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Abstract: Let G be a graph with vertex set V(G) and edge set E(G). Denote
by dg(u) the degree of a vertex u € V(G). The Sombor index of G is defined as
SO(G) = Xuver () \/d2 + d2, whereas, the inverse sum indeg (IST) index is defined

as ISI(GQ) = ZquE(G) %. In this paper, we compute the bounds in terms of
maximum degree, minimum degree, order and size of the original graphs G and H
for Sombor and IST indices of several graph operations like corona product, cartesian
product, strong product, composition and join of graphs.
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1. Introduction

We consider only simple, finite, undirected and connected graphs. Let G be such a
graph with vertex set V(G) = {v1,v2,...,v,} and edge set E(G). The cardinality
|[V(G)| = ng is called order of G and the cardinality |E(G)| = m¢ is the size of G.
The degree dg(u) of a vertex u in G is the number of edges incident with u. The
minimum degree (resp. maximum degree) of vertex in G is denoted by dg (resp. Ag).
If the vertex u; is adjacent to vertex u;, then the edge connecting them is denoted by
u;uj. A regular graph is a graph in which degree of each vertex is same. A complete
graph of order n is denoted by K.
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In the chemical and mathematical literature, a topological index is a numerical quan-
tity that is derived from a (chemical) graph such that it remains the same under graph
isomorphism. They have several applications in chemistry, pharmacology, materials
science, among other, [7, 21]. In 2010, Vuki¢evié¢ and Gagperov [22] introduced the
inverse sum indeg index (shortly ST index) as

dudy
ISIG) = Y . (1)
wweE(Q) du +dy

The IST index is a well-studied topological index and has several applications in
quantitative structure-activity or structure-property relationships (QSAR/QSPR)
[10, 11, 16]. Zangi et. al. [24] found basic properties of the ST matrix. They
also gave some bounds for the ST energy of graphs. The IST index and IST en-
ergy of the molecular graphs of hyaluronic acid-paclitaxel conjugates was obtained by
Havare [10]. For more results on ISI index and IST energy, see [3, 13].

In [5] Gutman defined new vertex-degree-based topological index called Sombor index,
denoted by SO(G) and defined as:

SOG) = > y/d2+d2 (2)

weE(G)

The study of the Sombor index of graphs has attracted a significant amount of atten-
tion within a very short span of time. Redzepovi¢ [12] found that the Sombor index
has good predictive potential for statistical modeling of enthalpy of vaporization and
entropy for alkanes. Cruz et al. [4] investigated the Sombor index of chemical graphs
and characterized the extremal graphs with respect to the Sombor index over the sets
of (connected) chemical graphs, chemical trees, and hexagonal systems. For more
related results, one may refer to [6, 8, 17, 19, 23] and the references therein.

In chemical graph theory, some chemical graphs obtained by the use of different graph
operations (graph products) are very interesting to investigate. In 2015, Shetty et al.
[20] gave formulae for harmonic index of some graph operations. The exact expressions
for first and second Zagreb indices and hyper Wiener index was found by Khalifeh
et al. [14, 15]. Akhter et al. [1, 2] computed the exact formulae and the bounds for
general sum-connectivity index of some graph operations.

In this paper, we compute some bounds for the Sombor and inverse sum indeg (I57)
index of several graph operations. These graph operations include corona product,
cartesian product, strong product, join and composition of graphs.

2. Bounds for the Sombor and inverse sum ideg (/S57) indices

In this section, we derive some bounds for Sombor and inverse sum indeg (ISI)
indices of several graph operations. Let G and H be two simple connected graphs
whose vertex sets are disjoint. For each u € V(G) and v € V(H), we have

Ag > dg(u), dg <dg(u), 3)
Ag >2dg(v), dg <dg(v). (4)
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The equality holds if and only if G and H are regular graphs.

2.1. The corona product

The corona product of G and H, denoted by G ® H, is a graph obtained by taking
one copy of G and n¢g copies of H and joining the vertex u that is on i-th position in
G to every vertex in i-th copy of H. The order and size of G® H are ng(1+ngy) and
mag +ngmp + negnp, respectively. The degree of a vertex u € V(G ® H) is given by

dg(u) +ng ifue V(G),

y | )
g(u)+1 ifue V(H).

deon(u) = {

In the following theorem, the bounds on the Sombor index of corona product of two
graphs are computed.

Theorem 1. Let G and H be graphs. Then an < SO(G ® H) < as, where

o1 = V2mg(g +nu) +V2ngmy (6 + 1) + ngny \/(5G +np)?+ (0m +1)2,

a2 = V2mg(Ac +nu) +V2ngmu (Ag + 1) + nG"LH\/(AG +nu)?+ (A +1)2
The equality holds if and only if G and H are regular graphs.

Proof.  Using (3), (4) and (5) in equation (2), we obtain

SO(GoH) = Z \/(dG(u)+nH)2+(dg(v)+nH)2
uweE(G)

tne 3 /@r(w)+1)2 + () +1)?

uwveE(H)

+ Y Ve +na)? + (dr) +1)2

weV (G)veV (H)

< D V2AlcHna)?tng Y, \/2Am +1)? ©

uwveEE(G) uvEE(H)

+ 3 Y V@t (ag 1)

weV(G) veV (H)

= \/img(AG +ng)+ \/EngmH(AH +1)

+ nGnH\/(AG +np)? 4+ (Ag +1)2

Similarly, we can compute

SO(G ® H) > Vame(5a +ng) + Vangmu (§g + 1) + nenay/ (6 +nm)? + 0 + 12 (7)

The equality in (6) and (7) holds if and only if G and H are regular graphs. O
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Let ¢t > 1 and K; be the complement of K;. Then t-thorny graph of G is the corona
product of G and K;. The following corollary is an easy consequence of Theorem 1.

Corollary 1. For a graph G, the following holds:

V2me(6c +1t) + nety/ (e + )2 +1 < SO(G @ Ky)
< \@mg(AG + t) + ngty/ (AG + t)2 + 1.

The next theorem gives the bounds on the 15T index of corona product of two graphs.
Theorem 2. Let G and H be graphs. Then an < ISI(G ® H) < aq, where

ma(6c +nu)® | nemu(dn +1)° | nenm(de +nu)(u + 1)

a = 2(Ag +nm) 2(Ag +1) Acg+Ag+ng+1 7
o — ma(Ag +nu)® | nemu(Au +1)° | negnu(Ac +np)(Au +1)
: 2(d¢ + 1) 2(0m + 1) o +0ou +nm+1

The equality holds if and only if G and H are regular graphs.
Proof.  Using (3), (4) and (5) in equation (1), we obtain

(do(w) +nm)(da(v) +nu)

IslcoH) = WGZE@ de(u) + dg (v) + 2ng
" (da(u) +1)(da(v) +1)
e MGZE(H) drr(u) + da (v) + 2

(dg(w) +nu)(du(v) +1)
* Z Z dg(u)—i-dH(v)—i-nH—i-l

weV (G)veV(H) (8)
(Ag +nm)? n (Ag +1)°
> Y7 G Yy
weE(G) 2(6G + nH) uwveE(H) 2(6H + 1)

A A 1
4 Z Z (Ag +ng)(Ag +1)
§G+5H+TLH+1

weV(G) veV (H)
_mc(Ag +nu)® | nemu(Ag +1)° | ngnp(Ac +nu)(Ap +1)
2(6a +nm) 2(6g +1) ba+d0g+nm+1

Similarly, we can compute

ISI(G@H)Z mg(6G+nH)2 nGmH(5H+1)2 nGnH((SG-i-nH)((SH-&-l)' (9)
Q(Ag+nH) Q(AH—‘rl) Acg+Ag+ng+1
The equality in (8) and (9) holds if and only if G and H are regular graphs. O

The following corollary is an easy consequence of Theorem 2.
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Corollary 2. For a graph G, the following holds:

mg(5G + t)2 nct(éc + t)(5H + 1)

<ISI(GO K,
2(Ag +1) Ag+t+1 S ISIG O Ky)

mg(AG + t)2 nGt(AG + t)
2(0g + 1) bg+t+1

2.2. The cartesian product

The cartesian product of G and H, denoted by G x H, is a graph whose vertex set
is V(G x H) = V(G) x V(H) and two vertices (u1,v1) and (ug,v2) are adjacent in
G x H whenever [v; and vy are adjacent in H and w; = us] or [u; and uy are adjacent
in G and v; = vg]. The order of the cartesian product of two graphs is the product of
number of vertices of G and H, and the size is mgng+mpyng. If G and H are regular
graphs then G x H is also regular graph. The degree of a vertex (u,v) € V(G x H) is

daxm((u,v)) =da(u) + dg(v). (10)
In the following theorem, we compute bounds on the Sombor index of G x H.
Theorem 3. Let G and H be graphs. Then

\/imeH((sG +0n) < SO(Gx H) < \/imeH(AG + Am).

The equality holds if and only if G and H are regular graphs.

Proof.  Using (3), (4) and (10) in equation (2), we obtain

SOGxH) = > \/(dc(ul)+dH(vl))2+(Ulc:(M)+dH(v2))2
)

u1 €EV(G)vive€E(H

+ 3 Y () + e (01))? + (da(uz) + dir(01))?

v1EV(H) u1u2€E(G)

S Z Z \/ Q(AG + AH)2 (11)

u1 EV(G)vivo€E(H)

+ > > 2ac+An)?

viEV(H)uju€ E(G)
=V2(ngmu + ngme)(Ag + Ag)
=V2maxu(Ag + Ap).

One can analogously compute the following;:

SO(G x H) > V2maxu(dg + 6u). (12)

The equality in (11) and (12) obviously holds if and only if G and H are regular
graphs. O
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Now, we compute the bounds on the I.ST index of G x H.
Theorem 4. Let G and H be graphs. Then

1 (8¢ +6m)?
Sy g oG T OH)”

(Ag + Ap)?
o VEXHTN T A,

1
<ISI(Gx H)< =
= ( )_2mG><H Sa +0on

The equality holds if and only if G and H are regular graphs.

Proof.  Using (3), (4) and (10) in equation (1), we obtain

SKGxm = 3 ) (dg(u1) +dg (v1))(dg(u1) + dp (v2))

w1 EV(G) viva EE(H) 2dg (u1) + dp (v1) + dp (v2)

(dg(u1) +dg(v1))(dg(u2) + dg (v1))
D VIEDY de(u1) + de(uz) + 2 (v1)

v1 €V (H) uiuz € E(G)
2 2
< > oy Batlm, sy Berlal o)
w1 EV(G) viva EE(H) (¢ +0u) v1EV(H) uiuz€E(G) (Oc +6m)
:l(n myg + ngm )M
2 GMH HMG 5G+6H

L BetAn)?
2 GxH S +6m .

One can analogously compute the following;:

(6c + 6m)?

. (14)
Ag + An

1
ISI(GX H) > imGXH

The equality in (13) and (14) obviously holds if and only if G and H are regular
graphs. O

2.3. The strong product

The strong product of G and H, denoted by G X H, is a graph whose vertex set is
V(GRH) =V(G)xV(H) and two vertices (u1,v1) and (ug,v2) are adjacent in G H
whenever [v; and v are adjacent in H and u; = usg] or [u; and ug are adjacent in G
and v1 = vg] or [ugug € E(G) and vive € E(H)]. The order of G X H is the product
of number of vertices of G and H, and the size is ngmy + ngma + 2magmpyg. The
degree of a vertex (u,v) € V(GX H) is

dewn ((u,v)) = da(u) + du (v) + da (w)dp (v). (15)

We compute bounds on the Sombor index of G X H in the following theorem.
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Theorem 5. Let G and H be graphs. Then

V2megn (8 + 0n +0con) < SO(G K H) < V2memn(Ac + An + AcAn).
The equality holds if and only if G and H are regular graphs.
Proof.  Using (3), (4) and (15) in equation (2), we obtain

SO(G R H)

= > > \/(dc:(ul)+dH(v1)+dc<u1)dH(v1))2 + (dg(u1) + dm (v2) + dg(u1)dm (v2))?
w1 EV(G) vy vo € E(H)

+ > > \/(dc:(ul)+dH(v1)+dG<u1)dH(v1))2 + (dg(u2) + dp (v1) + dg(u2)dy (v1))?
v1EV(H)ujug € E(G)

+2 > 3 \/(dc(u1)+dH(U1) +dg(u1)dg (v1))? + (dg(u2) + dy (v2) + dg (u2)dp (v2))?
uiug €EE(G)vivo€E(H)

< 3 3 \/Z(AG+AH+AGAH)2
ul €V(G)viva€E(H)

+ 3 > V26 +An +AcAR)?
v1EV(H)ujug € E(G)

+2 > > \/Q(AG+AH+AGAH)2
uiug €E(G) viva €E(H)

=V2(ngmyg + ngmg +2mgmy)(Ag + Ag + AgApy)

=V2mgry(Ac + A + AgAp).
(16)

Analogously, one can compute the following:
SO(GR H) > V2maun (6c + 6 + dcdm). (17)

If G and H are regular graphs then the equality in (16) and (17) holds. O

Next, we compute bounds on the ST index of G X H.
Theorem 6. Let G and H be graphs. Then

(Ag +Ap + AgAp)?
0g + 0y +0a0m

1 (6q + 8x + 6cdm)?
2 CAG ¥ A + AcAn

1
SIS[(G‘XH) S §mGgH

The equality holds if and only if G and H are regular graphs.

Proof.  Using (3), (4) and (15) in equation (1), we obtain

> (dg(u1) + dg (v1) + dg(u1)dm (v1))(dg (u1) + dg (v2) + dg (u1)dp (v2))
w1 EV(G) vy va € B(H) 2dg(u1) + dp (v1) +dm (v2) + dg(u1)(dm (v1) + dm (v2))
> s (dg(u1) + dg (v1) + dg(u1)dm (v1))(dg (u2) + dg (v1) + dg(uz)dp (v1))
w1 EV(H) ujus € B(G) dg(u1) + dg(u2) + 2dg (v1) + dg (v1)(dg (u1) + da(u2))
(dg(u1) + dg (v1) + dg(u1)dpm (v1))(dg (u2) + du (v2) + dg (uz)dp (v2))
uyug€B(G) vyvgeE(H) 3G (1) +dg(uz) +dpy(v1) +dp (v2) +dg(u1)dp (v1) + dg(u2)dp (v2)

ISI(GR H) =

+

+2
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> (Ag + Ap + AgAp)? s (Ag + Ap + AgAp)?

T ev(e) viveerm) 200G +0H +068H) v eV(H) ujugeB(e) 200G +6m +8G5m)
Ag+ A +Agag)?

4o ) (Ag H GAH)

wiug€B(G) vivaer(i) 200G +0m +8Gom) as)

(Ag +Ap +AgApg)?
dg +0m +dcéH

1
= E(nGmH +ngmg +2mgmpy)

1 (Ag +Ap +AgAH)?
= -m
DS R I S -

Analogously, one can compute the following:

1 (6 +0m +660m)?
ISHGRH) 2 gmampx 3= 0 (19)
If G and H are regular graphs then the equality in (18) and (19) holds. O

2.4. The join of graphs

The join of G and H, denoted by G + H, is a union of graphs G and H together with

all the edges joining the sets of vertices of G and H. The order and size of G + H

are ngng and mg + mgy + ngnyg, respectively. The degree of a vertex v in G+ H is
given by

d ( ) dG( )+TLH if’MEV(G),

I = dy(u) + ng if u € V(H).

We compute bounds on the Sombor index for join of two graphs in the following
theorem.

(20)

Theorem 7. Let G and H be graphs. Then a1 < SO(G + H) < as, where

a1 = V2mg(dg +ng)+ V2mg(0g +ng) + nGnH\/(5G +np)?+ (0g +ng)?,

ay = \/imG(AG +TlH) + \/imH(AH +nG) +nGnH\/(AG +nH)2 + (AH +nG)2.

The equality holds if and only if G and H are regular graphs.

Proof.  Using (3), (4) and (20) in equation (2), we obtain

SOG+H) = 3 y/(da(u) +nm)? + (da(v) + nm)>+
uwv€eE(G)

S V() +ne)? + (dr (v) + ne)?

uwveE(H)

+ 3 Y e +nm)? + ([du@) +ne)?

weV (G)veV (H)

< D V2Alc+nm)2+ D> J2Ar +ne)? 2

wveE(G) uwveE(H)
+ > > \/(AG+nH)2+(AH+nG)2
uweV(G)veV(H)

=V2mg(Ag +ng) +V2mu(Ag +ng)

+ngnuy/ (g +nu)? + (Ag +nc)?.
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Similarly, we can show that

SO(G+ H) > \/imc(éc +TLH) + \/imH((SH +nG) —i—n(;nH\/((SG +nH)2 + (51.1 +nc)2. (22)

If G and H are regular graphs then we obtain the equality in (21) and (22). O

Now, the bounds on the IST index for join of two graphs is given in the following
theorem.

Theorem 8. Let G and H be graphs. Then an < ISI(G + H) < a2, where

o = 1 (b +nu)? n lm (6u +ne)? tnen (0g +nm)(0m + ng)
! 29 TAG + nu 2" AY + ne NG+ A+ nm +ne’
1 (Ag +nm)* 1 (Ag +ng)? (Ag +nu)(Ag +na)
= M s 2™ sy tng M So om fnm tna

The equality holds if and only if G and H are regular graphs.

Proof.  Using (3), (4) and (20) in equation (1), we obtain

ISIG+H) = Y (dg(u) + ng)(de(v) + ny)

wen(e 96 +da(v)+2ny

(du(u) + ng)(du(v) + ng)
> dp(u) +du(v) + 2ng

uwv€EE(H)

n Z Z (dg(u) + ng)(du(v) + ng)

WV E) veV ) dg(u) +dg(v) + ng +ng

(23)
> (Ag +ny)? - (Ag +ng)?
B uwveE(G) 2(5G + nH) uwvEE(H) 2(6H + ’I’LG)
n Z Z (Ag +ng)(Ag +ng)
wevie)vevimy 06 10 T nm+ne
_1_ (Agtnn)? Lo (Ag +ng)? +ngng (Ag +nu)(Ax +ng)
2 dc +nm 2 g +na g +d0g +ng +ng
Similarly, we can show that
1 (5g+nm)? 1 (6g +ng)? (6c +nu)(0u +na)
ISI(G+H)> -m + -m +ngn . 24
( )_2 GAg+nH 2 H Ay +ng ¢ HAg+AH+nH+TLG ( )

If G and H are regular graphs then we obtain the equality in (23) and (24). O
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2.5. The composition

The composition or lexicographic product of G and H, denoted by G[H], is the graph
whose vertex set is V(G[H]) = V(G) x V(H) and two vertices (u1,v1) and (ug,vs)
are adjacent in G[H] whenever [ujus € E(G)| or [v1 and v are adjacent in H and
uy = ug]. The order of G[H] is the product of number of vertices of G and H, and
size is mgn?; + ngmp. The degree of a vertex (u,v) € V(G[H]) is

dg[H]((u, 1})) = ang(u) + dH(U) (25)

In the following theorem, we calculate bounds on the Sombor index for composition
of two graphs.

Theorem 9. Let G and H be graphs. Then
\fsz[H](”H‘sG +0n) < SO(G[H]) < ﬁmG[H](nHAG + Ap).
The equality holds if and only if G and H are reqular graphs.

Proof.  Using (3), (4) and (25) in equation (2), we obtain

SOGH]) = > > \/(anc(m) +dg (v1))? + (ngdg(u1) + dr(v2))?

u1 EV(G)vivo€E(H)

+ Y Y Y Vemde) +dr (@) + (nade(uz) + de (v2))?

v1EV(H)va€V(H) uius€E(G)

< > Y. \2AnulAg +Ap)? (26)

u1 €V (G)vive€E(H)

+ > > > \2nuAc+ Ap)?

v1€V(H) va €V (H) uiu2€E(G)

= \/i(ngm]-[ +7L2H’I7’LG)(HHAG + AH)
= \/imG[H] (nagAc + Ap).

Analogously, one can compute the upper bound
SO(G[H]) > V2mg ) (nudc + 0m). (27)

The equality in (26) and (27) obviously holds if and ounly if G and H are regular
graphs. O

In the next theorem, we compute bounds on the I'ST index for composition of two
graphs.
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Theorem 10. Let G and H be graphs. Then

1 (ngég +0m)?

(nuAg + Ap)?
5 MG[H] S S
2 nglAg+Ag

1
< ISI(G[H]) < =
< ISI(GH]) < Smarm) o ——

The equality holds if and only if G and H are regular graphs.
Proof.  Using (3), (4) and (25) in equation (1), we obtain

_ (npdg(u1) +du(v1))(npde(ui) + du (v2))
ISIGHD = D, D, 2nsdg(ur) + dia (v1) + d (02)

u1 €V (G)viva€E(H)

(nodg(ui) +du(v1))(nuda(uz) + du(v2))
2 () TG (u) + () + s 02)

> Z (ngAg + Ag)?

eV (@) vivsery MG T 0m) (28)

(nuAG + Ap)?
+ - - - 7
vleiv:(m v2€2V:(H) HIUZ%:E(G) 2Ande +0u)
(naAG + Ap)?
ngdg + 46y
- lmG[H] (nwAG +Ap)?
nygdg + 0y

1
= 5(HGmH +n4ma)

Analogously, one can compute the upper bound

(nudc + 0m)?

1
ISI(G|H]) > = .
SI(G[H]) > 3G Y A A

(29)

The equality in (28) and (29) obviously holds if and only if G and H are regular
graphs. O

Remark 1. Recently, Milovanovié et al. [18] proved that for a connected graph G

SO(G) > ?Ml(c:).

The equality holds if and only if G is regular. Here, Mi(G) = >, cp)(du + dv) =
ZuEV(G d2 is the first Zagreb index [9]. As a consequence of this result, upper bounds on
the first Zagreb index follow from the upper bounds on the Sombor index reported in this
paper.
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3. Conclusion

In this paper, the bounds for Sombor index of several graph operations in terms of
maximum degree, minimum degree, order and size of the original graphs G and H
are computed. These graph operations include corona product, cartesian product,
strong product, composition and join of graphs. Analogously, we calculated the
bounds for inverse sum indeg (I.51) index.

It still remains an open problem to compute the bounds for Sombor and I'ST indices
of graph operations like disjunction, symmetric index of graphs and several others.
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