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Faculty of Electronic Engineering, University of Nǐs, Nǐs, Serbia
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Abstract: Let G = (V,E), V = {v1, v2, . . . , vn}, be a simple graph of order n and
size m, without isolated vertices. The Sombor coindex of a graph G is defined as

SO(G) =
∑

i�j

√
d2i + d2j , where di = d(vi) is a degree of vertex vi, i = 1, 2, . . . , n.

In this paper we investigate a relationship between Sombor coindex and a number of

other topological coindices.
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1. Introduction

Let G = (V,E) be a simple graph without isolated vertices with vertex set V =
{v1, v2, . . . , vn}, edge set E = {e1, e2, . . . , em}, and with vertex–degree sequence ∆ =
d1 ≥ d2 ≥ · · · ≥ dn = δ > 0, di = d(vi). If vertices vi and vj are adjacent in G, we

write i ∼ j, otherwise we write i � j. The complement of G is a graph G = (V,E)
which has the same vertex set V and two vertices vi and vj are adjacent in G if and

only if they are not adjacent in G and vice versa. The number of edges in G is equal
to

m =
n(n− 1)

2
−m. (1)

A topological index (graph invariant) of a graph is a numerical quantity which is in-

variant under automorphisms of the graph. Topological indices are an important tool

used to relate molecular structure with physicochemical characteristics of chemical
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compounds, especially those relevant for their pharmacological, medical, toxicologi-

cal, and similar properties (see, for example, [11, 26]).

Topological indices can be defined in terms of vertex degrees, such as Zagreb indices

[15]), in terms of edge degrees, such as Platt index [23], vertex distance in graph, such

as Wiener index [29], or on some graph spectra, such as Kemeny’s constant [17].

Many vertex–degree–based topological indices can be represented in the form

TI(G) =
∑
i∼j

F (di, dj), (2)

where F (x, y) is a real non–negative symmetric function, F (x, y) = F (y, x), defined on

a cartesian product D×D, where D = {d1, d2, . . . , dn}. Here we list some particular

cases obtained from (2) by appropriate choice of function F (x, y) that are of interest

for the present paper.

• For F (x, y) = x + y we obtain the first Zagreb index, M1(G), defined in [16]
(see also [7]) as

M1(G) =
∑
i∼j

(di + dj) =

n∑
i=1

d2i .

Let e = {vi, vj} ∈ E be an arbitrary edge in graph G. The degree of edge e,
d(e), is d(e) = di + dj − 2. Hence we have that

M1(G) =
∑
i∼j

(di + dj) =

m∑
i=1

(d(ei) + 2) .

Therefore M1(G) can be considered as an edge–degree–based topological index,

as well (see [18]).

• For F (x, y) = xy we get the second Zagreb index, M2(G), introduced in [15] as

M2(G) =
∑
i∼j

didj .

• For F (x, y) = x2 + y2 we obtain the forgotten topological index, F (G), defined
in [10] as

F (G) =
∑
i∼j

(d2i + d2j ) =
n∑

i=1

d3i .

Since

F (G) =
∑
i∼j

(d2i + d2j ) =
∑
i∼j

(di + dj)2 − 2
∑
i∼j

didj =
m∑
i=1

(d(ei) + 2)2 − 2
∑
i∼j

didj ,

this topological index can also be considered as an edge–degree–based topolog-

ical index.
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• For F (x, y) =
√
x2 + y2, the Sombor index introduced in [12] is obtained

SO(G) =
∑
i∼j

√
d2i + d2j .

• For F (x, y) = xy
x+y we get the inverse sum indeg index, ISI(G), defined in [28]

as

ISI(G) =
∑
i∼j

didj

di + dj
.

• For F (x, y) = x2+y2

xy we get symmetric division deg index, SDD(G), defined in

[27] as

SDD(G) =
∑
i∼j

d2i + d2j

didj
.

• For F (x, y) = 2
x+y and F (x, y) = 1

x2 + 1
y2 harmonic index, H(G), and inverse

degree index, ID(G), are obtained respectively (see [8])

H(G) =
∑
i∼j

2

di + dj
and ID(G) =

∑
i∼j

(
1

d2i
+

1

d2j

)
=

n∑
i=1

1

di
.

• For F (x, y) = |x − y| the Albertson index, Alb(G), used as an irregularity
measure of a graph is obtained. It is defined in [1] as

Alb(G) =
∑
i∼j

|di − dj |.

• For F (x, y) = 1
xy we obtain the modified second Zagreb index, M∗2 (G), defined

in [20] as

M∗2 (G) =
∑
i∼j

1

didj
.

This index is also known as the general Randić index, R−1(G), (see, for example,

[3, 4, 25]), or reciprocal second Zagreb index, RM2(G), (see [14]).

A concept of coindices of graphs was introduced in [6]. In this case the sum runs over

the edges of the complement of G. In a view of (2), the corresponding coindex of G

can be defined as

TI(G) =
∑
i�j

F (di, dj). (3)

Here we are concerned with the Sombor coindex defined as

SO(G) =
∑
i�j

√
d2i + d2j ,

and investigate its relationship with some other topological coindices obtained based

on (2).
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2. Preliminaries

In this section we recall some results from the literature that are of interest for our

paper. In [22] the following results were proven.

Lemma 1. [22, Theorem 7] Let G be a graph on n vertices and m edges. Then

SO(G) ≤
√
m∆M1(G). (4)

Lemma 2. [22, Theorem 8] Let G be a graph on n vertices and m edges. Then

SO(G) ≤

√(
∆

δ
+

δ

∆

)
mM2(G). (5)

Lemma 3. [22, Theorem 2] Let G be a graph on n vertices and m edges. Then

SO(G) ≥
δn
√

2
(n− 1−∆). (6)

Equality holds if G is a regular graph.

Remark 1. In [19] it was proven that

SO(G) ≤
√
mF (G) .

On the other hand, in [22], it was stated, without proof, that

SO(G) ≤
√
mF (G). (7)

Since
F (G) ≤ ∆M1(G),

it follows that (4) is a corollary of (7).
For every i and j, i, j = 1, 2, . . . , n, the following inequalities are valid

(di − δ)(di −∆) ≤ 0 and (dj − δ)(dj −∆) ≤ 0 ,

that is
d2i + δ∆ ≤ (∆ + δ)di and dj + δ∆ ≤ (∆ + δ)dj .

The sum of the above inequalities yields

d2i + d2j ≤ (∆ + δ)(di + dj)− 2∆δ . (8)

After summation of (8) over all pairs of non–adjacent vertices vi and vj in G, we obtain

∑
i�j

(d2i + d2j ) ≤ (∆ + δ)
∑
i�j

(di + dj)− 2∆δ
∑
i�j

1 ,
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that is
F (G) ≤ (∆ + δ)M1(G)− 2m∆δ,

From the above and (7) we obtain

SO(G) ≤
√
m
(
(∆ + δ)M1(G)− 2m∆δ

)
,

which is stronger than (4).
In Lemma 2 the condition that G is without isolated vertices is missing. Otherwise, δ = 0,
and the right-hand side of (5) is not defined.

In [24] the following inequality for real number sequences was proven.

Lemma 4. [24] Let x = (xi) and a = (ai), i = 1, 2, . . . , n, be positive real number
sequences. Then for any r ≥ 0 holds

n∑
i=1

xr+1
i

ari
≥

(
n∑

i=1

xi

)r+1

(
n∑

i=1

ai

)r . (9)

Equality holds if and only if r = 0, or x1
a1

= x2
a2

= · · · = xn
an

.

Remark 2. The inequality (9) is known as Radon’s inequality and it is given in its original
form. However, it is not difficult to observe that it is valid for any real r such that r ≤ −1
or r ≥ 0, and when −1 ≤ r ≤ 0 the opposite inequality holds. The equality is also attained
when r = −1.

3. Main results

In the next theorem we establish a relationship between SO(G) and M1(G) and

ISI(G).

Theorem 1. Let G be a simple graph of order n and size m without isolated vertices.
Then we have

SO(G) ≤
√
M1(G)(M1(G)− 2ISI(G)). (10)

Equality holds if and only if di
dj

= const for any pair of non–adjacent vertices vi and vj

(i < j) in G.

Proof. For any i and j, 1 ≤ i ≤ n, 1 ≤ j ≤ n, we have

di + dj −
2didj

di + dj
=
d2i + d2j

di + dj
.
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After summing the above equality over all pairs of non–adjacent vertices vi and vj
of G, we obtain

M1(G)− 2ISI(G) =
∑
i�j

d2i + d2j

di + dj
. (11)

On the other hand, for r = 1, xi :=
√
d2i + d2j , ai := di+dj , with summing performed

over all non–adjacent vertices vi and vj in graph G, the inequality (9) becomes

∑
i�j

d2i + d2j

di + dj
≥

∑
i�j

√
d2i + d2j

2

∑
i�j

(di + dj)
=
SO(G)2

M1(G)
. (12)

Now, according to (11) and (12) we obtain

SO(G)2

M1(G)
≤M1(G)− 2ISI(G),

from which we arrive at (10).

Equality in (12) holds if and only if

√
d2
i+d2

j

di+dj
= const for any pair of non–adjacent

vertices vi and vj in G. This means that
√

di

dj
+

√
dj

di
is constant for any pair of

non–adjacent vertices vi and vj in G. A short analysis shows that equality in (10)

holds if and only if di

dj
∈ {c, 1/c}, c = const, for any pair of non–adjacent vertices vi

and vj (i < j) in G.

Remark 3. Since

M1(G)− 2ISI(G) ≤ m∆,

the inequality (10) is stronger than (4).

In the next theorem we establish a relationship between SO(G) and M2(G) and

SDD(G).

Theorem 2. Let G be a simple graph of order n ≥ 2 and size m without isolated vertices.
Then

SO(G) ≤
√
M2(G)SDD(G). (13)

Equality holds if and only if for any pair of vertices vj and vk in G which are not adjacent
to vi holds dj = dk.

Proof. For r = 1, xi :=
√
d2i + d2j , ai := didj , with summing performed over all

non–adjacent vertices vi and vj in graph G, the inequality (9) transforms into

∑
i�j

d2i + d2j

didj
≥

∑
i�j

√
d2i + d2j

2

∑
i�j

didj
, (14)
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that is

SDD(G) ≥
SO(G)2

M2(G)
,

from which we get (13).

Equality in (14) holds if and only if

√
d2
i+d2

j

didj
= const for any pair of non–adjacent

vertices vi and vj in G, i.e. if and only if 1
d2
i

+ 1
d2
j

is constant for any pair of non–

adjacent vertices vi and vj in G. Let vj and vk be two vertices non–adjacent to vertex

vi in G. Then we have 1
d2
i

+ 1
d2
j

= 1
d2
i

+ 1
d2
k

, that is dj = dk. Therefore equality in

(13) holds if for any pair of vertices vj and vk in G which are not adjacent to vi holds

dj = dk.

Remark 4. Some new bounds on SDD(G) can be found in [21].

Remark 5. Since

SDD(G) ≤ m
(

∆

δ
+

δ

∆

)
,

the inequality (13) is stronger than (5).

In the next theorem we determine a relationship between SO(G) and M1(G) and

H(G), when minimum degree, δ, and maximum degree, ∆, are known.

Theorem 3. Let G be a simple graph of order n ≥ 2 without isolated vertices, minimum
vertex degree, δ, and maximum vertex degree, ∆. Then we have

SO(G) ≤
√
M1(G)(m(∆ + δ)−∆δH(G)). (15)

Equality holds if and only if for any two non–adjacent vertices vi and vj in G holds di = dj,
di ∈ {∆, δ} or di 6= dj, di, dj ∈ {∆, δ}.

Proof. After dividing the the inequality (8) by di + dj and summing over all pairs
of non–adjacent vertices vi and vj in G we obtain

∑
i�j

d2i + d2j

di + dj
≤ (∆ + δ)

∑
i�j

1− 2∆δ
∑
i�j

1

di + dj
, (16)

i.e. ∑
i�j

d2i + d2j

di + dj
≤ (∆ + δ)m−∆δH(G).

From the above and (12) we arrive at (15).

Equality in (16), and therefore in (15), is attained if and only if for any two non–

adjacent vertices vi and vj in G holds di = dj , di ∈ {∆, δ} or di 6= dj , di, dj ∈
{∆, δ}.



820 Some observations on sombor coindex of graphs

In the next theorem we establish a relationship between SO(G) and M2(G), M
∗
2(G),

and ID(G), when minimum and maximum vertex degrees are known.

Theorem 4. Let G be a simple graph of order n ≥ 2 without isolated vertices, minimum
vertex degree δ and maximum vertex degree ∆. Then

SO(G) ≤
√
M2(G)((∆ + δ)((n− 1)ID(G)− n)− 2∆δM

∗
2(G)). (17)

Equality is attained if and only if for any two non–adjacent vertices vi and vj in G holds
di = dj = ∆, or di = dj = δ, or di 6= dj, di, dj ∈ {∆, δ}.

Proof. Dividing (8) by didj and summing over all pairs of non–adjacent vertices vi
and vj in G yields

∑
i�j

d2i + d2j

didj
≤ (∆ + δ)

∑
i�j

(
1

di
+

1

dj

)
− 2∆δ

∑
i�j

1

didj
,

i.e. ∑
i�j

d2i + d2j

didj
≤ (∆ + δ)

n∑
i=1

n− 1− di
di

− 2∆δ
∑
i�j

1

didj
,

∑
i�j

d2i + d2j

didj
≤ (∆ + δ)((n− 1)ID(G)− n)− 2∆δM

∗
2(G).

From the above and (14) we arrive at (17).

In the next theorem we determine a relationship between Sobor coindex, first Zagreb

coindex and Albertson coindex.

Theorem 5. Let G be a simple graph graph of order n ≥ 2 without isolated vertices.
Then √

2

2

√
M1(G)2 +Alb(G)2 ≤ SO(G) ≤

√
2

2

(
M1(G) +Alb(G)

)
. (18)

Equality on the right-hand side holds if and only if di = dj for any pair of non–adjacent
vertices vi and vj in G. Equality on the left-hand side holds if and only if di

dj
is constant for

any pair of non–adjacent vertices vi and vj in G.

Proof. For any two nonnegative real numbers a and b hold

√
a+ b ≤

√
a+
√
b, (19)

with equality if and only if a = 0 or b = 0.
For a := 1

2 (di + dj)
2, b := 1

2 (di − dj)2, the inequality (19) becomes

√
d2i + d2j ≤

√
2

2
(di + dj + |di − dj |). (20)
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After summing the above inequality over all non–adjacent vertices vi and vj in graph

G, we get the right-hand side of inequality (18).

Since G does not contain isolated vertices, equality on (20), and therefore on the

right-hand side of (18), holds if and only if di = dj for any pair of non–adjacent

vertices vi and vj in G.
Next we prove the left–hand side of (18). The following equalities are valid

SO(G)−
∑
i�j

2didj√
d2i + d2j

=
∑
i�j

(di − dj)2√
d2i + d2j

and

SO(G) +
∑
i�j

2didj√
d2i + d2j

=
∑
i�j

(di + dj)2√
d2i + d2j

.

After summing these two equalities we get

2SO(G) =
∑
i�j

(di + dj)2√
d2i + d2j

+
∑
i�j

(di − dj)2√
d2i + d2j

. (21)

For r = 1, xi := di + dj , ai :=
√
d2i + d2j , with summing performed over all non–

adjacent vertices vi and vj in graph G, the inequality (9) becomes

∑
i�j

(di + dj)2√
d2i + d2j

≥

∑
i�j

(di + dj)

2

∑
i�j

√
d2i + d2j

=
M1(G)2

SO(G)
. (22)

Similarly, for r = 1, xi := |di − dj |, ai :=
√
d2i + d2j , with summing performed over

all non–adjacent vertices vi and vj in graph G, the inequality (9) becomes

∑
i�j

(di − dj)2√
d2i + d2j

≥

∑
i�j

|di − dj |

2

∑
i�j

√
d2i + d2j

=
Alb(G)2

SO(G)
. (23)

Now, according to (21), (22) and (23) we get

2SO(G) ≥
M1(G)2

SO(G)
+
Alb(G)2

SO(G)
,

from which the left-hand side of (18) is obtained.

Equality in (22) holds if and only if
di+dj√
d2
i+d2

j

= const for any pair of non–adjacent

vertices vi and vj in G. Equality in (23) holds if and only if
|di−dj |√
d2
i+d2

j

= const for

any pair of non–adjacent vertices vi and vj in G. This means that equality on the

left-hand side of (18) holds if and only if di

dj
is constant for any pair of non–adjacent

vertices vi and vj in G.
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We have the following corollary of Theorem 5.

Corollary 1. Let G be a simple graph without isolated vertices. Then

SO(G) ≥
1

2

(
M1(G) +Alb(G)

)
. (24)

Equality holds if and only if G ∼= Kn.

Proof. For any two nonnegative real numbers a and b the following inequality is
valid

√
a+ b ≥

√
2

2

(√
a+
√
b
)
, (25)

with equality if and only if a = b.
For a := M1(G)2, b := Alb(G)2, the inequality (25) transforms into

√
M1(G)2 +Alb(G)2 ≥

√
2

2

(
M1(G) +Alb(G)

)
.

From the above and the left-hand side of (18) we obtain (24).

In the next theorem we provide a relationship between Sombor index and coindex.

Theorem 6. Let G be a simple graph of order n ≥ 2 and size m without isolated vertices.
Then

SO(G) + SO(G) ≥
√

2m(n− 1). (26)

Equality holds if and only if G is a regular graph.

Proof. For a := d2i , b := d2j , where vi and vj are two arbitrary vertices in G, the
inequality (25) becomes √

d2i + d2j ≥
√

2

2
(di + dj) . (27)

After summing the above inequality over all pairs of non–adjacent vertices vi and vj
in G, we obtain

SO(G) ≥
√

2

2
M1(G). (28)

Next, after summation of (27) over all pairs of adjacent vertices vi and vj in G, we
get

SO(G) ≥
√

2

2
M1(G). (29)

Now, from (28) and (29) we have

SO(G) + SO(G) ≥
√

2

2

(
M1(G) +M1(G)

)
. (30)
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In [5] (see also [2]) the following identity was proven

M1(G) +M1(G) = 2m(n− 1).

From the above and (30) we arrive at (26).

Equality in (28) holds if and only if di = dj for any pair of non–adjacent vertices vi
and vj in G. Equality in (29) holds if and only if di = dj for any pair of adjacent

vertices vi and vj in G. This means that equality in (26) holds if and only if G is a

regular graph.

Remark 6. The inequality (29) was proven in [19] (see also [9, 13]).

Remark 7. The inequality (28) is stronger than (6).
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