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Abstract: Let G = (V,E), V = {v1,v2,...,vn}, be a simple graph of order n and
size m, without isolated vertices. The Sombor coindex of a graph G is defined as

SO(G) = ij \/d? + d? , where d; = d(v;) is a degree of vertex v;, ¢ = 1,2,...,n.

In this paper we investigate a relationship between Sombor coindex and a number of
other topological coindices.
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1. Introduction

Let G = (V,E) be a simple graph without isolated vertices with vertex set V =
{v1,v9,...,v,}, edge set E' = {eq,ea,...,e,}, and with vertex—degree sequence A =
dy >dy > --->d, =6>0,d; =d(v;). If vertices v; and v; are adjacent in G, we
write i ~ j, otherwise we write i » j. The complement of G is a graph G = (V, E)
which has the same vertex set V and two vertices v; and v; are adjacent in G if and
only if they are not adjacent in G and vice versa. The number of edges in G is equal
o n(n —1)

-

m =

m. (1)

A topological index (graph invariant) of a graph is a numerical quantity which is in-
variant under automorphisms of the graph. Topological indices are an important tool
used to relate molecular structure with physicochemical characteristics of chemical

* Corresponding Author

© 2024 Azarbaijan Shahid Madani University



814 Some observations on sombor coindex of graphs

compounds, especially those relevant for their pharmacological, medical, toxicologi-
cal, and similar properties (see, for example, [11, 26]).

Topological indices can be defined in terms of vertex degrees, such as Zagreb indices
[15]), in terms of edge degrees, such as Platt index [23], vertex distance in graph, such
as Wiener index [29], or on some graph spectra, such as Kemeny’s constant [17].
Many vertex—degree—based topological indices can be represented in the form

TI(G) = F(ds,dy), 2)

i~ g

where F'(z,y) is a real non—negative symmetric function, F(z,y) = F(y, z), defined on
a cartesian product D x D, where D = {d;,ds,...,d,}. Here we list some particular
cases obtained from (2) by appropriate choice of function F'(z,y) that are of interest
for the present paper.

e For F(x,y) = x + y we obtain the first Zagreb index, M;(G), defined in [16]
(see also [7]) as

Mi(G) =) (di +dj) = id?.
=1

i~
Let e = {v;,v;} € E be an arbitrary edge in graph G. The degree of edge e,
d(e), is d(e) = d; + d; — 2. Hence we have that

Mi(G) = (di+dj) =D (d(es) +2).
i=1

]

Therefore M;(G) can be considered as an edge—degree—based topological index,
as well (see [18]).

e For F(x,y) = xzy we get the second Zagreb index, M>(G), introduced in [15] as

My(G) =" did;.

i g

e For F(x,y) = 22 + y? we obtain the forgotten topological index, F(G), defined

in [10] as
F(G) =) (df +d3) =) di.
inj i=1
Since
F(G)=) (df +d) = (di+dj)> =2 didj =Y (d(e;) +2)> =2 did;,
invg inej inj i=1 inj

this topological index can also be considered as an edge—degree—based topolog-
ical index.
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e For F(xz,y) = v/2? 4+ y2, the Sombor index introduced in [12] is obtained

SO(G) =" \/d? +d?.

o]

e For F(z,y) = ;5% we get the inverse sum indeg index, ISI(G), defined in [28]
as

did,

Isz(c):Zd.erv.
i J

g

e For F(x,y) = % we get symmetric division deg index, SDD(G), defined in
[27] as
a7 +d3

SDD(G) =" v
iy

i~ g

e For F(z,y) = 13—y and F(z,y) = -5 + 3712 harmonic index, H(G), and inverse

degree index, ID(G), are obtained respectively (see [8])

2 1 1 noq
H(G):Zdi+dj and ID(G):Z<d2+d2>:Zd_
J

inj invj i

e For F(z,y) = |z — y| the Albertson index, Alb(G), used as an irregularity
measure of a graph is obtained. It is defined in [1] as

Ab(G) = |di — dy].

i~j

e For F(x,y) = ?11; we obtain the modified second Zagreb index, M3 (G), defined
in [20] as
1

M3(G) =3 ——.
(]

i~ g

This index is also known as the general Randi¢ index, R_1(G), (see, for example,
[3, 4, 25]), or reciprocal second Zagreb index, RMs(G), (see [14]).

A concept of coindices of graphs was introduced in [6]. In this case the sum runs over
the edges of the complement of G. In a view of (2), the corresponding coindex of G
can be defined as

TI(G) =) F(ds, d;). (3)
1]
Here we are concerned with the Sombor coindex defined as

SO(G) =) \/d? +d2,

Qo]

and investigate its relationship with some other topological coindices obtained based
on (2).
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2. Preliminaries

In this section we recall some results from the literature that are of interest for our
paper. In [22] the following results were proven.

Lemma 1. [22, Theorem 7] Let G be a graph on n vertices and m edges. Then

SO(G) < \/mAM(G). (4)

Lemma 2. [22, Theorem 8] Let G be a graph on n vertices and m edges. Then

__ A5 _
50(G) < \/(5 n Z) mMa(G). (5)
Lemma 3. [22, Theorem 2] Let G be a graph on n vertices and m edges. Then

SO(G) (n—1-A). (6)

 on
V2
Equality holds if G is a regular graph.
Remark 1. In [19] it was proven that
SO(G) < /mF(G).

On the other hand, in [22], it was stated, without proof, that

50(G) < \/mF(G). )

Since
F(G) < AM1(G),

it follows that (4) is a corollary of (7).
For every ¢ and j, i,5 = 1,2,...,n, the following inequalities are valid

(di = 8)(d; —A) <0 and  (d; —8)(d; — A) <0,

that is
d? 4+ 0A < (A+8)d; and dj 4+ 5A < (A+8)d; .

The sum of the above inequalities yields
d7 +d3 < (A+06)(di +dj) — 248 (8)
After summation of (8) over all pairs of non—adjacent vertices v; and v; in G, we obtain

ST +d2) < (A+8)D (di +dy) 2881,

ino] i i
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that is
F(G) < (A +8)M1(G) — 2mAS,

From the above and (7) we obtain

50(G) < \/m (A + 8 M1 (C) - 2mAs),

which is stronger than (4).
In Lemma 2 the condition that G is without isolated vertices is missing. Otherwise, 6 = 0,
and the right-hand side of (5) is not defined.

In [24] the following inequality for real number sequences was proven.

Lemma 4. [24] Let ¢ = (z;) and a = (a;), ¢ = 1,2,...,n, be positive real number
sequences. Then for any r > 0 holds

n r+1
n r+1 (Z ml)

ZIZ S =l .
T <n >
i=1
2w
i=1

(©)

T _ T2 _
a; ~ a2 T an”

Equality holds if and only if r =0, or

Remark 2. The inequality (9) is known as Radon’s inequality and it is given in its original
form. However, it is not difficult to observe that it is valid for any real r such that r < —1
or r > 0, and when —1 < r < 0 the opposite inequality holds. The equality is also attained
when r = —1.

3. Main results

In the next theorem we establish a relationship between SO(G) and M;(G) and
IS1(G).

Theorem 1. Let G be a simple graph of order n and size m without isolated vertices.
Then we have

50(G) < \/M1(@)(M1(G) - 2TSI(G)). (10)

Equality holds if and only if % = const for any pair of non-adjacent vertices v; and v;
J
(i <) in G.

Proof. For any i and j, 1 <i<n,1<j<n, wehave

di-‘rdj— : i’ -




818 Some observations on sombor coindex of graphs

After summing the above equality over all pairs of non-adjacent vertices v; and v;
of GG, we obtain

_ d? +d?
M1(G) - 2ISI(G) => - +df_ .
‘ d; + d;

o]

(11)

On the other hand, for 7 = 1, z; := | /d} + d3, a; := d; +d;, with summing performed

over all non-adjacent vertices v; and v; in graph G, the inequality (9) becomes

2
P e
2 + d? ot 50(G)?
L RS Vi _ SOG)° (12)
P d; +d; Z(di+dj) Mi(G)

Q]
Now, according to (11) and (12) we obtain

S0(G)?

() < My(G) - 2I51(G),

from which we arrive at (10).
2+d3
Equality in (12) holds if and only if d‘jr—;? = const for any pair of non—adjacent
i T dj
vertices v; and v; in G. This means that % + % is constant for any pair of
: Vi, TV

non-adjacent vertices v; and v; in G. A short analysis shows that equality in (10)

holds if and only if % € {¢,1/c}, ¢ = const, for any pair of non—adjacent vertices v;
J

and v; (i < j)in G. O

Remark 3. Since
M1(G) - 2ISI(G) < mA,

the inequality (10) is stronger than (4).

In the next theorem we establish a relationship between SO(G) and M»(G) and
SDD(G).

Theorem 2. Let G be a simple graph of order n > 2 and size m without isolated vertices.

Then
S50(G) < y/M2(G)SDD(G). (13)

Equality holds if and only if for any pair of vertices v; and vy in G which are not adjacent
to v holds d; = dy.

Proof. For r =1, ; := /d} +d3, a; := d;d;, with summing performed over all

non-adjacent vertices v; and v; in graph G, the inequality (9) transforms into

2
o (Z,/df +d§)
Z 5 +dj N i

didj - Zdidj ’

)
inv ]

(14)
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that is
<N 2
SDD(G) > 22C)°
M2(G)

from which we get (13).

Equality in (14) holds if and only if ¥ iizd? = const for any pair of non—adjacent
vertices v; and v; in G, i.e. if and only if chz + % is constant for any pair of non—
adjacent vertices v; and v; in G. Let v; and v; be t]vvo vertices non—adjacent to vertex
v; in G. Then we have chg + % = % + é, that is d; = di. Therefore equality in
(13) holds if for any pair of vert]ices vj’ and vy in G which are not adjacent to v; holds
d; = di. O

Remark 4. Some new bounds on SDD(G) can be found in [21].

Remark 5. Since

the inequality (13) is stronger than (5).

In the next theorem we determine a relationship between SO(G) and M;(G) and
H(G), when minimum degree, §, and maximum degree, A, are known.

Theorem 3. Let G be a simple graph of order n > 2 without isolated vertices, minimum
vertex degree, §, and mazximum vertex degree, A. Then we have

50(G) < \/ML(G) (A +8) — AST(G)). (15)

Equality holds if and only if for any two non—adjacent vertices v; and v; in G holds d; = dj,
d; € {A,d} ord; # dj, di,dj € {A,é}

Proof.  After dividing the the inequality (8) by d; + d; and summing over all pairs
of non-adjacent vertices v; and v; in G we obtain

2 2
d; +dj

Zd+d <(A46) ;172A52d+d (16)
i.e.
2 2
d; ]

Z < (A +0)m — ASH(G).
From the above and (12) we arrive at (15).

Equality in (16), and therefore in (15), is attained if and only if for any two non—
adjacent vertices v; and v; in G holds d; = d;, d; € {A,d} or d; # dj, d;,d; €
{A,d}. O
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In the next theorem we establish a relationship between SO(G) and Mo(G), Mo(G),
and ID(G), when minimum and maximum vertex degrees are known.

Theorem 4. Let G be a simple graph of order n > 2 without isolated vertices, minimum
vertex degree 6 and mazximum vertex degree A. Then

G) < \/MQ(G)((A +8)((n — 1)ID(G) — n) — 2A6M 3(G)). (17)

Equality is attained if and only if for any two non-adjacent vertices v; and v; in G holds
d; :dj = A, or d; :dj :5, or d; #dj, di,dj € {A,(5}

Proof.  Dividing (8) by d;d; and summing over all pairs of non-adjacent vertices v;
and v; in G yields

; 9 A+6)Z(d— *)_QMZM

i invj
ie. 24 .
> ”didjf < (A+9) ;" —2A6;%dj,
Z (A +8)((n —1)ID(G) — n) — 2A6 M5 (G).
From the above and (14) we arrive at (17). O

In the next theorem we determine a relationship between Sobor coindex, first Zagreb
coindex and Albertson coindex.

Theorem 5. Let G be a simple graph graph of order n > 2 without isolated vertices.
Then

? M1 (G)? + Alb(G)? < SO(G) < ? (Ml(G) +M(G)) . (18)
Equality on the right-hand side holds if and only if di = d; for any pair of non-adjacent
vertices v; and v; in G. Equality on the left-hand side holds if and only if g—; is constant for
any pair of non—adjacent vertices v; and v; in G.

Proof. For any two nonnegative real numbers a and b hold

Va+b<a+ Vb, (19)

with equality if and only if a =0 or b = 0.
For a := %(d; 4+ d;)?, b:= $(d; — d;)?, the inequality (19) becomes

V2
7 +dF < — - (di +dj + |di — dj). (20)
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After summing the above inequality over all non—adjacent vertices v; and v; in graph
G, we get the right-hand side of inequality (18).

Since G does not contain isolated vertices, equality on (20), and therefore on the
right-hand side of (18), holds if and only if d; = d; for any pair of non-adjacent
vertices v; and v; in G.

Next we prove the left—hand side of (18). The following equalities are valid

2d;id; < (di — dj)

50(G
- W“/d2+d Z,/d%rd2
and
@)+ 2did; < (di +dj)

After summing these two equalities we get

250(q) = 3 Wit di) )" Z(di_dj)Q (21)

o JerdE R d

Forr =1, z; :== d; +dj, a; :== /d? + d27 with summing performed over all non—

adjacent vertices v; and v; in graph G, the inequality (9) becomes

2
(Z(d" + dj)) -
(d; +dj)? i _ M1(G)?

\/m S - So@)

o]

(22)

Similarly, for r = 1, @; 1= |d; — dj|, a; :== \/d? + d? with summing performed over

all non—-adjacent vertices v; and v; in graph G, the inequality (9) becomes

2
( )? (Z " dj) Alb(G)?
di —d; i (G
Z >

== . 23
L ird S JEE | 500 )
()
Now, according to (21), (22) and (23) we get
AT 2 ATh 2
250(G) > M;(G) ALI’(G) ,
S0(G) | 80(G)
from which the left-hand side of (18) is obtained.
Equality in (22) holds if and only if \j% = const for any pair of non-adjacent
e Ty
vertices v; and v; in G. Equality in (23) holds if and only if \‘j;;-s-id‘? = const for

any pair of non-adjacent vertices v; and v; in G. This means that equality on the

left-hand side of (18) holds if and only if % is constant for any pair of non-adjacent
J

vertices v; and v; in G. O
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We have the following corollary of Theorem 5.
Corollary 1. Let G be a simple graph without isolated vertices. Then

S0(G) > (m(a) + M(G)) . (24)

N | =

Equality holds if and only if G = K,,.

Proof. For any two nonnegative real numbers a and b the following inequality is
valid
V2

mz;(ﬁ+\/§), (25)

with equality if and only if a = b.
For a := M1(G)?, b := Alb(G)?, the inequality (25) transforms into

— V2

M(G)? + ATB(G)? > - (Hl(c) +M(G)) .

From the above and the left-hand side of (18) we obtain (24). O

In the next theorem we provide a relationship between Sombor index and coindex.

Theorem 6. Let G be a simple graph of order n > 2 and size m without isolated vertices.
Then
SO(G) + SO(G) > V2m(n — 1). (26)

Equality holds if and only if G is a regular graph.

Proof. For a :=d?, b := d?, where v; and v; are two arbitrary vertices in G, the

1
2
J P> %(di—&-dj). (27)

inequality (25) becomes
After summing the above inequality over all pairs of non-adjacent vertices v; and v,
in G, we obtain

50(0) > V277,(G). (28)

Next, after summation of (27) over all pairs of adjacent vertices v; and v; in G, we
get

50(G) > (@) (29)
Now, from (28) and (29) we have
50(G) +50(G) = V2 (M1(G) + M1(G)) - (30)
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In [5] (see also [2]) the following identity was proven
M (G) + M1(G) = 2m(n — 1).

From the above and (30) we arrive at (26).

Equality in (28) holds if and only if d; = d; for any pair of non-adjacent vertices v;
and v; in G. Equality in (29) holds if and only if d; = d; for any pair of adjacent
vertices v; and v; in G. This means that equality in (26) holds if and only if G is a
regular graph. O

Remark 6. The inequality (29) was proven in [19] (see also [9, 13]).

Remark 7. The inequality (28) is stronger than (6).
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