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Abstract: A k-CEC graph is a graph G which has connected domination number
7e(G) = k and 7. (G +uv) < k for every uv € E(G). A k-CVC graph G is a 2-connected
graph with v.(G) = k and 7.(G — v) < k for any v € V(G). A graph is said to be
maximal k-CVC if it is both k-CEC and k-CVC. Let §, k, and a be the minimum
degree, connectivity, and independence number of G, respectively. In this work, we
prove that for a maximal 3-CVC graph, if « = k, then kK = §. We additionally consider
the class of maximal 3-CVC graphs with o < k and k < §, and prove that every
3-connected maximal 3-CVC graph when k < ¢ is Hamiltonian connected.
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1. Introduction

The basic graph theoretic terminology throughout this paper follow that of Bondy
and Murty [3], and all graphs in this paper are simple and connected. Let G be a
finite graph with vertex set V(G) and edge set E(G). For S C V(G), G[S] denotes
the subgraph of G induced by S. The open neighborhood Ng(v) of a vertex v in G is
the set of vertices that is adjacent to v. The closed neighborhood Ng[v] of a vertex
vin G is {v} U Ng(v). The degree degg(v) of a vertex v in G is |Ng(v)|. Let §(G)
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186 Maximal connected domination vertex critical graphs

be the minimum degree of a graph G. Ng(v) NS is denoted by Ng(v) where S is a
vertex subset of G. A connected graph without cycles is a tree. A tree with n vertices
of degree 1 and exactly one vertex of degree n is a star Ki,. An independent set is
a set whose all pairs of vertices are non-adjacent. The independence number of G,
(@), is the maximum cardinality of an independent set of G.

For a connected graph G, a cut set is a vertex subset S C V(@) such that G — S
is disconnected. The connectivity k(G) is the minimum cardinality of a vertex cut
set of a graph G. If S = {a} is a minimum cut set of G, then G has a cut vertex a
and k(G) = 1. A graph G is said to be s-connected if k(G) > s. When there is no
ambiguity, we shorten §(G), a(G), and £(G) to 0, «, and k, respectively.

A path that visits every vertex of a graph exactly once is called a Hamiltonian path.
If every pair of vertices of a graph are joined by a Hamiltonian path, then the graph
is Hamiltonian-connected. It is an exercise to check that Hamiltonian connectivity
exists only when the graphs are /-connected for £ > 3. For a graph G, the Mycielskian
w1(G) of G is the graph with vertex set V(G) UV’ U {z}, where V' = {u/|u € V(G)}
and with edge set E(G) U {uv'|uv € E(G)} U {v'z|v’ € V'}.

Let D and X be subsets of V(G), then we say that D dominates X, or D = X,
if every vertex in X \ D is adjacent to a vertex in D. Furthermore, we write a > X
when D = {a}. In particular, if X = V(G), then D is called a dominating set of G
and we write D > G instead of D > V(G). A dominating set D of a graph G is called
a connected dominating set of G if G[D] is connected. A connected dominating set D
of G is denoted by D >, G. Let 7.-set denote a smallest connected dominating set.
The connected domination number of G is the cardinality of a v.-set of G and it is
denoted by 7.(G). Let D be a subset of V(G), then D is called a total dominating set
of a graph G if every vertex in G is adjacent to a vertex in D. The total domination
number is the minimum cardinality of a total dominating set of G and is denoted by
7(G).

A graph G is k-connected domination edge critical, k- CEC, if v.(G) = k but v.(G +
xy) < k for any zy ¢ E(G). If v.(G) = k but 7.(G — x) < k for any « € V(G), then
G is k-connected domination vertex critical, k-CVC. A mazimal k-CVC graph is a k-
CVC graph having largest possible number of edges. Thus, a maximal k-CVC graph is
both edge and vertex critical. It can be observed that connected domination is defined
on connected graph. From here on, we assume that k-CVC graphs are 2-connected.
A k-total domination edge critical, k- TEC, graph can be defined similarly.

The aim of this paper is to study how the connectivity and the independence number
are related if the graphs are maximal 3-CVC. For related results in the graphs whose
domination number decreases after adding any edge (k-DEC graphs), Zhang and Tian
[11] proved that every 3-DEC graph satisfies & < k + 2 and proved further that x = §
if the equality holds. Kaemawichanurat [8] showed that every 3-CEC graph satisfies
a < k4 2. Furthermore, for any 3-CEC graph, if kK + 1 < a < K+ 2, then x = ¢ with
only one exception.

In this paper, we prove that if G is a maximal 3-CVC graph with the condition o = &,
then k = 6. We provide a class of maximal 3-CVC graphs with @ < kK < § so that
the condition av = k is needed. We finish by showing that all 3-connected maximal
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3-CVC graphs are Hamiltonian-connected if xk < 4.

2. Preliminaries

We state the results that used in establishing our theorems. The first theorem was
proved by Chvdtal and Erdés [5] which is Hamiltonian property of graphs when in-
dependence number and connectivity are given.

Theorem 1. [5] Let G be an {-connected graph with the independence number a. If
a < £, then G is Hamiltonian-connected.

Chen et al. [4] provided properties of 3-CEC graphs as detailed in Lemmas 1 and
2.

Lemma 1. [/] Let G be a 3-CEC graph and ab € E(G). If Dqb is a ve-set of G + ab.
Then

(1) |Das| = 2,
(2) {a,b} N Dap # 0,
(3) ifa € Dap and b ¢ Dy, then DabﬂNG(b) = 0.

Lemma 2. [}] Let G be a 3-CEC graph having A an independent set containing |A| =

m > 3 wvertices. Then we can rename the vertices in A as v1,va2,...,Um tn which there is
a corresponding path ui,uz, ..., um—1 in G — A so that, for all1 <i <m—1, {vi,u;} =
G + ViVi+1.-

In Lemma 3, Ananchuen et al. [2] gave basic properties of 3-CVC graphs.

Lemma 3. [2] Let G be a 3-CVC graph containing a vertex x. If Dy is a vc-set of G —x,
then

(1) |Dsz| =2 and

(2) Dy N\ Nela] = 0.

Simmons [10] showed that 3-TEC graphs have a < ¢ + 2. Ananchuen [1] observed
that a 3-CEC graph is also 3-TEC and vice versa. Thus every 3-CEC graph satisfies
a < § + 2. For 3-CEC graphs, the result that a = d + 2 was established by Kae-
mawichanurat et al. [9]. These results can be combined into the following theorem.

Theorem 2. [10] If G is a 3-CEC graph with § > 2, then o < § + 2. Furthermore, if
a = § + 2, then there is the unique vertex a € V(G) so that deg(a) = ¢ and the subgraph
G[N]la]] is complete.
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We previously established [7] some results on maximal 3-CVC graphs.

Lemma 4. [7] Suppose that G is a mazimal 3-CVC graph having a cut set S C V(G) and
let Cv,Ca,...,C, be the components that are obtained from G—S. Further, we let z € V(Q).
If £ € V(C;) U S which |V (C;)| > 1 orr >3, then

(1) DN S # 0 and
(2) S is not dominated by x.
Lemma 5. [7] Suppose that G is a mazimal 3-CVC' graph having a cut set S C V(Q)

and let C1,Ca,...,C, be the components that are obtained from G — S. Further, for some
i1€{1,2,...,r}, we let x € V(C;). Then

(1) Let y € V(C;) for some j € {1,2,...,r} such that {z,y} does not dominate G. If
r >3 or |V(Cy)|,|[V(C)| > 1, then |Dyy N {z,y}| =1 and |Dzy N S| = 1.

(2) If ¢ € Dy is an isolated vertex in S, then r = 2 and {u} = V(C;) for some j € {1, 2},
where {u} = Dy — {c}.

In [7], we further characterized all maximal 3-CVC graphs whose smallest cut set
contains no edges.

Theorem 3. [7] If G is a mazimal 3-CVC graph having a smallest cut set S. If S is
independent, then G is isomorphic to Gz = p(Ks).

Figure 1. A graph G5 = u(K)

In previous work [6], we established an upper bound for the independence number
of maximal 3-CVC graphs in terms of the minimum degree.

Theorem 4. [6] Let G be a mazimal 3-CVC graph. Then o < 4.
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3. Connectivity of Maximal 3-CVC Graphs

In this section, we use Theorem 4 to prove that every maximal 3-CVC graph satisfies
a < k. We further construct examples of such graphs for which @ = k. In [7],
we completely characterized all maximal 3-CVC graphs having connectivity at most
three. Thus, we focus on |S| = k > 4. Let C4,...,C,, be the component of G — S. In
particular, we let Hy; = UZ.LEJV(C’,-) and Hy = U?;L%Hlv(ci)' Let I be a maximum
independent set of G, I; = INH; and |I;| = «; for i € {1,2}. Then I = ;UI,U(SNI).
Let | U L] = p.

Theorem 5. If G is a 3-CVC graph having independence number o and connectivity k,
then a < K

Proof.  For contradiction, assume that K +1 < a. So |[S|+1 < a3 +az+ |SNI|.
Hence

1S —I+1=|S|—|SNI|+1<ai+as (3.1)

Claim 1. |V(C;)| > 1for all 1 <i <7, and |H;| > 1.
Suppose that V(C;) = {c} for some i € {1,2,...,r}. So by Theorem 4, Ng(c) C S.
Then we have

0 <degg(c) <|S|+1=r+1<a<yi,

a contradiction, thus establishing Claim 1.

Let p=ay +as and {ay,as,...,a,} = U2 I;. If p=1, then, by (3.1), |S—1| =0.
This implies that S NI = S which implies that the set .S is independent. Note that
G is G3 by Theorem 3. Hence, Ng,(z) in the graph G3 is a minimum cut set which
G3 — Ng, () has a component containing exactly one vertex x. This contradicts
Claim 1. Thus, p > 1.

Claim 2. |D,, N{a,b}| =1 and |Dy, N (S —I)| =1 for any a,b € UZ_, ;.

Since [S| > 4 and 2 < p = a; + a9, if p > 3, then U2, I; — {a,b} # 0. If p = 2,
then, by (3.1), |S| — [SNI|+1 < 2. Because |S| > 4, we get |S N I| > 3, specifically,
SNI#(. Thus (SNI)U(UZ,I; —{a,b}) # 0 inplying that {a,b} does not dominate
G. By Lemma 5(1) and Claim 1, |Dg, N {a,b}| = 1 and |Dy, N S| = 1. Renaming
vertices if necessary, we let @ € Dy, and {a'} = Dy, N'S. Since (G + ab)[Dgp) is
connected, a’ € S — I. This proves Claim 2.

Assume that p = 2. We consider the graph G+ajas. By Claim 2, |D,,,,N(S—1)| =
1. Since Dgyq, N (S —1)C S —1, by (3.1),

1§|S—I\§a1+a2—1:p—1:1.

Therefore, Dy, 4, N (S —1) =8 —1. If p > 3, then Lemma 2 yields that the vertices
a1,as,...,a, can be renamed as 1,Z2,...,T, and there is a corresponding path
Y1,Y2,---,Yp—1 for which {z;,y;} > G + x;wipq for i € {1,2,...,p — 1}. Since
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{z1,29,..., 2} C UL, it follows by Claim 2 that {y1,y2,...,yp—1} €S —I. So,
the equation (3.1) gives p—1 < |S—I| < a;+ay —1=p—1. In both cases p = 2
and p > 3, we have that {y1,y2,...,yp—1} =5 —I.

When p = 2, then it can be checked that the subgraph G[{y;}] is complete. When
p > 3. Consider G + x;z; for 2 < i # j < p. By Claim 2, [Dg,, N {z;, 25} =
1 and |Dge; N (S — I)] = 1. Renaming vertices if necessary, w let x; € Dy,q,.
As S — 1 = {y1,92,...,Yp—1}, by Lemma 1(3), Dy,o; N (S —I) = {y;—1}. Since
zyi—1 ¢ E(G), yi—1yj—1 € E(G). Therefore, G[{y1,v2,...,yp—1}] is a clique. Since
{z1,22,...,2p} CI,y; = (SNI)for1<i<p-—1. Hencey,; = S. This contradicts
Lemma 4(2). Therefore, a < &. O

By Theorem 3, the graph G3 = u(K,) has Ng,(x) as a minimum cut set as well
as a maximum independent set. Therefore a(G3) = k(G3). Hence, the bound in
Theorem 5 is sharp. In particular, for maximal 3-CVC graphs satisfying o = &, we
have that |S —I|+|SNI|=|S|=a1+az+|SNI|. So

S —I|=a1+az=p. (3.2)

Renaming if necessary, we let a; < ap. We will prove that if a maximal 3-CVC
graph G satisfies a = k, then, any minimum cut set S, the graph G — S has a
component containing exactly one vertex. We may assume with a contradiction that
G — S has no singleton component. Thus, |H;| > 1 for all 1 < < 2.

Lemma 6. For a mazimal 3-CVC graph G, if [V(C;)| > 1 for all1 <i < m and a = &,
then p > 3.

Proof. Suppose that |H;| > 1 for all 1 < i < 2. Firstly, assume that p = 0. So
S = SNI. Theorem 3 implies that G is G5. hence, G35 has Ng,(z) as a minimum
cut set and G — Ng, (z) has x as a singleton component, a contradiction. We discuss
2 cases.

Case 1. p=1.

By (3.2), |S —I| =1. Welet {a;} = U?_,I;,{v} = S — I, and {as,as,...,a,} =
SN I. Therefore «; = 0 and ag = 1. Therefore a; € Hy. As |S| > 4, we have
that |S N I| > 3. By Lemma 2, we can rename the vertices in {az,as,...,a,} as
T1,%2,...,Ta_1 for which there is a corresponding path P = y1,92,...,Ya_2 such
that {x;,y;} =c G+ xjmipq for i € {1,...,a — 2}. Note that y; # a; because every
vertex y; is adjacent to a vertex of I for 1 < i < a—2. To dominate ay, y; € Hy U{v}.
We consider 2 subcases.

Subcase 1.1. The vertex v is not in the path P.

Thus V(P) C Ha, and hence x; > H; for 1 < i < a — 2. Because Ny, (v) # 0, it
follows that S is a minimum cut set. Let w € Ny, (v). Thus u > {x1,22,...,Tq—2,V}.
By Lemma 4(2) we get that uze—1 ¢ E(G). For G+uya—2. Since uro—1, Yo—2La—1 ¢
E(G). Lemma 5(1) implies that [Dy,, , N {u,ya—2}| = 1 and |Dy,, , N S| = 1.
Hence, ya—2 € Duyy, , Or u € Dy, ,. When yo_o € Dy, ,, by Lemma 1(3),
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{z1,29,...,20—2,0} N Dy, , = 0. Hence xq_1 € Dy, ,. But note that G[D,,, ,]|
is not connected. Hence u € Dy, ,. Since (G+uyq—2)[Duy, _,] is connected, x4_1 ¢
Duyy. o I 25 € Dyy,_, for all 1 < i < o — 2, then no vertex in D, , is adjacent
to 2q—1. Thus v € Dy, ,, and therefore va; € E(G). Consider G + ua;. Since
UTo—1,01Z0—1 ¢ E(G), by Lemma 5(1), |Dya, N {u,a1}| = 1 and |Dye, N S| = 1.
Hence either w € Dya, or a1 € Dya,. In the case u € Dyq,, v ¢ Dy, because
of Lemma 1(3). Since (G 4 wa1)[Dyq,] is connected, z4—1 ¢ Dya,. To dominate
Ta—1, Dua, N{x1,22,...,24-2} # 0. So Dye, NS = 0, a contradiction. Hence
a1 € Dyq,. Lemma 1(3) implies that v € Dy,,. Since (G 4 uaq)[Dygq,] is connected,
{z1,%2,...,Ta—1} N Dys, = 0. Note that D,,, NS = 0, a contradiction. Therefore,
Subcase 1.1 cannot occur.

Subcase 1.2. The vertex v is in the path P.

In this case, y; = v for some j € {1,2,...,a—2}. Hence z; > H; fori # j, and a—1
and va; € E(G). Because a1, z4—1 € I, it follows that a1 is not adjacent to z4—1. If
Za—1 18 not adjacent to the vertex w € Hy, then consider G+wa;. Lemma 5(1) yields
that |Dya, N{w,a1}| =1 and |Dyqe, NS| = 1. Thus either w € Dy,q, Or a1 € Dyyq, -
In both cases, o—1 ¢ Duya, because (G + waq)[Dyq,| is connected. If w € Dyyq,,
then Lemma 1(3) gives v & D,yq,. To dominate x4—1, {Z1,Z2,...,Za—2} N Dyqe, = 0.
S0 Dya, NS = 0, a contradiction. Hence a; € Dy, By the connectedness of
(G + wa1)[Dwa, ], Dway N{z1,22,...,24-1} = 0. To dominate z,41, v ¢ Dyq,. We
then have D.,, NS = 0, a contradiction. Thus z,_1 = Hy. Clearly x; = H; for i # j.
Note that S is a minimum cut set. Thus Ng, (v) # 0. Let v’ € Ny, (v). Lemma 4(2)
implies that v’ > S — {z;}. For G + v/ a;. By using the same arguments of G + ua1,
we get a contradiction. Therefore Case 1 cannot exist.

Case 2. p=2.

Suppose {ay,as} = U2 1;. By (3.2), we have that |S — I| = p=2. As |S| > 4, we
have |S N I| > 2, specifically, SN I # @ and {a1, az} does not dominate G. Consider
G +ay1az. Lemma 5(1) gives that |Dg,q, N{a1,a2}| =1 and | Dy, 4, NS| = 1. Without
loss of generality, assume a; € Dg,q,. By the connectedness of (G + a1a2)[Dayas]s
|(S=I)NDgya,| =1. Let {u} = (S—1)NDgyyq,. Thus ua; € E(G), uas ¢ E(G), and
u>SNI. If welet v e S—(IU{u}), then by Lemma 4(2), we have that uv ¢ E(G).
Thus a1v € E(G)

Subcase 2.1. a1 =1 and oy = 1.

Renaming vertices if necessary, suppose that a; € I1 and as € I5. Since |SNI| > 2,
there exist ag,ay € SN I. Consider G + azay. Lemma 1(2) gives that D, 4, N
{as,as} # 0. To dominate ai, Dgya, # {as,as}. Without loss of generality, let
a3 € Dgyq,.- Lemma 1(1) implies that |Dg,e, — {as}| = 1. Let y € Dy, — {as}.
To dominate {aj,as}, y ¢ U2, H,;. By the connectedness of (G + a3a4)[Dasa,],
y € {v,u}. Since uv ¢ E(G), then agu,azv € E(G). Consider G — a3 . Lemma 3(2)
implies that Dy, N{u,v} =0, and Lemma 4(1) yields that D,, NS # (). Hence there
exists z € Dy, N (S NI). Lemma 3(1) implies that |D,, — {z}| = 1. We may let
{#'} = Do, — {2}. As z € SN 1, we have z is not adjacent to a;. Hence 2z’ € H; to
dominate a;. Therefore D,, does not dominate as contradicting D,, is a dominating
set of G — a3. Subcase 2.1 cannot occur.
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Subcase 2.2. a7 =0 and ay = 2.

Hence uw = H;. Let by € Hy. Clearly {aj,b1} does not dominate G. Consider
G +a1b;. Lemma 5(1) gives that |Dg,p, NS| = 1 and either by € Dg,p, or a1 € Dy,p, .
In the first case, {u, v}NDq,p, = @ by Lemma 1(3). To dominate as, Dy,p, N(SNI) = 0.
Hence, Dy,p, NS = 0, a contradiction. Therefore, a; € Dqy,p,. To dominate H; — by
and by the connectedness of (G + a1b1)[Dayby]s (Dayp, — {a1}) C {u,v}. Lemma 1(3)
implies that v € Dg,p,. Thus v = Hy —by. Let by € Hy — {b1 }. Therefore by > {u,v}.
Consider G + a1by. Lemma 5(1) implies that we have |Dgy,p, NS| = 1 and either
a1 € Dy, or by € Dg,p,. In the first case, {u,v} N Dgyp, = @ by Lemma 1(3). By
the connectedness of (G + a162)[Daby], (SN IT) N Dyypy, = 0. Thus Dyp, NS = 0,
a contradiction. Therefore, by € Dgp,- To dominate az, (SN I)N Dyp, = 0.
Lemma 1(3) yields that Dg,p, N {u,v} = 0. Therefore Dy,5, NS = @, a contradiction
and so Case 2 cannot occur. Thus p > 3. O

By Lemma 6, we have that p > 3. By Lemma 2, the vertices in U?_, I; can be ordered
as 1, %, ...,%, and there exists a path y1,y2,...,yp—1 With {z;,v;} >c G+ z;241
fori=1,2,...,p—1.

Lemma 7. y,>SNlandy;,€S—1 foralll <i<p-—1.

Proof. Since {x;,vy;} =c G+ zjwiyr fori =1,2,...,p—land z; € I, y; = SNI.
By the connectedness of (G + 2;xi11)[Ds,,,,] and by Lemma 5(1), y; € S —1. O

Lemma 7 implies that {y1,y2,....,yp—1} € S — 1. By (3.2), (S — I) — {y1., 92,
cYp—1t =1 Let {yp} = (S —1I) —{v1, 92, .., Yp—1}-

Lemma 8. Fori,je€{2,3,...,p}, if ypxi, ypx; € E(Q), then y;—1y;—1 € E(G).

Proof.  Consider G 4 w;x;. Lemma 5(1) yields that [Dg., N {z;,2;}| = 1 and
|Dz,z; N S| = 1. Without loss of generality, let 2; € Dy, and {a} = Dy,., N S. By
the connectedness of (G + x;7;)[Dy,e,], a € S — 1. Since z; = (S — 1) — {y;-1}, it
follows by Lemma 1(3) that a = y,;_1. Since y;_1z; ¢ E(G), yj—1yi—1 € E(G). O

Lemma 9. ai,az > 0.

Proof. By the assumption that a; < a9, we can suppose for contradiction that
ay = 0. Clearly {z1,22,...,2p} € Hy and y; = H; for all 1 <i < p—1. Note that S is
a minimum cut set, so Ng, (yp) # 0. Let b € Ny, (yp). Therefore b >~ S — I. Consider
G + x1b. Lemma 5(1) yields that |D,,, 0S| = 1 and either b € D, or &1 € Dy,p.
Suppose that b € D,,,. To dominate xa, Dy,p N (S — I) # 0. Lemmas 2 and 1(3)
then imply that Dy, N (S — 1) = {yp}. So y, = {z2,23,...,2,}. Lemma 8 gives,
further, that Gy1,y2,...,Yp—1] is a clique. Lemma 7 then yields that y; > SN I for
i=1,2,...,p—1. By Lemma 4(2), y;y, ¢ E(G) for i = 1,2,...,p — 1. Therefore
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y1yp ¢ E(G). Because {z1,y1} = G+x122, 21Yyp € E(G), contradicting Lemma 1(3).
Therefore 1 € D,,p,. By the connectedness of (G + 21b)[Dy,p], Dzyp N (SN I) = 0.
Lemma 1(3) implies that Dy, N (S —I) = 0. Thus D,,, NS = (), contradicting
Lemma 5(1). O

Theorem 6. Let G be a maximal 3-CVC graph having S a minimum cut set. If a = k,
then G — S has at least one component with exactly one vertexz.

Proof.  Assume that G is a maximal 3-CVC graph with a = k. By (3.2), | —I| =
a1 + as. Suppose that G — S has no singleton component, specifically |H;| > 1 for
1 =1,2. Let a3 + a2 = p. Lemma 6 implies that p > 3, and Lemma 9 gives that
0 < a3 < ag. We also define z;, 9, ..., Ty, a path y1,y2,...,yp—1 and a vertex y, as
in the previous lemmas.

We may assume that there exist x;, z; for i,j € {2,3,...,p} such that y, € Dy,4,.
Lemma 1(1) and 1(2) then imply that either Dy, = {zi,yp} or Dy, = {25,p}.
Without loss of generality, let Dy ., = {2},9p}. Thus y, = {z1,22,...,2,} — {z:}.
Since {z;, yi} =c G+xiTi11, Yiyp € E(G). Lemma 8 yields that G[{y1,y2, ..., Yp—1}—
{yi—1}] is a clique. Since y;y;—1 € E(G), y; = S — I. Lemma 7 implies that y; >
SN 1I. Therefore y; = S, contradicting Lemma 4(2). Hence, y, ¢ D, for any
i,j € {2,3,...,p}. By using the same arguments as in the proof of Lemma 8, the
subgraph G[{y1,y2; ..., yp—1}] is complete. As y; = S NI, by Lemma 4(2), we must
have y;y, ¢ E(G) for i € {1,2,...,p — 1}. Since {z;,y:} =c G + z;x41 for i €
{1,2,...,p — 1}, 2y, € E(G). So x1 = S —I. By Lemma 4(2), SN I # 0, since
otherwise 1 > S. Let x; € H; for some i € {1,2}. Then, we consider G — z7.
Since |H;| > 1 for j = 1,2, neither D,, € H; nor D,, € Hy. Lemma 4(1) gives,
further, that D,, NS # 0. Lemma 3(2) implies that D,, N (S — I) = (. Thus
D, N (SNI)#®. Let uy € Dy, N(SNI). By Lemma 3(1), |D,;, — {u1}| = 1. Let
{w} = Dy, —{u1}. f w € H;, then uy > Hs_;. Since uy € I, az_; = 0, contradicting
Lemma 9. So w € Hs_; and uy > H; — x1. Since uy € I, I; = {z1}. It follows that
{.Z‘Q,Ig, N 7l’p} g Hg_i.

Claim 1. For all w € SN I, u does not dominate S — I.

Assume that u = S — I. For G — u, Lemma 4(1) implies that D, NS # 0. By
Lemma 3(2), we have that D, N (S —I) = (. Hence there exists v' € D, N (S NI).
Lemma 3(1) gives that |D, — {uv'}| = 1. Let {z} = D, — {«'}. To dominate z1,
z € H;. Clearly D, does not dominate I3_;, so we have a contradiction. This proves
Claim 1.

Claim 1 and Lemma 7 imply that ¥, is not adjacent to any vertex in SNI. Therefore,
yp is an isolated vertex in S.

Claim 2. y; >~ H;.

Suppose g1 is not adjacent to by € H;. Consider G+ bjz5. We see that byyy, zoy; ¢
E(G). Lemma 5(1) gives that |Dy,,, NS| = 1 and either by € Dy, 4, Or T2 € Dp, 4, .
If by € Dyp,yy, then (S — {y1,9p}) N Dy, = 0 to dominate I3_;. Since y,za €
E(G), by Lemma 1(3), yp ¢ Dp,u,- By the connectedness of (G + b1x2)[Dp, ],
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y1 & Dp,sz,. Therefore Dy, ,,NS = (), a contradiction. Hence x5 € Dy, ,. To dominate
Is_;U(SNI), Dy, z, N{Y2,¥3,-..,yp} = 0. By the connectedness of (G +b1x2)[Dp, ),
((SNI)U{y1}) N Dy, = 0. Therefore, Dy, ,, NS =0, a contradiction, establishing
Claim 2.

Let by € H; — {x1}. Recall that u; > H; — x;. Clearly bju; € E(G). By Claim 2
and Lemma 2, by = {y1,92,...,Yp—1} U{u1}. Consider G — b;. Lemma 4(1) implies
that Dy, NS # 0. Lemma 3(2) gives that Dy, N ({y1,v2, ..., yp—1} U{us}) = 0. If
there is us € Dy, N((SNT)—{u1}), then, by Lemma 3(1), let {y/} = Dy, — {u2}. To
dominate x1, ¥y € H;. Thus D;, does not dominate zo, a contradiction. Therefore,
{yp} = Dy, N S. Note that y, is an isolated vertex in S, so by Lemma 5(2), at least
one of Cj is a singleton component, a contradiction. O

Theorem 6 leads to the following corollary.

Corollary 1. If G is a mazimal 3-CVC graph and o = K, then k = 0.

Proof. Theorem 6 implies that G — S has a component containning exactly one
vertex. Renaming if necessary, we let V(C;) = {c}. Hence Ng(c) C S. Thus,
0 < degg(c) <|S| =k <4 O

Now we give the construction of the class G4(s) of maximal 3-CVC graphs with
a < k and K < ¢ in order to show that the condition o = & is needed in Corollary 1.
We may let R, T, W, and Z be disjoint sets of vertices where R = {ry,ra,...,7s},
T ={t1,to,...,ts}, W ={wi,wa,...,ws}, Z ={21,22,...,2s}, and s > 3. Note that
we can construct a graph G in the class G4(s) from R, T, W, and Z by adding edges
depending on the join operations:

efor1<i<s,r;,VRUTUW —{r;t;},

Ld ti\/RUWUZ—{wi,Ti},

w; VRUTUZ — {t;,2},

ziVZUTUW ={z;,w;} and

adding edges so that the vertices in R and Z form cliques.

It can be checked that, for 1 < i <'s, Ng(r;) = RUTUW — {r;,t;}, Na(t;) =
RUWUZ*{’UJZ',T’Z'}, NG(’U}Z) = RUTUZ*{Q, Zi}7 and Ng(Zl) = ZUTUW = {Zi, wl}
Note that the sets T' and W are independent. Figure 2 shows a graph G, where the
double lines joining between two sets mean that every vertex in one set is joined to
all vertices in the other set.

Lemma 10. If G € Gu(s), then G is a mazimal 3-CVC graph.
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Figure 2. A graph G in the class G4(s)

Proof. Note that {ri,ta, w2} =. G. Thus 7.(G) < 3. Let u,v € V(G) such that
{u,v} ». G. Suppose that i € {1,...,s}, and let u = r;. To dominate the set Z, we
have that v ¢ R. For v € T, we have, by connected, v # t;. Hence {u,v} does not
dominate ¢;. To dominate Z, we have that v ¢ W. Hence v € Z implying that the
subgraph G[{u, v}] is disconnected, a contradiction. Thus, {u,v} N R = . Note that,
by symmetry, {u,v} N Z = 0. Thus {u,v} C T UW. Renaming vertices if necessary,
assume that v = ¢;. Then, by connected, v € W — {w;}. Therefore {u,v} does not
dominate w;. Thus 7.(G) = 3.

To consider the criticality, we let u,v € V(G) such that uv ¢ E(G). For 1 <i < s,
if {u,v} = {ry,t;}, then Dy, = {ry, t;}. If {u,v} = {t;,w;}, then Dy, = {t;,w;}. If
{u,v} = {w;, z;}, then Dy, = {w;, 2} For 1 <i#j <s, if {u,v} = {t;,¢;}, then
Dy, = {t;,r;}. I {u,v} = {w;,w;}, then D, = {w;, z;}. If {u,v} = {r;, 2} where
le{l,2,...,s}, then Dy, = {r;,z}. Thus G is a 3-CEC graph. Let v € V(G). For
1<i#j<s,ifu=r; then D, = {t;,2;}. If v==¢;, then D, = {t;,r;}. If v =w;,
then D, = {z;,w;}. Finally, if v = z;, then D, = {w;, r;}. Therefore G is a maximal
3-CVC graph. O

Note that G has T as a maximum independent set and has T"U W as a minimum
cut set. Hence a = s < 2s = k. Furthermore, for all v € V(G), G is a regular graph
with deg(v) = 3s —2 . Because s > 3, it follows that § = 3s —2 > 2s = k. Thus,
« = k is needed to prove Corollary 1.

Finally, we consider the Hamiltonian property of maximal 3-CVC graphs. Using
Theorem 1, we obtain that:

Corollary 2. Let G be a 3-connected mazimal 3-CVC graph G. If k < &, then G is
Hamiltonian-connected.

Proof. Let k < §. Theorem 5 and Corollary 1 then yield that @ < . Hence
Theorem 1 implies that G is Hamiltonian-connected. O
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Therefore, to prove that every 3-connected maximal 3-CVC graph is Hamiltonian-
connected, we need only prove the following conjecture.

Conjecture 7. For any 3-connected maximal 3-CVC graph G, if o = k = 4, then G is
Hamiltonian-connected.
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