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Abstract: Let G be a graph with vertex set V(G). A double Italian dominating func-
tion (DIDF) is a function f : V(G) — {0, 1, 2, 3} having the property that f(N[u]) > 3
for every vertex u € V(G) with f(u) € {0,1}, where N[u] is the closed neighborhood of
u. If fis a DIDF on G, then let V = {v € V(G) : f(v) = 0}. A restrained double Ital-
ian dominating function (RDIDF) is a double Italian dominating function f having the
property that the subgraph induced by Vi does not have an isolated vertex. The weight
of an RDIDF f is the sum ZveV(G) f(v), and the minimum weight of an RDIDF on a
graph G is the restrained double Italian domination number. We present bounds and
Nordhaus-Gaddum type results for the restrained double Italian domination number.
In addition, we determine the restrained double Italian domination number for some
families of graphs.
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1. Introduction

For definitions and notations not given here we refer to [12]. We consider simple
graphs G with vertex set V' = V(G) and edge set E = E(G). The order of G is
n =n(G) = |V|. The open neighborhood of a vertex v is the set N (v) = Ng(v) ={u €
V(GQ) | wv € E} and its closed neighborhood is the set N[v] = Ng[v] = N(v) U {v}.
The degree of vertex v € V is d(v) = dg(v) = |[N(v)|. The mazimum degree and
minimum degree of G are denoted by A = A(G) and 6 = J(G), respectively. The
complement of a graph G is denoted by G. For a subset D of vertices in a graph G,
we denote by G[D] the subgraph of G induced by D. The diameter of a graph G,
denoted by diam(G), is the greatest distance between two vertices of G. A leaf is a
vertex of degree one, and its neighbor is called a support vertez. A set S C V(G) is
called a dominating set if every vertex is either an element of S or is adjacent to an
element of S. The domination number ¥(G) of a graph G is the minimum cardinality
© 2023 Azarbaijan Shahid Madani University



2 Restrained double Italian domination in graphs

of a dominating set of G. A restrained dominating set is a set S C V(G) where every
vertex in V(G)\ S is adjacent to a vertex in S as well as to another vertex in V(G)\ S.
The restrained domination number of G, denoted by =, (G), is the smallest cardinality
of a restrained dominating set of G. Restrained domination was formally defined by
Domke, Hattingh, Hedetniemi, Laskar and Markus in their 1999 paper [9]. For more
information on this paramter we refer the reader to the survey paper [11]. We write
P, for the path of order n, C,, for the cycle of length n and K, for the complete graph
of order n. Also, let Ky, n,,...n, denote the complete p-partite graph with vertex set
S1USU...US, where |S;| =n,; for 1 <i<p. For n > 2, the star K; ,_1 has one
vertex of degree n — 1 and n — 1 leaves. The corona H o K7 is the graph constructed
from a copy of H, where for each vertex v € V(H), a new vertex v’ and a pendant
edge vv’ are added.

Cockayne, Dreyer, S.M. Hedetniemi and S.T. Hedetniemi [8] introduced the concept
of Roman domination in graphs, and since then a lot of related variations and gener-
alizations have been studied (see [4-7]).

In 2016, Chellali, Haynes, S.T. Hedetniemi and McRae [3] defined a new variant of
Roman dominating functions, the so called Italian dominating functions.

Mojdeh and Volkmann [13] considered a variant of Italian domination which they
called double Italian domination. A double Italian dominating function (DIDF) on
a graph G is a function f : V(G) — {0,1,2,3} having the property that for every
vertex u € V(G), if f(u) € {0,1}, then f(N[u]) > 3. The weight of a DIDF f is the
sum w(f) = >, ey (q) f(v), and the minimum weight of a DIDF in a graph G is the
double Italian domination number, denoted by v47(G). For a DIDF f, one can denote
f=Wo,V1,Vo,V3), where V; = {v € V(G) : f(v) =i} for i =0,1,2,3. This concept
was further studied in [1, 2, 16].

A restrained double Italian dominating function (RDIDF) is a DIDF f having the
property that the subgraph induced by V{, does not have an isolated vertex. The
weight of an RDIDF f is the sum ZvEV(G) f(v), and the minimum weight of an
RDIDF on a graph G is the restrained double Italian domination number, denoted by
Yrar(G). Clearly, var(G) < vrar(G).

In this paper, we present sharp bounds and Nordhaus-Gaddum type results for
the restrained double Italian domination number. In addition, we determine the
restrained double Italian domination number for some families of graphs.

We make use of the following results.

Proposition 1. 1. (Ore’s Theorem) If a graph G of order n has no isolated vertices,
then v(G) < n/2.

2. [10, 15] For a graph G of order n with no isolated vertices, v(G) = n/2 if and only if
the components of G are the cycle Cy or the corona H o K1 for any connected graph
H.

Proposition 2. [9] If n > 2 is an integer, then v, (Ki,n—1) = n.



L. Volkmann 3

Proposition 3. [13] If n > 3 is an integer, then var(Crn) = n.
Proposition 4. [13] If G is a graph of order n > 2, then vq1(G) > 3.

Proposition 5. If G is a graph of order n, then vrqa1(G) < 2n, with equality if and only
if G =K,.

Proof.  Define the function f on G by f(x) = 2 for each vertex z € V(G). Since
f is an RDIDF on G of weight 2n, we deduce that v,q7(G) < 2n. If G = K,,, then
obviously 7,41 (G) = 2n. If G contains an edge uwv, then define g by g(u) = 1 and
g(x) = 2 for x € V(G) \ {u}. Then g is an RDIDF on G of weight 2n — 1 and thus

Yrar (G) < 2n — 1. This completes the proof. O
Proposition 6. If G is a graph of order n, with §(G) > 2, then vrar(G) < n.

Proof. Define the function f by f(x) =1 for each vertex z € V(G). Since §(G > 2,
we observe that f(N[z]) > 3 for every vertex x € V(G) with f(z) € {0,1}. Therefore
f is an RDIDF on G of weight n and thus ~,q4;(G) < n. O

Proposition 7.  If G is a connected graph of order n > 2, then yrar(G) < 3 with
equality if an only if G € {Pa, Ps}.

Proof. Let S be a dominating set of G and define the function f by f(z) = 2 if
x € S and f(x) =1 otherwise. Then f is an RDIDF of G and by Ore’s Theorem we
have 7,47 (G) < n+~(G) < 3.

If G € {P, P}, then clearly 7,q41(G) = 37" Conversely, assume that 7,47 (G) = 37"
By Proposition 1-(2), G = C4 or G is the corona H o K; for some connected graph H.
We deduce from Proposition 6 that G # Cy. Hence G = H o K3 for some connected
graph H. If n(H) > 3 and ujusus is a path in H and v; is the leaf adjacent to u; in G
for 1 < i < 3, then the function f defined by f(u1) = f(u2) =0, f(v1) =3, f(v2) = 2,
f(x) =2 for x € V(H) — {u1,uz} and f(x) = 1 otherwise, is an RDIDF on G of
weight 3 — 1, a contradiction. Thus n(H) < 2 and so G € {P, Py}. O

2. Special classes of graphs

In this section we determine the restrained double Italian domination number for
complete graphs, complete p-partite graphs, paths and cycles. The proof of the first
observation is easy and therefore omitted.

Observation 1. (1) Yrar(Kn) =3 forn > 2,

(1) Yrar(Kin—1) =n+1 for n > 2,
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(iil) yrar(K2,2) =4, yrar(K2,3) =5 and vrar(Kp,q) = 6 for p,g > 2 and p+p > 6,

(iv) Let Kunj ny,...,n, be the complete p-partite graph such that p > 3 and ny <na < ... <
Np. Then 'Vrdl(Kl,ng ,,,,, 'n,p) - 3, 'VT‘dI(KZnQ ,,,,, np) = 4, ’VT‘dI(Knl,ng,ng) =95 for ni 2 3
and ’y’l‘dI(K’VLl,ﬂ/Q ..... np) =4 for ny > 3 and p > 4.

Observation 2. If n > 3 is an integer, then 7,41 (Cy) = n.

Proof. Proposition 3 implies 7,.4:(Cy) > var(Cn) = n. Since v,-41(Cp) < n by
Proposition 6, we obtain the desired result. O

Observation 3. If n >4 is an integer, then v,q1(P,) = n + 2.

Proof. Let P, = wvivs...v,. Define the function f by f(v1) = f(vn) = 2 and
f(v;) =1for2<i<mn-—1. Then f is an RDIDF on P, of weight n+ 2 and therefore
’YrdI(Pn) <n+ 2.

Now we show that v,.qr(P,) > n + 2. It is straightforward to verify that .47 (P,) =
n+2for 4 <n < 6. For n > 7 we proceed by induction on n. Let n > 7 and let
the inverse inequality be valid for every path of order at least four and less than n.
Assume that f is a 4,47 (Py)-function. Clearly, f(v,) > 1. Now we distinguish three
cases.

If f(v,) =1, then f(v,—1) > 2, and the function g with g(v;) = f(v;) for 1 <i<n-1
is an RDIDF on P,_; = P, — {v,}. Hence the induction hypothesis implies

Yrar(Pn) =w(f) =w(9) +1 > vpar(Pr—1) +12>2(n—1)+24+1=n+2.

If f(v,) =2, then f(v,—1) =1 and f(v,—2) > 1. We note that the function g with
g(vp—1) = 2 and g(z) = f(z) for 1 < i < n — 2, is an RDIDF of P,_; and the
result follows as above. Finally, let f(v,) = 3. Then f(v,—1) = f(vp—2) = 0 and
f(vn—3) = 3. Clearly, the function g with g(v;) = f(v;) for 1 <i < n—3is an RDIDF
on P,_3 =P, — {Un,Vn—1,n—2}. The induction hypothesis leads to

’YTdI(Pn) ZW(f) :w(g)“‘gerrdl(Pn—S)“‘gZ (n_3)+2+3:n+2
This completes the proof. O

3. Sharp bounds on 7,4 (G)

Theorem 4. If G is a graph of order n > 2, then v,yar(G) > 3, with equality if and only
if A(G) =n—1 and G contains a vertex w of mazimum degree such that §(G[Ng(w)]) > 1.

Proof.  Using Proposition 4, we obtain v,.q7(G) > v4r(G) > 3 immediately.
We next prove the equality part. Assume that G contains a vertex w with dg(w) =
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n — 1 such that 6(G[Ng(w)]) > 1. Define the function f by f(w) =3 and f(z) =0
for z € V(G) \ {w}. Since G[Ng(w)] does not contain an isolated vertex, we observe
that f is an RDIDF on G of weight 3 and so 7,41 (G) = 3.

Conversely, assume that v,.qr(G) = 3. If f is a v,.4r(G)-function, then there are three
cases possible.

There is a vertex w with f(w) = 3 such that the remaining n — 1 vertices with value
0 are adjacent to w and 6(G[Ng(w)]) > 1.

There are two adjacent vertices v and v with f(u) = 2 and f(v) = 1 such that
such that the remaining n — 2 vertices with value 0 are adjacent to v and v and
G[V(G)\{u,v}] has no isolated vertex. But then dg(u) = n—1 and 6(G[Ng(u)]) > 1.
There are three mutuality adjacent vertices u,v,w with f(u) = f(v) = f(w) =1
such that the remaining n — 3 vertices with value 0 are adjacent to u,v and w and
G[V(G)\{u,v,w}] has no isolated vertex. But then dg(u) = n—1 and §(G[N¢g(u)]) >
1.

In all three cases, we deduce that A(G) = n—1 and G contains a vertex w of maximum
degree such that 6(G[Ng(w)]) > 1. This completes the proof. O

Using Proposition 2 and Observation 1 (ii), we observe that v, (K1,-1)+1=n+1=
Yrar (K1,n—1) for n > 2. However, if G is not a star, then we prove the following sharp
inequality.

Theorem 5. Let G be a connected graph of order n > 2. If G is not a star, then
7 (G) +2 < a1 (G).

Proof. Let f = (Vy, V1, Va,V3) be a v.qr(G)-function. We distinguish three cases.

Case 1. Let |Vo| > 2 or |[V3] > 1.
Then

Y (G) < Vil + [Va| + V5] < [VA] 4 2(Va| + 3|Va3| — 2 = 741 (G) — 2.

Case 2. Let |Va] = |V3] =0.

Then |V7] > 3, and each vertex of V] is adjacent to two vertices of V; and each vertex
of Vy is adjacent to three vertices of V. Let u € V; be adjacent to v € V; and w € V;.
Then Vi \ {u,v} is a restrained dominating set of G of weight |Vi| — 2 and therefore
/VT‘(G) +2 § ’YrdI(G)'

Case 3. Let |V3] =0 and V2| =1 = [{w}|.

Subcase 3.1. Assume that |Vp| > 1. Then each vertex of V} is adjacent to w and a
vertex of Vi or to at least three vertices in V;. If there is a vertex u € Vj adjacent to
w and to a vertex v € Vq, then (V1 \ {v}) U{w} is a restrained dominating of G and
50 Y- (G) + 2 < a1 (G). In the remaining case every vertex of V; is adjacent to three
vertices of V. If the vertex u € Vj is adjacent to a vertex v € Vi, then (V4 \{v})U{w}
is a restrained dominating of G and so v, (G) + 2 < 7,41 (G).
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Subcase 3.2. Assume that |Vy| = 0. Let Vi = {v1,v9,...,0,_1} and let, without
loss of generality, vi,ve,...,v;r adjacent to w with & < n — 1. Assume first that
k < mn —2. Since G is connected, we assume, without loss of generality, that vy41 is
adjacent to vg. If k > 2, then V/(G)\{w, vy} is a restrained dominating of G and hence
Y (G) 4+ 2 < 4041 (G). Let next k = 1. Since G is not a star, the vertex vy is adjacent
to a further vertex, say vs. Now V(G) \ {v1,v2} is a restrained dominating of G and
thus v,(G) + 2 < ¥4 (G). Finally, assume that k = n — 1. Since G is not a star, V;
contains two adjacent vertices. If, without loss of generality, v; and vy are adjacent,
V(G)\{v1,v2} is a restrained dominating of G and therefore v,.(G)+2 < .41 (G). O

If G is C4 or C5 or G can be obtained from C3 by attaching zero or more leaves to
a vertex of C3, then we observe that v,.(G) + 2 = 7,41 (G) = n(G). These examples
demonstrate that Theorem 5 is sharp.

If S is an restrained dominating set of a graph G, then (V(G)\ S, 0,0, S) is an RDIDF
on G. This implies the next observation immediately.

Observation 6. If G is a graph, then 7,41 (G) < 37.(G).

4. Trees

By S, 4 we denote the double star, where one center vertex is adjacent to p leaves and
the other one by ¢ leaves. Our first result on trees is easy to verify.

Observation 7. If S, , is a double star, then v,qr(Sp,q) =p+ q+ 4 = n(Sp,q) + 2.

Theorem 8. IfT is a tree of order n with diameter 4, then vrar(T) > n + 2.

Proof.  Let vg,v1,v2,...,v, be the non-leaves of T" such that vy is adjacent to the
vertices v1, V2, ...,Vp. In addition, let vhvd o, vfi be the leaves adjacent to v; for
1 < i < pand up,us,...,ur be the leaves adjacent to vg. Since T is of diameter

4, we note that p > 2. Now let f be a v,.q;(T)-function. We observe that f(v;) +
FOH+ fH) 4+ o+ fF) >t +2and f(vo) + fur) + fluz) + ...+ flug) > k+1
if k > 1. This implies w(f) >n+p>n+2ifk>land w(f) >n—14+p>n+2
if k =0 and p > 3. It remains the case that k = 0 and p = 2. If f(vg) > 1, then
we obtain the desired result. Let now f(vg) = 0. Then, without loss of generality,
f(v1) =0 and f(vy) = 3. This leads to f(vy) + f(vi) + f(v}) + ...+ f(0i) >t +2
and f(vg) + f(vd) + f(v3) + ...+ f(v5) > to + 3, and thus we obtain w(f) > n + 2
also in the last case. O

Let T} be the tree of diameter 4 consisting of the path v vovzv4 such that vy is adjacent
to t > 1 leaves wy, ws, ..., w;. Then v,.qr(Th) =t + 6 = n(Ty) + 2.
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Let T5 be the tree of diameter 4 consisting of the path v;vovs such that vy is adjacent
to two leaves u; and us and vz is adjacent to t > 1 leaves wi,wa,...,ws. Then
’}/rd[(TQ) =t+7= n(Tg) + 2.

These examples show that Theorem 8 is sharp.

Theorem 9. Let T be a tree of order n > 4. If T is not a star, then vyrqr(T) > n+ 2.

Proof. If 3 < diam(T) < 4, then Observation 7 and Theorem 8 lead to the desired
result. Let now diam(T") > 5. We proceed by induction on n. Assume that the result
is valid for all trees which are not a star of order less than n. Let viva...v, be a
diametrical path, and let f be a 7,47 (T)-function.

Case 1. Assume that there exists a leaf v with f(v) = 1.

If w is the neighbor of v, then f(u) > 2 and so the function g with g(z) = f(x) for
x € V(T)\ {v} is an RDIDF on the tree T — v of diameter at least 4. Hence the
induction hypothesis implies

rar(T) = () = w(g) +1> 7ar(T—v) + 1> (n—1) +2+1 =n+2.

Hence we assume in the following that h(v) > 2 for each 7,47 (T)-function h and each
leaf v of T.

Case 2. Assume that f(v1) = 2.

Then f(ve) < 1. If f(ve) = 1, then the function g with g(v;) = 1, g(v2) = 2 and
g(x) = f(x) otherwise is also a 7,47 (T")-function, a contradiction.

Assume next that f(ve) = 0. It follows that f(vs) = 0 and there exists a further
leaf z adjacent to ve with f(z) = 2. If there exists a further neighbor w of vz with
f(w) = 0, then the function g with g(v;) = g(z) = 1, g(v2) = 2 and g(z) = f(z)
otherwise is also a v.qr(T)-function, a contradiction. Therefore f(x) > 1 for each
neighbor = of v3. If there is a further leaf z; adjacent to vy, then the function g with
g(v1) = g(z) = g(z1) = g(vs) = 1, g(v2) = 2 and g(z) = f(x) otherwise is also a
~rar (T)-function, a contradiction. Let now uq, us, .. ., ux be the leaves adjacent to v
and wy,ws, ..., w; be the support vertices adjacent to vs. If T3 is the component of
T — v3vg containing the vertex vz, then we observe that }° v (p,) f(2) = n(T3) + 1 if
k4t > 1. Note that by Observation 1 (ii) vrqr(K1,4—1) = ¢ + 1. Thus this fact and
the induction hypothesis implies

war(T) =w(f)= > fl@)+ Y. [f@)>n(T)+1+n(T-Ts)+1=n+2.
z€V(T3) z€V(T—-Ts)

If d(v3) = 2, then f(vq) = 3. Let again T5 be the component of T'—v3vy containing the
vertex vg. If T'—Tj is a star, then the fact that f(vs) = 3leads to }- ey (71, f(2) =
n(T — T3) + 3, and thus

'YrdI(T) :w(f) = Z f(l‘)+ Z f(ﬂf) Z4+TL(T—T3)+3:TL+3.

zeV (Ts) z€V(T—-Ts)



8 Restrained double Italian domination in graphs

If T — T3 is not a star, then the induction hypothesis yields to

war(T)=w(f)= > fl@+ Y. fl@)>4+n(T-Ts)+2=n+2.

xeV (T3) eV (T—-T3)

Case 3. Assume that f(v;) = 3.

Then f(ve) = f(vs) = 0. If there exists a further leaf z adjacent to ve with f(z) > 2,
then the function g with g(v1) = 2 and g(z) = f(z) otherwise is also an RDIDF
on G with w(g) < w(f), a contradiction. Thus d(ve) = 2. If there exists a further
neighbor w of v with f(w) = 0, then the function g with g(vy) = 1, g(vg) = 2
and g(z) = f(x) otherwise is also a ~.qr(T)-function, a contradiction. Therefore
f(z) > 1 for each neighbor x of vs. Let again uy, us,...,u, be the leaves adjacent to
vg and wy, wa, ..., w; be the support vertices adjacent to vz. If T3 is the component
of T'— v3v4 containing the vertex vs, then we observe that }° v (r,) f(z) = n(T3)+1
if K+t > 1. Thus the induction hypothesis implies

yar(T)=w(f)= > f@)+ D  fl@)=nT)+1+n(T-Ts)+1=n+2
z€V (T3) z€V(T-Ts)

If d(vs) = 2, then f(vs) = 3. Now the desired result follows as in Case 2. O

If P, is a path of order n > 4, then v,.q;(P,) = n+2 by Observation 3. Thus Theorem
9 is sharp. However, there are many further trees with equality in Theorem 9.

5. Nordhaus-Gaddum type results

Results of Nordhaus-Gaddum type study the extreme values of the sum or product of
a parameter on a graph and its complement. In their classical paper [14], Nordhaus
and Gaddum discussed this problem for the chromatic number. We present such
inequalities for the restrained double Italian domination number

Theorem 10. If G is a graph of order n > 2, then vrar(G) + vyrar (G) > 7, with equality
if and only if n = 2.

Proof. If n =2, then it is easy to see that v,.q;(G) + Vrar(G) = 7. Let now n > 3.
According to Theorem 4 we only need to show that if v,47(G) = 3, then 7,47 (G) > 5.
Assume that 7,47 (G) = 3. It follows from Theorem 4 that A(G) = n — 1. Therefore
G = H U {w}, where w is an isolated vertex of G. Since n(H) > 2, Theorem 4 leads

0 Yrar(G) > Yrar(H) +2 > 5. -
Theorem 11. IfG is a graph G of order n > 1 such that G # Py and G # P, then

Yrar (G) + a1 (G) < 2n + 3.
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Proof. This bound is easy to verify for 1 < n < 3. Let now n > 4, and assume,

without loss of generality, that 6(G) < §(G). We distinguish three cases.

Case 1. Assume that 6(G) = 0.

Let u be a vertex such that dg(u) = 0. Assume that there exists a second vertex
v with dg(v) = 0. Then Theorem 4 implies v,4;(G) = 3, and thus it follows from
Proposition 5 that v,q7(G) + vrq4r(G) < 2n + 3. Now assume that dg(z) > 1 for
x € V(G)\ {u}. Assume next that dg(v) = 1 for a vertex v € V(G) \ {u}, and let
w be adjacent to v in G. Define on G the function f by f(u) = 3, f(w) = 1 and
f(z) =0 for z € V(G) \ {u,w}. Then f is an RDIDF on G of weight 4. Hence

Proposition 7 yields to
— 3(n—1
Yrar(G) + vrar(G) < 2+ {%)J +4<2n+3.

Now assume that dg(z) > 2 for z € V(G)\{u}. Then Proposition 6 implies v,q47(G) <
2+ (n—1) = n+ 1. If we define on G the function g with g(u) = 2 and g(z) = 1

for x € V(G) \ {u}, then g is an RDIDF on G of weight n + 1. Consequently,

Yrdl (G) + Yrar (G) < 2n + 2 in this case.

Case 2. Assume that 6(G) = 1.

Let u be a vertex such that dg(u) = 1, and let v be adjacent to w in G. If dg(v) = 1,
then let w € V(G)\ {u,v}. If n = 4, then it is easy to verify that 7,47 (G) + 741 (G) =
6+4 =10 < 2n + 3. If n > 5, then define f on G by f(v) = f(w) =3 and f(z) =0
for x € V(G) \ {v,w}. Then f is an RDIDF on G of weight 6. Therefore we deduce

from Proposition 7 that
— 3n
Yrar(G) + Yrar (G) < {QJ +6<2n+3.

Now assume that there exists a vertex w # u,v with dg(w) = 1. Let w be adjacent
to v in G. Define f on G by f(u) =3, f(v) =2 and f(x) =0 for z € V(G) \ {u,v}.
Then f is an RDIDF on G of weight 5. Proposition 7 implies

— 3
Yra1 (G) + Yrar (G) < {;J +5 < 2n+ 3.

If w is not adjacent to v, then let z be adjacent to w in G. If n =4 and v and z are
adjacent in G, then G = Py, a contradiction. If n = 4 and v and z are adjacent in G,
then we observe that v,q7(G) + 7,41 (G) < 6+4 =10 < 11 = 2n + 3. If n > 5, then
define f by f(u) =3, f(v) =2, f(z) =1 and f(z) =0 for z € V(G) \ {u,v,z}. Then
f is an RDIDF on G of weight 6, and Proposition 7 leads to

— 3
et (G) + 4rar(@) < HJ L6< 3.
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Now assume that dg(z) > 2 for z € V(G) \ {u}. Define f on G by f(u) = 2 and
f(x) =1for x € V(G) \ {u}. Then f is an RDIDF on G of weight n + 1 and thus
Yrar (G) < n+1. Define g on G by g(u) = g(v) = 2 and g(x) = 1 for z € V(G)\ {u, v}.
Then g is an RDIDF on G of weight n + 2 and thus v,47(G) < n + 2. Consequently,

Yrdr (G) + Yrar (G) < 2n + 3 in this case.
Case 3. Assume that 6(G) > 2.

Then §(G) > 2 and so Proposition 6 yields to 7,41 (G) 4+ Vrar (G) < 2n. O

If n > 2, then it follows from Proposition 5 and Observation 1 (i) that

Vrdl (Ky) + Yrar (Kn) = 2n + 3. Thus Theorem 11 is sharp.

Acknowledgments: I thank Seyed Mahmoud Sheikholeslami for the equality part
in Proposition 7.
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