pebble

16 pebbles
P1: e2, e5,
e1, e6, e3

& P2: e2, e6,
e4, e5, e3

16 pebbles
P1: e2, e6,
e3, e5, e4,

P2: e2, e5,
e1, e6, e4

& P3: e2, e1,
e5, e3, e4

16 pebbles
P1: e2, e1,
e4, e3, e5

& P2: e2, e3,
e6, e1, e5

16 pebbles
P1: e2, e1,
e5, e3, e6

& P2: e2, e3,
e4, e1, e6

32 pebbles
P1: e2, e5,
e1, e6,
e3, e7

& P2: e2, e3,
e6, e1,
e5, e7

ṡe = e3

16 pebbles
P1: e3, e5,
e4, e6, e1,

P2: e3, e4,
e5, e2, e1

& P3: e3, e2,
e6, e4, e1

16 pebbles
P1: e3, e6,
e1, e5, e2

& P2: e3, e4,
e5, e6, e2

1 pebble

16 pebbles
P1: e3, e5,
e1, e6, e4

& P2: e3, e6,
e2, e5, e4

16 pebbles
P1: e3, e4,
e1, e2, e5

& P2: e3, e2,
e6, e4, e5

16 pebbles
P1: e3, e2,
e1, e4, e6

& P2: e3, e4,
e5, e2, e6

32 pebbles
P1: e3, e5,
e4, e6,
e2, e7

& P2: e3, e2,
e6, e4,
e5, e7

ṡe = e4

16 pebbles
P1: e4, e5,
e3, e6, e1

& P2: e4, e6,
e2, e5, e1

16 pebbles
P1: e4, e5,
e3, e6, e2,

P2: e4, e6,
e1, e5, e2

& P3: e4, e3,
e5, e1, e2

16 pebbles
P1: e4, e6,
e1, e5, e3

& P2: e4, e5,
e2, e6, e3

1 pebble

16 pebbles
P1: e4, e3,
e2, e1, e5

& P2: e4, e1,
e6, e3, e5

16 pebbles
P1: e4, e1,
e2, e3, e6

& P2: e4, e3,
e5, e1, e6

32 pebbles
P1: e4, e3,
e5, e1,
e2, e7

& P2: e4, e5,
e2, e6,
e3, e7

ṡe = e5

16 pebbles
P1: e5, e4,
e3, e2, e1

& P2: e5, e2,
e6, e4, e1

16 pebbles
P1: e5, e3,
e4, e1, e2

& P2: e5, e1,
e6, e3, e2

16 pebbles
P1: e5, e2,
e1, e4, e3

& P2: e5, e4,
e6, e2, e3

16 pebbles
P1: e5, e1,
e2, e3, e4

& P2: e5, e3,
e6, e1, e4

1 pebble

16 pebbles
P1: e5, e1,
e2, e3, e6

& P2: e5, e4,
e3, e2, e6

32 pebbles
P1: e5, e2,
e1, e4,
e3, e7

& P2: e5, e3,
e4, e1,
e2, e7

ṡe = e6

16 pebbles
P1: e6, e4,
e5, e2, e1

& P2: e6, e2,
e3, e4, e1

16 pebbles
P1: e6, e3,
e5, e1, e2

& P2: e6, e1,
e4, e3, e2

16 pebbles
P1: e6, e4,
e1, e2, e3

& P2: e6, e2,
e5, e4, e3

16 pebbles
P1: e6, e3,
e2, e1, e4

& P2: e6, e1,
e5, e3, e4

16 pebbles
P1: e6, e3,
e2, e1, e5

& P2: e6, e2,
e3, e4, e5

1 pebble

32 pebbles
P1: e6, e2,
e5, e4,
e3, e7

& P2: e6, e3,
e5, e1,
e2, e7

ṡe = e7

32 pebbles
P1: e7, e3,
e4, e5,
e2, e1

& P2: e7, e2,
e6, e3,
e5, e1

32 pebbles
P1: e7, e3,
e6, e1,
e5, e2

& P2: e7, e5,
e1, e6,
e3, e2

32 pebbles
P1: e7, e2,
e6, e4,
e5, e3

& P2: e7, e5,
e4, e6,
e2, e3

32 pebbles
P1: e7, e2,
e1, e5,
e3, e4

& P2: e7, e3,
e6, e2,
e5, e4

32 pebbles
P1: e7, e3,
e4, e1,
e2, e5

& P2: e7, e2,
e1, e4,
e3, e5

32 pebbles
P1: e7, e3,
e4, e5,
e2, e6

& P2: e7, e2,
e1, e5,
e3, e6

1 pebble
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3. Detour edge cover pebbling number on some standard
graphs

Theorem 1. The detour edge cover pebbling number for the path Pn graph is f∗
ec(Pn) =

2n−1 − 1, for n > 1.

Proof. Let Pn denote the path graph whose edge set is {e1, e2, . . . , en−1}. Take

2n−1−2 pebbles for the initial distribution. Without loss of generality, let ṡe = en−1.

Place 2n−1 − 2 pebbles on the edge en−1. The edge detour distance from en−1 to any

other edge of Pn is at most n − 2. Then covering e1 will use 2n−2 pebbles, covering

e2 will use 2n−3 pebbles, . . . , and covering en−2 will use 2 pebbles. Then, no pebbles

will be left to cover the edge en−1. Thus, f∗
ec(Pn) ≥ 2n−1 − 1. Now we prove the

sufficient part by using 2n−1 − 1 pebbles on the edges of Pn.

Case 1. Let ṡe = e1 or en−1.

Without loss of generality, let en−1 be the source edge.

Table 3. Edge detour distance from en−1 to E(Pn)

en−1 en−2 en−3 en−4 ... ... ... e3 e2 e1
en−1 0 1 2 3 ... ... ... n-4 n-3 n-2

From Table 3, we require 2n−2, 2n−3, and 2n−4 pebbles from en−1 to cover e1, e2,

and e3, respectively. Proceeding in the same way, to cover the edges en−4, en−3, and

en−2, we use 23, 22, and 21 pebbles. Moreover, we require 1 pebble to cover en−1.

Thus, the following series of pebbles assures covering all the edges of Pn.

f∗
ec(Pn, e1) + f∗

ec(Pn, e2) + f∗
ec(Pn, e3) + · · ·+ f∗

ec(Pn, en−4)

+ f∗
ec(Pn, en−3) + f∗

ec(Pn, en−2) + f∗
ec(Pn, en−1)

= 2n−2 + 2n−3 + 2n−4 + · · ·+ 23 + 22 + 21 + 20,

a geometric series with first term 2n−2 and common ratio 1
2 . Therefore, the sum of

the geometric series is 2n−1 − 1. Thus, the number of pebbles needed to cover E(Pn)

is 2n−1 − 1. By symmetry, the proof follows for e1.

Case 2. When the middle edge is the source edge. Then, there are two subcases to

consider.

Subcase 2.1. When n is even. Let ṡe = ei, where i = n
2 .

Table 4. Edge detour distance from en
2

to E(Pn)

e1 e2 e3 .. .. en
2

−2 en
2

−1 en
2

en
2

+1 en
2

+2 .. .. en−3 en−2 en−1

en
2

n
2 − 1 n

2 − 2 n
2 − 3 .. .. 2 1 0 1 2 .. .. n

2 − 3 n
2 − 2 n

2 − 1
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From Table 4, we require 2
n
2 −1, 2

n
2 −2, and 2

n
2 −3 pebbles from en

2
to cover e1, e2, and

e3, respectively. Similarly, to cover E(Pn) from en
2
, we require the following series of

pebble distributions.

f∗
ec(Pn, e1) + f∗

ec(Pn, e2) + f∗
ec(Pn, e3) + · · ·+ f∗

ec(Pn, en
2 −2)

+ f∗
ec(Pn, en

2 −1) + f∗
ec(Pn, en

2
) + f∗

ec(Pn, en
2 +1)

+ f∗
ec(Pn, en

2 +2) + · · ·+ f∗
ec(Pn, en−3) + f∗

ec(Pn, en−2)

+ f∗
ec(Pn, en−1)

= 2
n
2 −1 + 2

n
2 −2 + 2

n
2 −3 + · · ·+ 22 + 21 + 20

+ 21 + 22 + · · ·+ 2
n
2 −3 + 2

n
2 −2 + 2

n
2 −1.

Thus, the number of pebbles needed to cover E(Pn) is 2
n
2 +1 − 3. Therefore, we used

2
n
2 +1 − 3 pebbles, which is less than 2n−1 − 1.

Subcase 2.2. When n is odd. Let ṡe = ei, where i = n−1
2 or n+1

2 .

Without loss of generality, let en−1
2

be the source edge.

Table 5. Edge detour distance from en−1
2

to E(Pn)

e1 e2 e3 .. .. en−5
2

en−3
2

en−1
2

en+1
2

en+3
2

.. .. en−3 en−2 en−1

en−1
2

n−3
2

n−5
2

n−7
2 .. .. 2 1 0 1 2 .. .. n−5

2
n−3
2

n−1
2

From Table 5, we require 2
n−1
2 , 2

n−3
2 , and 2

n−5
2 pebbles from en−1

2
to cover en−1,

en−2, and en−3, respectively. Similarly, to cover E(Pn) from en−1
2

, we require the

following series of pebble distributions.

f∗
ec(Pn, e1) + f∗

ec(Pn, e2) + f∗
ec(Pn, e3) + · · ·+ f∗

ec(Pn, en−5
2

)

+ f∗
ec(Pn, en−3

2
) + f∗

ec(Pn, en−1
2

) + f∗
ec(Pn, en+1

2
)

+ f∗
ec(Pn, en+3

2
) + · · ·+ f∗

ec(Pn, en−3) + f∗
ec(Pn, en−2)

+ f∗
ec(Pn, en−1)

= 2
n−3
2 + 2

n−5
2 + 2

n−7
2 + · · ·+ 22 + 21 + 20

+ 21 + 22 + · · ·+ 2
n−5
2 + 2

n−3
2 + 2

n−1
2 .

Thus, the number of pebbles needed to cover E(Pn) is 3(2
n−1
2 − 1). Therefore, we

used 3(2
n−1
2 −1) pebbles, which is less than 2n−1−1. By symmetry, the proof follows

for en+1
2
.

Case 3. When the source edge is an internal edge. Let ṡe = ei, where 2 ≤ i ≤ n− 2,

i ̸= n
2 ,

n−1
2 , n+1

2 .

The edge detour distance from ei to E(Pn) is at most n− 3. When i = 2, we require
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21, 20, 21, 22, 23, 24, . . . , 2n−4, and 2n−3 pebbles to cover e1, e2, e3, e4, e5, e6, . . . , en−2,

and en−1, respectively. When i = 3, we require 22, 21, 20, 21, 22, 23, . . . , 2n−5, and

2n−4 pebbles to cover e1, e2, e3, e4, e5, e6, . . . , en−2, and en−1, respectively. Similarly,

to cover E(Pn) from ei, we require at most 2n−2 + 1 pebbles. Therefore, we used

2n−2 + 1 pebbles, which is less than 2n−1 − 1. Therefore, f∗
ec(Pn) = 2n−1 − 1. The

proof is done.

Theorem 2. The detour edge cover pebbling number for the wheel graph is f∗
ec(Wn) =

(2n − 1)(2
3n−1

2 ) + 1 for n ≥ 3 when n is odd, and f∗
ec(Wn) = (2n − 1)(2

3n
2 ) + 1 for n ≥ 4

when n is even.

Proof. Let Wn = Cn+v0 be a wheel graph of order n+1 and size 2n with E(Wn) =

{e1, e2, . . . , en, en+1, . . . , e2n}. Let {e1, e2, . . . , en} be the edges incident with v0 and

{en+1, en+2, . . . , e2n} be the edges of the cycle Cn.

Case 1. When n is odd.

Without loss of generality, let ṡe = e1. Let the initial configuration be (2n−1)(2
3n−1

2 )

pebbles assigned to cover the edges of Wn using the edge detour paths. For n = 3,

the graph contains 6 edges. Here, the edge detour path between any two edges lacks

one edge from the total number of edges in W3, since the edge detour path has only 5

edges and the number of lacking edges in the edge detour path increases by one edge

for every n ≥ 3. Thus, the edge detour distance from e1 to any other edge in Wn is
3n−1

2 . In order to cover the spokes {e2, e3, . . . , en} we require (n− 1)(2
3n−1

2 ) pebbles.

To cover the cycle edges in Wn we require n(2
3n−1

2 ) pebbles. Therefore, we have used

(2n− 1)(2
3n−1

2 ) pebbles to cover {e2, e3, . . . , e2n} using the edge detour paths. Now,

the edge e1 is left uncovered. Therefore, f∗
ec(Wn) ≥ (2n − 1)(2

3n−1
2 ) + 1. Now we

prove the sufficient part by using (2n− 1)(2
3n−1

2 ) + 1 pebbles on the edges of Wn.

Subcase 1.1. Let any spoke be the source edge.

Without loss of generality, let ṡe = en.

The edge detour distance from en to {e1, e2, . . . , en−1} or {en+1, en+2, . . . , e2n} is
3n−1

2 . Therefore, to cover any edge in Wn from en using the edge detour path we re-

quire 2
3n−1

2 pebbles. Thus, to cover en we require 1 pebble, to cover {e1, e2, . . . , en−1}
we require (n − 1)(2

3n−1
2 ) pebbles, and to cover {en+1, en+2, . . . , e2n} we require

n(2
3n−1

2 ) pebbles. Thus, the number of pebbles needed to cover E(Wn) using the

edge detour path is (2n − 1)(2
3n−1

2 ) + 1. By symmetry, the proof follows for any

source edge ei where 1 ≤ i ≤ n− 1.

Subcase 1.2. Let any cycle edge be the source edge.

Without loss of generality, let ṡe = en+1. The edge detour distance from en+1 to

{e1, e2, . . . , en} or {en+2, en+3, . . . , e2n} is 3n−1
2 . Therefore, to cover any edge in Wn

from en+1 using the edge detour path we require 2
3n−1

2 pebbles. Thus, to cover en+1

we require 1 pebble, to cover {e1, e2, . . . , en} we require n(2
3n−1

2 ) pebbles, and to

cover {en+2, en+3, . . . , e2n} we require (n − 1)(2
3n−1

2 ) pebbles. Thus, the number of

pebbles needed to cover E(Wn) using the edge detour path is (2n−1)(2
3n−1

2 )+1. By
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symmetry, the proof follows for any source edge ei where n+ 2 ≤ i ≤ 2n.

Case 2. When n is even.

Without loss of generality, let ṡe = e1. Let the initial configuration be (2n− 1)(2
3n
2 )

pebbles assigned to cover the edges of Wn using the edge detour paths. For n = 4,

the graph contains 8 edges. Here, the edge detour path between any two edges lacks

one edge from the total number of edges in W4, since the edge detour path has only 7

edges and the number of lacking edges in the edge detour path increases by one edge

for every n ≥ 4. Thus, the edge detour distance from e1 to any other edge in Wn

is 3n
2 . In order to cover the spokes {e2, e3, . . . , en} we require (n − 1)(2

3n
2 ) pebbles.

To cover the cycle edges in Wn we require n(2
3n
2 ) pebbles. Therefore, we have used

(2n − 1)(2
3n
2 ) pebbles to cover {e2, e3, . . . , e2n} using the edge detour paths. Now,

the edge e1 is left uncovered. Therefore, f∗
ec(Wn) ≥ (2n− 1)(2

3n
2 ) + 1. Now we prove

the sufficient part by using (2n− 1)(2
3n
2 ) + 1 pebbles on the edges of Wn.

Subcase 2.1. Let any spoke be the source edge.

Without loss of generality, let ṡe = en. The edge detour distance from en to

{e1, e2, . . . , en−1} or {en+1, en+2, . . . , e2n} is 3n
2 . Therefore, to cover any edge in

Wn from en using the edge detour path we require 2
3n
2 pebbles. Thus, to cover en we

require 1 pebble, to cover {e1, e2, . . . , en−1} we require (n − 1)(2
3n
2 ) pebbles, and to

cover {en+1, en+2, . . . , e2n} we require n(2
3n
2 ) pebbles. Thus, the number of pebbles

needed to cover E(Wn) using the edge detour path is (2n−1)(2
3n
2 )+1. By symmetry,

the proof follows for any source edge ei where 1 ≤ i ≤ n− 1.

Subcase 2.2. Let any cycle edge be the source edge.

Without loss of generality, let ṡe = en+1.

The edge detour distance from en+1 to {e1, e2, . . . , en} or {en+2, en+3, . . . , e2n} is 3n
2 .

Therefore, to cover any edge in Wn from en+1 using the edge detour path we require

2
3n
2 pebbles. Thus, to cover en+1 we require 1 pebble, to cover {e1, e2, . . . , en} we

require n(2
3n
2 ) pebbles, and to cover {en+2, en+3, . . . , e2n} we require (n − 1)(2

3n
2 )

pebbles. Thus, the number of pebbles needed to cover E(Wn) using the edge detour

path is (2n−1)(2
3n
2 )+1. By symmetry, the proof follows for any source edge ei where

n + 2 ≤ i ≤ 2n. Therefore, f∗
ec(Wn) = (2n − 1)(2

3n−1
2 ) + 1 for n ≥ 3 when n is odd,

and f∗
ec(Wn) = (2n− 1)(2

3n
2 ) + 1 for n ≥ 4 when n is even.

Theorem 3. The detour edge cover pebbling number for the n-star graph is f∗
ec(Sn) =

2n− 1 for n ≥ 2.

Proof. The n-star graph is a complete bipartite graphK1,n. Let the edge set of Sn be

{e1, e2, . . . , en}. Without loss of generality, let ṡe = e1. Let the initial configuration

be 2n − 2 pebbles assigned to cover the edges of Sn using the edge detour paths.

The edge detour distance from e1 to any other edge in Sn is 1. In order to cover

{e2, e3, . . . , en} we require 2(n − 1) pebbles since there would only be one move to

reach any edge, and that path would undoubtedly be the edge detour path in the

n-star graph, i.e., ei to e1 for some i, is an edge detour path. Therefore, we have used

2n−2 pebbles. Now, the edge e1 is left uncovered. Therefore, f∗
ec(Sn) ≥ 2n−1. Now
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we prove the sufficient part by using 2n− 1 pebbles on the edges of Sn.

Assume the edge en has zero pebbles. Then, there is k such that the pebbles on the

edge ek, p(ek) ≥ 2, where 1 ≤ k ≤ n−1. Using the pigeonhole principle, it is possible

to shift a pebble from ek to en. Then, to cover the remaining n−1 edges is achievable

by using 2n−3 pebbles. Therefore, f∗
ec(Sn) = 2n−1 for n ≥ 2. The proof is done.

Theorem 4. The detour edge cover pebbling number for the cycle graph is

f∗
ec(Cn) =

n−1
2∑

i=1

2 · 2n−i + 1 for n ≥ 3 when n is odd,

and

f∗
ec(Cn) =

n
2
−1∑

i=1

2 · 2n−i + 2n−n
2 + 1 for n ≥ 4 when n is even.

Proof. Consider the edge set of Cn to be {e1, e2, . . . , en}.
Case 1. When n is odd.

Without loss of generality, let ṡe = e1. Let the initial configuration be
∑n−1

2
i=1 2 · 2n−i

pebbles assigned to cover the edges of Cn using the edge detour paths. The edge

detour distance from e1 to any other edge in Cn is at most n − 1. In order to cover

the edges e2 and en we require 2(2n−1) pebbles. To cover the edges e3 and en−1 we

require 2(2n−2) pebbles. Proceeding in the same way, to cover the edges en−1
2

and

en+1
2

we require 2(2
n+1
2 ) pebbles. Therefore, we have used

∑n−1
2

i=1 2 · 2n−i pebbles to

cover {e2, e3, . . . , en} using the edge detour paths. Now, the edge e1 is left uncovered.

Therefore, f∗
ec(Cn) ≥

∑n−1
2

i=1 2 · 2n−i + 1. Now we prove the sufficient part by using∑n−1
2

i=1 2 · 2n−i +1 pebbles on the edges of Cn. Without loss of generality, let ṡe = en.

Table 6. Edge detour distance from en to E(Cn)

e1 e2 e3 .. .. en−1
2

en+1
2

.. .. en−3 en−2 en−1 en

en n − 1 n − 2 n − 3 .. .. n+1
2

n+1
2 .. .. n − 3 n − 2 n − 1 0

From Table 6, we require 2(2n−1) pebbles from en to cover the edges e1 and en−1, we

require 2(2n−2) pebbles from en to cover the edges e2 and en−2. Proceeding in the

same way, to cover the edges en−1
2

and en+1
2

we require 2(2
n+1
2 ) pebbles. Moreover,

we require 1 pebble to cover en. Thus, the number of pebbles needed to cover E(Cn)

using the edge detour path is
∑n−1

2
i=1 2 · 2n−i + 1. By symmetry, the proof follows for

any source edge ei where 1 ≤ i ≤ n− 1.

Case 2. When n is even.

Without loss of generality, let ṡe = e1. Let the initial configuration be
∑n

2 −1
i=1 2 ·

2n−i + 2n−
n
2 pebbles assigned to cover the edges of Cn using the edge detour paths.
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The edge detour distance from e1 to any other edge in Cn is at most n− 1. In order

to cover the edges e2 and en we require 2(2n−1) pebbles. To cover the edges e3 and

en−1 we require 2(2n−2) pebbles. Proceeding in the same way, to cover the edge en
2 +1

we require 2
n
2 pebbles. Therefore, we have used

∑n
2 −1
i=1 2 · 2n−i + 2n−

n
2 pebbles to

cover {e2, e3, . . . , en} using the edge detour paths. Now, the edge e1 is left uncovered.

Therefore, f∗
ec(Cn) ≥

∑n
2 −1
i=1 2 · 2n−i + 2n−

n
2 + 1. Now we prove the sufficient part by

using
∑n

2 −1
i=1 2 ·2n−i+2n−

n
2 +1 pebbles on the edges of Cn. Without loss of generality,

let ṡe = en.

Table 7. Edge detour distance from en to E(Cn)

e1 e2 e3 .. .. en
2

+1 .. .. en−3 en−2 en−1 en

en n − 1 n − 2 n − 3 .. .. n
2 .. .. n − 3 n − 2 n − 1 0

From Table 7, we require 2(2n−1) pebbles from en to cover the edges e1 and en−1,

we require 2(2n−2) pebbles from en to cover the edges e2 and en−2. Proceeding in

the same way, to cover the edge en
2 +1 we require 2

n
2 pebbles. Moreover, we require

1 pebble to cover en. Thus, the number of pebbles needed to cover E(Cn) using the

edge detour path is
∑n

2 −1
i=1 2 · 2n−i + 2n−

n
2 + 1. By symmetry, the proof follows for

any source edge ei where 1 ≤ i ≤ n − 1. Therefore, f∗
ec(Cn) =

∑n−1
2

i=1 2 · 2n−i + 1 for

n ≥ 3 when n is odd, and f∗
ec(Cn) =

∑n
2 −1
i=1 2 · 2n−i + 2n−

n
2 + 1 for n ≥ 4 when n is

even.

4. Detour edge cover pebbling number on staircase graphs

Staircase graphs, particularly generalized forms such as arithmetic and geometric

staircase graphs [17], have been extensively studied for their labeling properties, in-

cluding total edge irregularity strength and cordial labeling.

The structure of staircase graphs can be leveraged in clustering algorithms and for

understanding connectivity patterns within networks. Each step in these graphs rep-

resents a constant value over a specific interval, making it straightforward to identify

where changes occur. Furthermore, staircase compatibility can be applied to optimiza-

tion problems involving m-cliques in m-partite graphs, leading to totally uni-modular

linear programming formulations [1].

Overall, staircase graphs are valuable tools in Graph theory, offering a structured way

to model complex systems, provide insights into their properties through labeling and

coloring, and exhibiting potential applications in computer science and related fields.

Let n∗(C4) be a graph, consisting of n copies of C4 with a vertex common in between

any two consecutive duplicates of C4 except the first and last copies of C4. A staircase

graph, S1,n, of order n (n ≥ 2 and n ∈ Z) is obtained by merging (2n − 2) edges of

n∗(C4) with (2n− 2) edges in the shortest path Vc1 − Vc3 of the (n− 1)-th staircase

along the steps of the (n− 1)-th staircase.



S. Vincylin, I. Gnanaselvi 11

Figure 2. A staircase graph S1,n with corner vertices.

The 1-step staircase graph is a cycle graph of order 4. The corner-vertex of S1,n is de-

fined as a vertex of degree 2. Therefore, for any S1,n, the number of corner vertices is

exactly 3, namely Vc1, Vc2, and Vc3. The number of vertices and edges in S1,n are p =
n2+5n+2

2 and q = n2+3n. Let the edge set of vertical edges be {e1,v, e2,v, . . . , en2+3n
2 ,v

}
and the edge set of horizontal edges be {e1,h, e2,h, . . . , en2+3n

2 ,h
}.

Theorem 5. Let S1,n be a staircase graph of order n (n is even and n ≥ 4). Then

f∗
ec(S1,n) = 6(2n

2+2n+1) + (2n+ 5)(2n
2+2n) + n(2n

2+2n−1) + 4(2n
2+2n−2) + 1,

when n = 4, and

f∗
ec(S1,n) = 6(2n

2+2n+1) + (2n+ 5)(2n
2+2n) + n(2n

2+2n−1) + 4(2n
2+2n−2)

+ i(2n
2+2n−6)57 + (i+ 1)(2n

2+2n−6)41 + . . .

+ 2n
2+2n−3(29) + 2 · 2n

2+ 3n
2

+1 + 1,

when i = 4 and n ≥ 6.

Proof. Without loss of generality, let ṡe = e∗, where e∗ is the outer horizontal edge

incident with Vc3. Let the initial configuration be

6(2n
2+2n+1) + (2n+ 5)(2n

2+2n) + n(2n
2+2n−1) + 4(2n

2+2n−2)

+ i(2n
2+2n−6)57 + (i+ 1)(2n

2+2n−6)41 + · · ·+ 2n
2+2n−3(29)

+ 2 · 2n
2+ 3n

2 +1

pebbles assigned to cover the edges of S1,n using the edge detour paths where i = 4.

For n = 4, the graph contains 28 edges. Here, the edge detour path lacks two edges

from the total number of edges in S1,4, since the edge detour path has only 26 edges
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and the number of lacking edges in the edge detour path increases by two edges for

every n ≥ 4. Thus, the edge detour distance from e∗ to any other edge in S1,n is at

most n2+2n+1. In order to cover the edges e1,v, e1,h, and e2,v we require 2n
2+2n+1+

2 · 2n2+2n pebbles. To cover the edges e2,h and e3,h we require 2n
2+2n+1 + 2n

2+2n

pebbles, to cover the edges e3,v, e4,v, and e5,v we require 2n
2+2n+1+2n

2+2n+2n
2+2n−1

pebbles, to cover the edges e4,h, e5,h, and e6,h we require 2n
2+2n+2n

2+2n−1+2n
2+2n−2

pebbles and to cover the edges e6,v, e7,v, e8,v, and e9,v we require 2n
2+2n+1+2n

2+2n+

2n
2+2n−1 + 2n

2+2n−2 pebbles. Proceeding in the same way, to cover the edges from

en2+n+2
2 ,h

to en2+3n−2
2 ,h

we require (n − 1)2n
2+2n pebbles, to cover the edges from

en2+n
2 ,v

to en2+3n
2 ,v

we require 2n
2+2n+1 + (n − 1)2n

2+2n + 2n
2+2n−1 pebbles and

to cover the edges from en2−n+2
2 ,h

to en2+n
2 ,h

we require 2n
2+2n+1 + 2n

2+2n + (n −

4)2n
2+2n−1+2 ·2n2+2n−2 pebbles. Next, to cover the remaining edges for every n ≥ 6,

we require i(2n
2+2n−6)57 + (i + 1)(2n

2+2n−6)41 + · · · + 2n
2+2n−3(29) + 2 · 2n2+ 3n

2 +1

pebbles where i = 4. Therefore, we have used

6(2n
2+2n+1) + (2n+ 5)(2n

2+2n) + n(2n
2+2n−1) + 4(2n

2+2n−2)

+ i(2n
2+2n−6)57 + (i+ 1)(2n

2+2n−6)41 + · · ·+ 2n
2+2n−3(29)

+ 2 · 2n
2+ 3n

2 +1

pebbles to cover {e1, e2, . . . , en2+3n−1} using the edge detour paths. Now, the edge

en2+3n
2 ,h

is left uncovered. Therefore,

f∗
ec(S1,n) ≥ 6(2n

2+2n+1) + (2n+ 5)(2n
2+2n) + n(2n

2+2n−1) + 4(2n
2+2n−2)

+ i(2n
2+2n−6)57 + (i+ 1)(2n

2+2n−6)41 + · · ·+ 2n
2+2n−3(29)

+ 2 · 2n
2+ 3n

2 +1 + 1.

Now we prove the sufficient part by using

6(2n
2+2n+1) + (2n+ 5)(2n

2+2n) + n(2n
2+2n−1) + 4(2n

2+2n−2)

+ i(2n
2+2n−6)57 + (i+ 1)(2n

2+2n−6)41 + · · ·+ 2n
2+2n−3(29)

+ 2 · 2n
2+ 3n

2 +1 + 1

pebbles on the edges of S1,n.

Case 1. When the horizontal edge is the source edge.

Without loss of generality, let ṡe = en2+3n
2 ,h

. From Table 8, we require 2n
2+2n+1 +

2 · 2n2+2n pebbles from en2+3n
2 ,h

to cover the edges e1,v, e1,h, and e2,v, we require

2n
2+2n+1 + 2n

2+2n pebbles to cover the edges e2,h and e3,h. Proceeding in the same

way, to cover the edges from en2+n
2 ,v

to en2+3n
2 ,v

we require 2n
2+2n+1+(n−1)2n

2+2n+
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Table 8. Edge detour distance from en2+3n
2

,h
to E(S1, n)

e1,v e2,v e3,v e4,v e5,v ..

e
n2+3n

2
,h

n2 + 2n + 1 n2 + 2n n2 + 2n + 1 n2 + 2n n2 + 2n − 1 ..

e1,h e2,h e3,h .. e
n2+3n−2

2
,v

e
n2+3n

2
,v

.. e
n2+3n−4

2
,h

e
n2+3n−2

2
,h

n2 + 2n n2 + 2n + 1 n2 + 2n .. n2 + 2n − 1 n2 + 2n .. n2 + 2n n2 + 2n

2n
2+2n−1 pebbles. Moreover, to cover the edges from en2−n+2

2 ,h
to en2+n

2 ,h
we require

2n
2+2n+1 + 2n

2+2n + (n − 4)2n
2+2n−1 + 2 · 2n2+2n−2 pebbles. Thus, the number of

pebbles needed to cover E(S1,n) using the edge detour path is

6(2n
2+2n+1) + (2n+ 5)(2n

2+2n) + n(2n
2+2n−1) + 4(2n

2+2n−2)

+ i(2n
2+2n−6)57 + (i+ 1)(2n

2+2n−6)41 + · · ·+ 2n
2+2n−3(29)

+ 2 · 2n
2+ 3n

2 +1 + 1,

where i = 4. By symmetry, the proof follows for any source edge ek where e1,h ≤ k ≤
en2+3n−2

2 ,h
.

Case 2. When the vertical edge is the source edge.

Without loss of generality, let ṡe = en2+3n
2 ,v

. From Table 9, we require 2n
2+2n +

Table 9. Edge detour distance from en2+3n
2

,v
to E(S1, n)

e1,v e2,v e3,v e4,v e5,v ..

e
n2+3n

2
,v

n2 + 2n n2 + 2n − 1 n2 + 2n n2 + 2n − 1 n2 + 2n − 2 ..

e1,h e2,h e3,h .. e
n2+3n−4

2
,v

e
n2+3n−2

2
,v

.. e
n2+3n−2

2
,h

e
n2+3n

2
,h

n2 + 2n − 1 n2 + 2n n2 + 2n − 1 .. n2 + 2n − 1 n2 + 2n − 2 .. n2 + 2n − 1 n2 + 2n − 1

2 · 2n2+2n−1 pebbles from en2+3n
2 ,v

to cover the edges e1,v, e1,h, and e2,v, we require

2n
2+2n + 2n

2+2n−1 pebbles to cover the edges e2,h and e3,h and we require 2n
2+2n +

2n
2+2n−1+2n

2+2n−2 pebbles to cover the edges e3,v, e4,v, and e5,v. Proceeding in the

same way, covering en2+3n−4
2 ,v

and en2+3n−2
2 ,v

will use 2n
2+2n−1 + 2n

2+2n−2 pebbles.

Moreover, covering en2+3n−2
2 ,h

and en2+3n
2 ,h

will use 2 · 2n2+2n−1 pebbles. Thus, the

number of pebbles needed to cover E(S1,n) using the edge detour path is less than

6(2n
2+2n+1) + (2n+ 5)(2n

2+2n) + n(2n
2+2n−1) + 4(2n

2+2n−2)

+ i(2n
2+2n−6)57 + (i+ 1)(2n

2+2n−6)41 + · · ·+ 2n
2+2n−3(29)

+ 2 · 2n
2+ 3n

2 +1 + 1,
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where i = 4. By symmetry, the proof follows for any source edge ek where e1,v ≤ k ≤
en2+3n−2

2 ,v
. Therefore,

f∗
ec(S1,n) = 6(2n

2+2n+1) + (2n+ 5)(2n
2+2n) + n(2n

2+2n−1) + 4(2n
2+2n−2) + 1,

when n = 4, and

f∗
ec(S1,n) = 6(2n

2+2n+1) + (2n+ 5)(2n
2+2n) + n(2n

2+2n−1) + 4(2n
2+2n−2)

+ i(2n
2+2n−6)57 + (i+ 1)(2n

2+2n−6)41 + · · ·+ 2n
2+2n−3(29)

+ 2 · 2n
2+ 3n

2 +1 + 1,

where i = 4 and n ≥ 6 when n is even.

Example 1. We can check the result on S1,6 (see Figure 3). Here, the edge detour path
from e27,h to e1,v is mentioned and the edges that are not in the edge detour path are also
highlighted.

Figure 3. A staircase graph S1,6.

Theorem 6. Let S1,n be a staircase graph of order n (n is odd and n ≥ 5). Then

f∗
ec(S1,n) = 7(2n

2+2n+1)+ 3n+15
2

(2n
2+2n)+ 3n+5

2
(2n

2+2n−1)+6(2n
2+2n−2)+2(2n

2+2n−3)+1;
when n = 5 and

f∗
ec(S1,n) = 7(2n

2+2n+1) +
3n+ 17

2
(2n

2+2n) +
3n+ 3

2
(2n

2+2n−1) + 4(2n
2+2n−2) + 2n

2+2n−3

+ i(2n
2+2n−3)3 + i(2n

2+2n−4)11 + · · ·+ (
n− 5

2
)2n

2+2n−2(27) + (
n+ 33

4
)2n

2+2n−1

− 2
n2+3n+6

2 + 1;

when i = 5 and n ≥ 7.
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Proof. Without loss of generality, let ṡe = e6,v. Let the initial configuration be

7(2n
2+2n+1) +

3n+ 17

2
(2n

2+2n) +
3n+ 3

2
(2n

2+2n−1) + 4(2n
2+2n−2)

+ 2n
2+2n−3 + i(2n

2+2n−3)3 + i(2n
2+2n−4)11 + . . .

+

(
n− 5

2

)
2n

2+2n−2(27) +

(
n+ 33

4

)
2n

2+2n−1 − 2
n2+3n+6

2

pebbles assigned to cover the edges of S1,n using the edge detour paths where i = 5.

For n = 5, the graph contains 40 edges. Here, the edge detour path lacks three

edges from the total number of edges in S1,5, since the edge detour path has only

37 edges and the number of lacking edges in the edge detour path increases by two

edges for every n ≥ 5. Thus, the edge detour distance from e6,v to any other edge

in S1,n is at most n2 + 2n + 1. In order to cover the edges e1,v, e1,h, and e2,v we

require 2n
2+2n+1 + 2 · 2n2+2n pebbles. To cover the edges e2,h and e3,h we require

2n
2+2n+1+2n

2+2n pebbles, to cover the edges e3,v, e4,v, and e5,v we require 2n
2+2n+1+

2n
2+2n+2n

2+2n−1 pebbles, to cover the edges e4,h, e5,h, and e6,h we require 2n
2+2n+

2n
2+2n−1 + 2n

2+2n−2 pebbles and to cover the edges e7,v, e8,v, and e9,v we require

2n
2+2n−1 + 2n

2+2n−2 + 2n
2+2n−3 pebbles. Proceeding in the same way, to cover the

edges from en2+n+2
2 ,h

to en2+3n
2 ,h

we require n(2n
2+2n) pebbles, to cover the edges

from en2+n
2 ,v

to en2+3n
2 ,v

we require 2n
2+2n+1+ n+1

2 (2n
2+2n)+ n−1

2 (2n
2+2n−1) pebbles

and to cover the edges from en2−n+2
2 ,h

to en2+n
2 ,h

we require 2n
2+2n+1+2n

2+2n+(n−

2)2n
2+2n−1 pebbles. Next, to cover the remaining edges for every n ≥ 7, we require

i(2n
2+2n−3)3+i(2n

2+2n−4)11+· · ·+
(
n−5
2

)
2n

2+2n−2(27)+
(
n+33

4

)
2n

2+2n−1−2
n2+3n+6

2

pebbles where i = 5. Therefore, we have used

7(2n
2+2n+1) +

3n+ 17

2
(2n

2+2n) +
3n+ 3

2
(2n

2+2n−1) + 4(2n
2+2n−2)

+ 2n
2+2n−3 + i(2n

2+2n−3)3 + i(2n
2+2n−4)11 + . . .

+

(
n− 5

2

)
2n

2+2n−2(27) +

(
n+ 33

4

)
2n

2+2n−1 − 2
n2+3n+6

2

pebbles to cover {e1, e2, . . . , en2+3n−1} using the edge detour paths. Now, the edge

e6,v is left uncovered. Therefore,

f∗
ec(S1,n) ≥ 7(2n

2+2n+1) +
3n+ 17

2
(2n

2+2n) +
3n+ 3

2
(2n

2+2n−1) + 4(2n
2+2n−2)

+ 2n
2+2n−3 + i(2n

2+2n−3)3 + i(2n
2+2n−4)11 + . . .

+

(
n− 5

2

)
2n

2+2n−2(27) +

(
n+ 33

4

)
2n

2+2n−1 − 2
n2+3n+6

2 + 1.
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Now we prove the sufficient part by using

7(2n
2+2n+1) +

3n+ 17

2
(2n

2+2n) +
3n+ 3

2
(2n

2+2n−1) + 4(2n
2+2n−2)

+ 2n
2+2n−3 + i(2n

2+2n−3)3 + i(2n
2+2n−4)11 + . . .

+

(
n− 5

2

)
2n

2+2n−2(27) +

(
n+ 33

4

)
2n

2+2n−1 − 2
n2+3n+6

2 + 1

pebbles on the edges of S1,n.

Case 1. When the vertical edge is the source edge.

Without loss of generality, let ṡe = e6,v. From Table 10, we require 2n
2+2n+1 +

Table 10. Edge detour distance from e6,v to E(S1, n)

e1,v e2,v e3,v e4,v e5,v ..

e6,v n2 + 2n + 1 n2 + 2n n2 + 2n + 1 n2 + 2n n2 + 2n − 1 ..

e1,h e2,h e3,h .. e
n2+3n−2

2
,v

e
n2+3n

2
,v

.. e
n2+3n−2

2
,h

e
n2+3n

2
,h

n2 + 2n n2 + 2n + 1 n2 + 2n .. n2 + 2n − 1 n2 + 2n − 1 .. n2 + 2n n2 + 2n

2 · 2n2+2n pebbles from e6,v to cover the edges e1,v, e1,h, and e2,v, we require

2n
2+2n+1 + 2n

2+2n pebbles to cover the edges e2,h and e3,h. Proceeding in the same

way, to cover the edges from en2+n
2 ,v

to en2+3n
2 ,v

we require 2n
2+2n+1+

(
n+1
2

)
2n

2+2n+(
n−1
2

)
2n

2+2n−1 pebbles. Moreover, to cover the edges from en2+n+2
2 ,h

to en2+3n
2 ,h

we

require n(2n
2+2n) pebbles. Thus, the number of pebbles needed to cover E(S1,n)

using the edge detour path is

7(2n
2+2n+1) +

3n+ 17

2
(2n

2+2n) +
3n+ 3

2
(2n

2+2n−1) + 4(2n
2+2n−2)

+ 2n
2+2n−3 + i(2n

2+2n−3)3 + i(2n
2+2n−4)11 + . . .

+

(
n− 5

2

)
2n

2+2n−2(27) +

(
n+ 33

4

)
2n

2+2n−1 − 2
n2+3n+6

2 + 1,

where i = 5. By symmetry, the proof follows for any source edge ek where e1,v ≤ k ≤
en2+3n

2 ,v
and ek ̸= e6,v.

Case 2. When the horizontal edge is the source edge.

Without loss of generality, let ṡe = e7,h. From Table 11, we require 2n
2+2n−1 + 2 ·

2n
2+2n−2 pebbles from e7,h to cover the edges e1,v, e1,h, and e2,v and we require

2n
2+2n−1 + 2n

2+2n−2 pebbles to cover the edges e2,h and e3,h. Proceeding in the

same way, covering en2+3n−2
2 ,v

and en2+3n
2 ,v

will use 2n
2+2n−3 + 2n

2+2n−4 pebbles.

Moreover, covering en2+3n−2
2 ,h

and en2+3n
2 ,h

will use 2 · 2n2+2n−3 pebbles. Thus, the
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Table 11. Edge detour distance from e7,h to E(S1, n)

e1,v e2,v e3,v .. e1,h e2,h

e7,h n2 + 2n − 1 n2 + 2n − 2 n2 + 2n − 1 .. n2 + 2n − 2 n2 + 2n − 1

e3,h .. e
n2+3n−2

2
,v

e
n2+3n

2
,v

.. e
n2+3n−2

2
,h

e
n2+3n

2
,h

n2 + 2n − 2 .. n2 + 2n − 3 n2 + 2n − 4 .. n2 + 2n − 3 n2 + 2n − 3

number of pebbles needed to cover E(S1,n) using the edge detour path is less than

7(2n
2+2n+1) +

3n+ 17

2
(2n

2+2n) +
3n+ 3

2
(2n

2+2n−1) + 4(2n
2+2n−2)

+ 2n
2+2n−3 + i(2n

2+2n−3)3 + i(2n
2+2n−4)11 + . . .

+

(
n− 5

2

)
2n

2+2n−2(27) +

(
n+ 33

4

)
2n

2+2n−1 − 2
n2+3n+6

2 + 1,

where i = 4. By symmetry, the proof follows for any source edge ek where e1,h ≤ k ≤
en2+3n

2 ,h
and ek ̸= e7,h. Therefore,

f∗
ec(S1,n) = 7(2n

2+2n+1) +
3n+ 17

2
(2n

2+2n) +
3n+ 3

2
(2n

2+2n−1) + 4(2n
2+2n−2)

+ 2n
2+2n−3 + i(2n

2+2n−3)3 + i(2n
2+2n−4)11 + . . .

+

(
n− 5

2

)
2n

2+2n−2(27) +

(
n+ 33

4

)
2n

2+2n−1 − 2
n2+3n+6

2 + 1,

when n = 4, and

f∗
ec(S1,n) = 7(2n

2+2n+1) +
3n+ 17

2
(2n

2+2n) +
3n+ 3

2
(2n

2+2n−1) + 4(2n
2+2n−2)

+ 2n
2+2n−3 + i(2n

2+2n−3)3 + i(2n
2+2n−4)11 + . . .

+

(
n− 5

2

)
2n

2+2n−2(27) +

(
n+ 33

4

)
2n

2+2n−1 − 2
n2+3n+6

2 + 1,

where i = 5 and n ≥ 7 when n is odd.

Example 2. We can check the result on S1,7 (see Figure 4). Here, the edge detour path
from e6,v to e1,v is mentioned and the edges that are not in the edge detour path are also
highlighted.

5. Applications

The mathematical game of pebbling, played on a graph G. Many variations on this

pebbling concept have been presented over the years. Here, some applications of



18 On detour edge cover pebbling number for some classes of graphs

Figure 4. A staircase graph S1,7.

Figure 5. A first-class hotel.

the detour edge cover pebbling concept has been discovered. To start with, let us

construct a situation of a marketer of the sales and marketing department visiting all

the rooms in the first-class hotel (see Figure 5) to promote his business. The figure

shows that the hotel has 15 rooms. Here, the ground floor has 5 rooms and using the

elevator the marketer goes to the next floor and visits the next 5 rooms on the first

floor and similarly for the second floor. To enhance the guest comfort and experience,

this hotel provides amenities A, B, and C facing the rooms on each floor. Consider

the rooms as edges and the corners of each room as vertices.

Now, the marketer must visit all the 15 rooms and he starts from the 1st room and

reaches the 15th room using the edge detour path. Thus, all the edges are in the

edge detour path connecting the edges e1 and e15. The marketer is carrying small gift

baskets along with bouquets of flowers and the marketer needs to give a commission

to the hotel manager of 50% of what he has when he visits each room. The number of

gift baskets will be considered as pebbles, and the discarded pebbles as commission.

Therefore, when he reaches room 13, he should have one gift basket and worth money

of 6 gift baskets i.e., from the 6 gift baskets, 3 gift basket’s amount will be sent to

the hotel manager as commission and remaining 3 gift baskets will be left. Among

which, one will be given to the room 14, and out of two, one will be considered as

commission and the remaining one will be given to room 15.

Therefore, initially, the marketer requires an amount of 32,767, which includes 15 gift

baskets and the total commission. Since the detour edge cover pebbling number of
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path graph is 2n−1 − 1, we could solve this.

Furthermore, let us now analyse another authentic application. The Golden Quadri-

lateral [12] is a national highway network in India. It forms a quadrilateral by con-

necting 84 major cities in India. Primitively, the pebbling concept is widely used in

transportation. Let’s look at how it works on this variation of graph pebbling.

Here, the fuel which is a consumable resource can be considered as a pebble and the

network as a edge detour path. Also, consider the cities as edges, and their endpoints

as vertices. Now, fuel will be decreased for each move since it will cause emissions

during transportation, and the goods which must arrive in each city will be considered

as the pebble that will be left in each city. Now, we can apply the concept of detour

edge cover pebbling number of path graph to find out the quantity of the fuel required.

Conclusively, by using this detour edge cover pebbling concept, we can also develop

a Game App by designing graphics and make the business profitable.

Numerous applications remain to be explored.

6. Comparative interpretation table

We have explored the limitations mentioned below and the number of pebbles required

is different for the detour pebbling number and detour monophonic vertex cover peb-

bling number. These parameters sparked our interest to find out the detour edge

cover pebbling number by incorporating the detour pebbling using the edge detour

path. The various graph pebbling numbers shown in the table 12 demonstrate the

uniqueness of the detour edge cover pebbling number of a graph.

Table 12. Numerous pebbling numbers in some standard graphs

Detour pebbling
number [14]

Detour monophonic vertex
cover pebbling number [4]

Detour edge cover
pebbling number

f∗(Pn) = 2n−1 µvc(Pn) =
∑n−2

2
i=0 22i; n is even

& µvc(Pn) =
∑⌊n

2
⌋−1

i=0 22i+1; n is odd
f∗
ec(Pn) = 2n−1 − 1

f∗(Wn) = 2n

µvc(Wn) =
∑n−3

i=n
2
2i + 5; n is even

& µvc(Wn) = 2

(∑⌊n
2

⌋−1

j=⌊n
4

⌋+1
22j

)
+ 2⌊

n
2

⌋ + 3;

n is odd, n ≡ 1 (mod 4)

& µvc(Wn) = 2

(∑⌊n
2

⌋−1

k=⌊n
4

⌋+1
22k

)
+ 3;

n is odd, n ≡ 3 (mod 4)

f∗
ec(Wn) = (2n − 1)2

3n−1
2 + 1;

n is odd

& f∗
ec(Wn) = (2n − 1)2

3n
2 + 1;

n is even.

f∗(Sn) = n + 2 - f∗
ec(Sn) = 2n − 1

f∗(Cn) = 2n−1

µvc(Cn) =
∑n−2

k=⌊n
2

⌋ 2k + 3; n is odd

& µvc(Cn) = 2

(∑n
2

−1

j=⌊n
4

⌋+1
22j

)
+ 1;

n is even, n ≡ 2 (mod 4)

& µvc(Cn) = 2

(∑n
2

−1

i=n
4

+1
22i

)
+ 2

n
2 + 1;

n is even, n ≡ 0 (mod 4)

f∗
ec(Cn) =

∑n−1
2

i=1 2 · 2n−i + 1; n is odd

& f∗
ec(Cn) =

∑n
2

−1

i=1 2 · 2n−i + 2n−n
2 + 1;

n is even.

7. Conclusion

In Section 2, we provided a detailed, step-by-step guide to illustrate the process of

finding the detour edge cover pebbling number, using a concrete example. In Section
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3, we found the detour edge cover pebbling number for some standard graphs. In

Section 4, we analysed the staircase graph and found the detour edge cover pebbling

for staircase graphs. In Section 5, we discussed some applications of the detour

edge cover pebbling concept. In the previous section, pre-existing limitations are

addressed, and the detour edge cover pebbling concept is compared to some existing

theories using a comparative interpretation table, demonstrating its uniqueness. The

following problems are open.

Problem 1. Determine the detour edge cover pebbling number of other graph classes

such as double staircase graphs, generalised Petersen graphs etc. Some applications

are addressed. Finding the applications in the fields of Machine learning and Deep

learning is an open problem.

Acknowledgments: The author(s) gratefully acknowledges the suggestions made

by the referees.

Conflict of Interest: According to the author(s), there is no conflict of interest.

Data Availability: Data sharing does not apply to this article because there were

no datasets generated or analysed during the current study.

References

[1] A. Barmann, P. Gemander, A. Martin, and M. Merkert, On recognizing staircase

compatibility, J. Optim. Theory Appl. 195 (2022), 449–479.

https://doi.org/10.1007/s10957-022-02091-2.

[2] D.P. Bunde, E.W. Chambers, D. Cranston, K. Milans, and D.B. West, Pebbling

and optimal pebbling in graphs, J. Graph Theory 57 (2008), no. 3, 215–238.

https://doi.org/10.1002/jgt.20278.

[3] G. Chartrand, G.L. Johns, and S. Tian, Detour distance in graphs, Annals Dis-

crete Math., vol. 55, Elsevier, 1993, pp. 127–136.

https://doi.org/10.1016/S0167-5060(08)70381-9.

[4] K. Christy and I. Dhivviyanandam, Detour monophonic ver-

tex cover pebbling number of some standard graphs, 2024,

p. https://doi.org/10.48550/arXiv.2406.01009.

[5] F.R.K. Chung, Pebbling in hypercubes, SIAM J. Discrete Math. 2 (1989), no. 4,

467–472.

https://doi.org/10.1137/0402041.

[6] J. Diaz, D. Mitsche, G. Perarnau, and X.P. Giménez, On the relation between

graph distance and Euclidean distance in random geometric graphs, Adv. in Appl.

Probab. 48 (2016), no. 3, 848–864.

https://doi.org/10.1017/apr.2016.31.

https://doi.org/10.1002/jgt.20278
https://doi.org/10.1137/0402041
https://doi.org/10.1017/apr.2016.31


S. Vincylin, I. Gnanaselvi 21

[7] D. Elena and M. Deza, Distances in graph theory, Encyclopedia of Distances,

Springer, Berlin, Heidelberg, 2013, pp. 249–278.

[8] D.S. Herscovici, B.D. Hester, and G.H. Hurlbert, T-pebbling and extensions,

Graphs Combin. 29 (2012), no. 4, 955–975.

https://doi.org/10.1007/s00373-012-1152-4.

[9] G. Hurlbert and F. Kenter, Graph pebbling: A blend of graph theory, number

theory, and optimization, Notices Amer. Math. Soc. 68 (1900), no. 11, 1900–

1913.

https://doi.org/10.1090/noti2379.

[10] G. Hurlbert, L. Mathew, J. Quadras, and S.S. Surya, On the secure vertex cover

pebbling number, Asian-Eur. J. Math. 16 (2023), no. 10, 1–16.

https://doi.org/10.1142/S1793557123501826.

[11] F. Joy Beaula, F. Patrick, and A. Lourdusamy, Detour pebbling number for cycle

and wheel related graphs, Palest. J. Math. 14 (2025), no. 2, 915–919.

[12] B.R. Kumar, Case 45: Golden quadrilateral highway, India, Project Finance:

Structuring, Valuation and Risk Management for Major Projects, Springer,

Cham, 2022, pp. 305–307.

https://doi.org/10.1007/978-3-030-96725-3 49.

[13] A. Lourdusamy, I. Dhivviyanandam, and S.K. Iammal, Monophonic pebbling

number and t-pebbling number of some graphs, AKCE Int. J. Graphs Comb. 19

(2022), no. 2, 108–111.

https://doi.org/10.1080/09728600.2022.2072789.

[14] A. Lourdusamy and S.S. Nellainayaki, Detour pebbling in graphs, Advances in

Mathematics: Scientific Journal 9 (2020), no. 12, 10583–10589.

https://doi.org/10.37418/amsj.9.12.44.

[15] A.P. Paul and S.S.A. Fathima, A study on edge pebbling number, covering cover

edge pebbling number of friendship graphs, odd path and even path, Indian Journal

of Science and Technology 16 (2023), no. 32, 2480–2484.

https://doi.org/10.17485/IJST/v16i32.674.

[16] M.E. Subido and I.S. Aniversario, The cover pebbling number of the join of some

graphs, Appl. Math. Sci. 8 (2014), 4275–4283.

https://doi.org/10.12988/ams.2014.45377.

[17] Y. Susanti, M.N. Huda, and R.L. Firmansyah, Exploring the precise edge irregu-

larity strength of generalized arithmetic and geometric staircase graphs, Commun.

Comb. Optim. 10 (2025), no. 4, 825–835.

https://doi.org/10.22049/cco.2024.28992.1804.

[18] S. Vincylin and I. Gnanaselvi, Detour edge pebbling number in graphs, Jñānābha
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