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Abstract: Let X = (G, 0) be a signed graph with adjacency matrix A(X) and D(G)
be the diagonal matrix of its vertex degrees. For any real o € [0, 1], the An-matrix of a
signed graph ¥ is defined as Ao (2) = aD(G) + (1 — a)A(X). Given a signed graph ¥
with vertex set V' = {v1,v2,...,vn}, the k-splitting signed graph Si (X) of ¥ is obtained
by adding to each vertex v € V(X) new k vertices say uwl,u?,... u* and joining every
neighbour say u of the vertex v to u?, 1 < i < k by an edge which inherits the sign from
wv. In this paper, we determine the Aq-spectrum of Sk (X) in case of ¥ being a regular
signed graph. For k = 1, we introduce two distinct coronas of signed graphs ¥; and ¥
based on S1(21), namely the splitting V-vertex neighbourhood corona and the splitting
S-vertex neighbourhood corona. By examining the A,-characteristic polynomial of the
resulting signed graphs, we derive their A,-spectra under certain regularity conditions
on the constituent signed graphs. As applications, we use these results to construct
infinite pairs of nonregular A,-cospectral signed graphs.

Keywords: signed graph; k-splitting signed graph, regular signed graph, net-regular
signed graph, A,-matrix, cospectrality.

AMS Subject classification: 05C22, 05C50
1. Introduction

Let G be a simple graph of order n with vertex set V(G) = {v1,va,...,v,} and the
edge set E(G). The signed graph ¥ = (G, 0) is a graph G together with a function
o: E(G) — {41, —1} called the signature of G. If o(e) = 1 (respectively, o(e) = —1)
for every edge e, then o is called the all-positive (respectively, all-negative) signature
and ¥ = (G, 0) is called an all-positive (respectively, all-negative) signed graph. The
underlying graph G is interpreted as a signed graph where all its edges are positive.
The degree of a vertex v in X is its degree in G. The number of positive edges incident
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156 On the A,-spectrum of the k-splitting signed graph

with a vertex v is the positive degree of v, denoted by d;f and the number of negative
edges incident with v is the negative degree of v, denoted by d;, . The net degree d"¢
is the difference between positive and the negative edges incident with v. Accordingly,
¥ is s-net-regular if d7**=s, for every vertex v of ¥. Finally, ¥ is co-regular (or (r, s)-
co-regular) if the underlying graph G is r-regular and ¥ is s-net-regular [4]. For other
basic notions and concepts, see [15].

For a signed graph ¥ with vertex set V and U C V, XV denotes the signed graph
obtained from ¥ by reversing the sign of every edge between U and V(G)\U. We say
that ¥ and XV are switching equivalent. In matrix terminology, the signed graphs
Y and Y/ are switching equivalent if there exists a diagonal matrix X with 41 on
the main diagonal such that A(Y') = X 1A(X)X. Two signed graphs are switching
isomorphic if one of them switches to a signed graph that is isomorphic to the other
one.

Let A(G) be the adjacency matrix of G and D(G) the diagonal matrix of vertex
degrees of G. In [11], Nikiforov introduced the A,-matrix as the convex linear com-
bination of D(G) and A(G), that is A, (G) = aD(G) + (1 — a)A(G) where « € [0,1].
Various results on A,-matrix can be seen in [7, 8, 12, 13]. The adjacency matrix
A(X) = (asj) of a signed graph ¥ is an n x n matrix in which a;; = o(v;v;) if v;
and v; are adjacent and 0 otherwise. The eigenvalues of ¥ are identified to be the
eigenvalues of A(X) and they form the spectrum of ¥. The eigenvalues of the ad-
jacency matrix A(X) of a signed graph ¥ are denoted by A1 (X), A2(X), ..., A\n(2).
In [2], Belardo et al. introduced the notion of A,-matrix in signed graphs and defined
it as Ao (2) = aD(G) + (1 — a)A(X) where a € [0,1]. Pasten et al. [14], studied
some basic properties of A, (X) and obtained some bounds for its eigenvalues. The
A,-characteristic polynomial |zI — A,(X)| and the eigenvalues of the A,-matrix of
a signed graph ¥ are denoted by ¢x(z) and A1 (Ax (X)), Aa(An(X)), ..., An(Aa(2)),
respectively. The set of all eigenvalues of A, (%) together with their multiplicities is
called the A,-spectrum of ¥.. Two signed graphs are cospectral (resp. A,-cospectral)
if they are not switching isomorphic, but share the same spectrum (A,-spectrum).

Until now, researchers have explored the A,-spectrum of various graph operations.
For instance, in [6], Li et al. studied the A,-spectrum of graph products, Tahir et
al. [20], studied the A,- eigenvalues of coronae graphs. Some other results on A,-
spectrum of graph operations can be seen in [1, 16]. Recently, the spectra of some
graph operations based on splitting graph have been studied in [5, 9]. Also some
recent work on spectra of signed graphs can be seen in [18, 19].

Motivated by the above works, in this paper we first define the k-splitting signed
graph Si(2) of ¥ and determine its A,-spectrum in case of ¥ being regular. We
introduce two distinct coronas of signed graphs 3; and X based on S1(21), namely
S1(X1)VEa-the splitting V-vertex neighbourhood corona and S1(31)VYs-the splitting
S-vertex neighbourhood corona. By examining the A,-characteristic polynomial of
the resulting signed graphs, we derive their A,-spectra under certain regularity con-
ditions on the constituent signed graphs. As applications, we use these results to
construct infinite pairs of nonregular A,-cospectral signed graphs.
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Figure 1. The k-splitting signed graph of a signed triangle with one negative edge and k = 3. Negative
edges are dashed.

2. A,-spectrum of k-splitting signed graph

We will use the symbols O, I and j to denote the all-zero matrix, the identity matrix
and the all-one column vector, respectively. In all cases, the size may be given in the
subscript.

The Kronecker product A® B of two matrices A = (@;j)mxn and Bpx4 is the mp x ng
matrix obtained from A by replacing each element a;; by a;;B. This is an associative
operation with the property that (A®B)T = AT®@ BT and (A®B)(C®D) = AC®BD
whenever the product AC and BD exist. The later implies (A® B)~! = A~' @ B!
for non-singular matrices A and B. Moreover, if A and B are n xn and p X p matrices,
then det(A ® B) = (det A)P(det B)".

The M-coronal s (z) of an n X n square matrix M is defined to be the sum of the
entries of the matrix (zI,, — M)~1, that is, xas(x) = jI (21, — M)~ 1j, [10]. If M has
n

a constant row sum [, then xas(z) = *5.

Lemma 1 (Schur complement formula, [3, Lemma 2.2]). Let A1, A2, A3, A4
be, respectively, p X p, p X q, ¢ X p, ¢ X q matrices, with A1 and A4 invertible. Then

det (Al A2> = det Ay - det(A; — Az Ay~ " As)
As Ay

=det A; - det(A4 — A3A171A2).

Let ¥ = (G, 0) be a signed graph with vertex set V(G) = {v1,v9,...,v,} and edge
set E(G) with |E(G)| = m. The k-splitting signed graph S (%) of ¥ is obtained by
adding to each vertex v € V(%) new k vertices say ul, u?
neighbour say u of the vertex v to u?, 1 < i < k by an edge which inherits the sign
from wv. The signed graph S (X) has n(k+1) vertices and m(2k+1) edges. Note that
for k = 1, the signed graph S;(X) is called the splitting signed graph of ¥ [17]. An
example of k-splitting signed graph is illustrated in Figure 1. We label the vertices of
Si(2) as follows. Let V(G) = {v1,va,...,v,} and {u},u?,... ,uF} denote the vertex
set added corresponding to vertex v; for 1 < i < n. Let VI(G) = {u{}v%, coovl

,...,u" and joining every
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1 <j <k. Then
V(G UVHG)UVHG)U...uVHG) (2.1)

is the partition of V(Sk(X)). The degree of the vertices of Si(X) are

ds,(z)(vi) = (k+1)ds(v;), for i=1,2,...,n and
dsk(g)(ug) =ds(v;), for i=1,2,....,.nand 1 <j<k.

In the following theorem, we show that the operation on X, resulting in a k-splitting
signed graph S (X) preserves the switching equivalence.

Theorem 1. If 31 and X2 are switching equivalent signed graphs, then Sk(X1) and
Sk(22) are also switching equivalent.

Proof. Given that ¥; and X, are switching equivalent, therefore A(X;) =
X~1A(X2)X, for some switching matrix X. We have

A(Z1) A(S1) ... A(Zy)
A(Zl) Onxn Onxn
Ay =T
A(El) Onxn --- Onxn
X LAE)X X TAE)X ... X 1AS)X
XilA(ZQ)X Onxn Onxn
X 1AE)X  Onxn .-« Opxn
X1 o .. o A(S2) A(S2) ... A(S2)\ /X O ... O
o x' .. o A(Z2) Onxn - Onxn O X ...0
O O ... X7/ \A(Z2) Onxn .- Onxn OO0 ..X
=D~ A(Sk(£2)) D,
and we are done, since the adjacency matrices are switching similar. O

Next, we compute the A,-spectrum of Sk(X) when X is r-regular. Observe that
if A\(X) is an eigenvalue of r-regular signed graph X, then ar + (1 — a)A(X) is the
A, -eigenvalue of X.

Theorem 2. Let X be the r-reqular signed graph with n vertices and eigenvalues A1 (2),
A2(X), ..., An(X). The Aa-spectrum of Sk(X) consists of
(i) ar with multiplicity (k — 1)n and

(i) the roots of * — ((k+2)ar + (1 — a)Xi(X))z + ar((k+ Dar+ (1 —a)Xi(X)) — k(1 —
@)?\i(2)?, fori=1,2,...,n.
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Proof.  'With the partition (2.1), the A,-matrix of Si(X) is

(k+ Darln + (1 — DAE) (1—a)A®) ... (1—a)AE)
(1 — O()A(E) OéT‘In e Onxn
Au(S6(5) = | o
(1—)A) Onsn oo arly

The corresponding A,-characteristic polynomial is given by

(bsk(g)(m) = det (II(kJrl)n — Aa(SPk(E)))

(@ — (k+ Dar) I, — (1 - )AE) —(1— a)AE) ... —(1—a)A(x)
—(1-a)A(%) (x—ar)l, ... Opnxn
= det : : :
—(1- ;M)A(E) On.xn e (z—an),
By performing row operations R; + ;:()’;A(E)Ri — Ry, fori=2,3,....k+ 1, we
have
(@—(k+1Dar)l, — (1—)A®) - 2= 42 0,0, ... Opn
—(1—-a)A(Z z—ar)l, ... Onxn
b5, (@) = det ( : JA(E) ( : ) )
—(1-a)AX) Onxn ... (x—ar)],
o oD (@ — (k+ ar)l, — (1 - )A(D) — M= 452 0,
= (& — o) det ( —(1— a)A(%) (x —ar)l,
= (z — ar)* det <(x — (k+ Dar)ln — (1 — a)A(D) — kil%;?z/l(ilf)

= (z —ar)k~bn H (cz:z —((k+2)ar+ (1 —a)X(X)z + ar((k+ Dar + (1 — a)Xi())

=1

— k(1= a)*\i(2)%),

completing the proof. O

From Theorem 2, we observe the following.

Remark 1. If 3; and X5 are cospectral r-regular signed graphs, then S (21) and Sk(32)
are An-cospectral for all k € N and a € [0, 1].

It is worth mentioning that every pair of regular graphs, say G; and G2, with the
same number of vertices and the same vertex degree gives rise to a pair of cospectral
regular signed graphs constructed in the following way: (1) insert a parallel negative
edge between every pair of adjacent vertices of both graphs, (2) their signed line graphs
are cospectral. This construction is obtained in [18, 19], and to our knowledge, there
is no analogous counterpart for this method within the scope of ordinary graphs.
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Figure 2. The splitting-V vertex neighbourhood corona and the splitting-S vertex neighbourhood corona.

3. Neighbourhood coronas based on splitting signed graph

Throughout this section, we deal with two signed graphs, ¥; = (G1,01) and Yo =
(G2, 09) and assume that 3; has n; vertices and m; edges, for i € {1,2}. Also, let
S(X1) = V(S1(Z1)\V(%1).

Definition 1. The splitting-V vertex neighbourhood corona Si(X1)VEs of ¥1 and s is
the signed graph obtained from S1(31) and n; copies of ¥ by joining each neighbour, say u,
of the vertex v; € V(31) to every vertex in the ith copy of 32 by an edge which inherits the
sign from v;u. The signed graph S1(31)VXs has nq(ns + 2) vertices and m1(4ns +3) +nimo
edges.

Definition 2. The splitting-S vertex neighbourhood corona S1(X1)V32 of 31 and Xs is
the signed graph obtained from S1(X1) and n1 copies of X2 by joining each neighbour, say u,
of the vertex u; € S(X1) to every vertex in the ith copy of ¥2 by an edge which inherits the
sign from u;u. The signed graph S1(21)VXs has ni(ng +2) vertices and m(2n2 +3) + nimo
edges.

The above definitions are illustrated in Figure 2 with 3; = K, and Y3 = K».

3.1. A,-spectrum of the splitting-V vertex neighbourhood corona

Let ¥ = (G1,01) and X9 = (G, 02) be two signed graphs on disjoint sets of n; and
ngy vertices, respectively. We label the vertices of S1(21) as V(1) = {v1,v2,...,0n, },
S(X1) = {uy,uz,...,un, }, and the vertices of Xy as V(23) = {w1,wa, ..., wn,}. Let
V;i(22) = {w],w), . .. ,wj,, } denote the vertex set of jth copy of X3. Then the partition
of vertices of S1(31)VEs is given by

V(El)US(El)le(EQ)U...UVnQ(Eg), (31)

where V;(32) = {w},w?,...,w!}, 1 < i < ng. The degree of the vertices of
51(21)\722 are

ds1(21)\722 (’Ul) = (ng + Q)dzl ('Ui), fOI‘ 7 = 1, 2, ey Ny,
dS1(E1)\722 (uz) = (’I’Lg + 1)d§]1 (Ui), for i=1,2,...,n1 and
dsl(zl)\yzz(w;—) =2y, (v;) +ds,(w;), for i=1,2,...,n1,1 <j < no.
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Now, we compute the A,-characteristic polynomial of S;(¥1)VX; in case of 31 being
regular and Yo any arbitrary signed graph.

Theorem 3. Let 31 be the ri-reqular signed graph with ni wertices and eigen-
values A1 (X1),A2(21), ..., n, (1), and X2 be the signed graph with ma vertices having
An-eigenvalues A1 (Aa(X2)), A2(Aa(X2)), ..., Any(Aa(B2)). Let xa,(z,)(x) be the An(X2)-
coronal of ¥o. Then, for each a € [0, 1], the As-characteristic polynomial of S1(21)V2 is

n2 ni

b5 (z1)vs, () = H (.Z' — 201 — )\i(Aa(Zz)))nl H (3:2 — (am(nz +1)+alns+2)+2(1— a)2

“XAa(52) (T — 2ar1)/\¢(21)2 +(1- Oé))\i(21))$ + (a(ng +2)+ (1 —a)Xi(Z)
+(1- a)ZXAQ(ZZ)(ac — 2ar1)/\i(21)2) (am(nz +1)+ (11— Ot)QXAQ(Z2)($ — 2ary)
(1)) = (1= Xi(E1) + (1= a)*xan ) (@ - 2047"1)>\z‘(21)2)2)~

Proof. With respect to the partition (3.1), the adjacency matrix of S1(¥X1)VEs can
be written as

. A(Zy) A(Zy) A1) ® 8,
A(Sl(Zl)VZQ) = A(El) Onxn A(El) ®j112
A(El) ®jl'12 A(El) ®jl'12 Inl ® A(EQ)

Let D be the diagonal matrix of vertex degrees of ¥5. The diagonal matrix of vertex
degrees of S1(31)VEs is given by

71 (Tlg + Q)Inl @) @)
D(Sl(El)\/Eg) = O 7'1(7’12 + I)Inl 0]
0 0 I, ® (2riI,, + D)

Therefore, the A,-matrix of S1(X1)VXs is given by A, (SP1(31)VYs) =

ari(ng +2)1,, + (1 — a)A(3) (1—-a)A(%y) (1-a)A(E1) ®J],
(1—-a)A(%) ary(ng + 1)1, (1-a)A(E1) ®J],
(1= a)A(Z1) ® jn, (1= )AZ1) ®jny Iny ® 2arily, + Aa(E2))

The Ag-characteristic polynomial of S1(31)VYs is

05,375 (@) = det (Lan, 1ys — Aa(S1(B1)VE)) =
(z—ari(m2+ D), — (1= AE)  —(1-)A(Z) ~(1-a)A®) @1,
det —(1—a)A(Z)) (x —ary(ng + 1)1y, —(1-a)A(Z1) ®Jh,
~(1 - A1) @ jug ~(1= AR @dng Ly ® (& — 2071, — Aa(2)
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By performing row operations )
Ri+ (1 - a)A(Z1) ®JL,) (In, ® ((z — 2ar1) I, — Aa(22))) Rs — Ry,i € {1,2} and
using Lemma 1, we obtain

05, (910w, (2) = det (L, @ ((z = 207) L, = Aa(S2)) ) det(M)

=[] (& — 20m1 = \i(Aa(E2)))"" det(M), (3.2)
i=1
B M, M)\
where det(M) = det <M3 M4) with

My = (z —ari(ng +2))1n, — (1= a)A(Z1) = (1 = @)*xa, (2, (& — 2a71) A(E1)?,
M2 = M3 = —(1 — O[)A(El) — (1 OL) XA, (22)(1' — 20[’/"1)A( )2 and

My = (z—ari(ne + 1)1, — (1 —a)*xa, (32) (T — 2ar1)A(S1)2.

Again, using Lemma 1, we have det(M) = det(My) det(M; — My M, * M3), that is

det(M) = det ( 2 —ary(na + 1), — (1 — a)xa, ) (@ — Q%)A(zlf)
- det ( (@ — ary(ny +2)) T, — (1 — a)A(S1) — (1 — @)y 4, (s (@ — 20m) A(3;)?
— (1= @) A(Z1) + (1 — @)*Xa, (5 (& — 2071) A(34)?)
((z = ari(ng + 1)) In, = (1= @)’xa,m,) (@ — 2011)A(E1)?)
(1= @A) + (1= a)xa (o) (2 — 20) A1) )

-1

ni

=11 (= ara(ns +2) = (1 = A (B1) = (1= )P (@ — 20m)Ni(51))
(2 —ari(na +1) — (1 — @)?xa, (s, (7 — 2ar1)A(51)?)
— (1= )N (B1) + (1 — @) xa, (20 (@ — 2ar1)/\¢(21)2)2>

= ]n_[1 (2 = (ara(na + 1)+ iz +2) +2(1 = 0)*xa, (5 (& = 20m) N (1) + (1 - )
“Ai(Z1)z 4 (a2 +2) + (1 — a)Xi(S1) + (1 — )’ xa, (z0) (@ — 20r1)Ai(1)?)
(ari(ne +1) + (1= a)®Xa, () (@ — 20m1)i(51)%)

— (1= N1 + (1= 0)xa () (@ — 20)A(51)?)°).

Using the value of det(M) in equality (3.2), the result follows. O

If ¥y is a co-regular signed graph, then we have the following observation.
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Corollary 1. Assume that under the assumptions of Theorem 3, X2 is co-regular signed
graph with co-regularity pair (ra,s2) and Ap(Aa(X2)) = ars + (1 — a)sa2 for some fized
k (1 <k <mn2). The Ay-spectrum of S1(%1)VE2 consists of

(i) 2ar1 + Ni(Aa(X2)) with multiplicity nq, fori € {1,2,....,k—1,k+1,...,n2} and

(ii) the roots of x® — (2aT1 +ars+(1—a)se+ari(ne+1)+a(ne+2)+ (1 —a))\i(Zl))ac2+
((a7'1(nz+1)+a(n2+2)+(17a)/\¢(21)) (2ar1+ars+(1—a)s2) —2na(1—a)? X (51)° +
ari(n2 + 1)(04(712 +2)+(1- oz))\i(El)) —(1- a)2)\i(21)2)x —ari(nz + 1)(2ar: +
ars + (1 — a)SQ)(a(ng +2)4+ (1 - a))\i(El)) + na(1 — a)zAi(Zl)Q(a(ng +2)+ (1 -

a))\i(El)) +an2r1§1 — a)z(nz + 1))\2-(21)2 +(1- a)2(2ar1 +ars+(1— a)32)/\i(21)2 —
2na(1 — @)3Xi(21)3, fori€ {1,2,...,m}.

Proof.  Since %5 is (rq, $3)-co-regular and hence each row sum of the matrix A, (Zs)
equals ary + (1 — a)sa, the coronal of the A, (¥2)-matrix is xa,(s,)(z — 2ra) =
w72T1a7T237(17Q)52. For brevity, we put 8 = 2rja + raa + (1 — a)s2 and using the
value of x4, (s,) (% — 2r1a) in Theorem 3, we have

22— <ar1 (n2 +1) 4+ a(na +2) +2(1 — a)?xa, () (& — 20m)Ni(Z1)? + (1 — a)/\i(El))x

+ (a(nz +2) 4+ (1= )Mi(S1) + (1 — @)X, s (@ — 2(17"1)/\1-(21)2) (arl(nz 1)
+ (1= )X A, (20 (@ — 2a7'1))\i(21)2) - ((1 —)A(B1) + (1 — a)xa, s (@ — 2ar1))\i(21)2>2

-2 (arl(TLQ +1) +alng +2) +2(1 — a)meﬁAi(zl)? +(1- a)Ai(El))m

T (a(ng 1)+ (1—a)X(D1) + (1 — a)z%&(zlf) (am(nz +1)+(1- a)z%&(&f)

T —

_ ((1 —a)\(Z1) + (1 — a)zxri?ﬁ)\,;(EﬂZ)z
1

= (z — B)2 (‘”2(1 - B)* - (OéT1(7L2 +1) +a(n+2)+ (1 —a)X(Z1))(z — 8)%x

= 2n2(1 — @)®X(Z1)%(z — B)z + ari(nz + 1) (a(n2 + 2) + (1 — &) Xi(Z1)) (= B) + (1 — a)?
Ai(Z1)? (alng +2) + (1= a)Xi(E1)) (@ — B) + arinz(ng + 1)(1 — a)*Ai(E1)(z — B) + 13
(=) N(E)! = (1= @)’ Ni(Z0)* (@ = B)? = n3 (1 — @) A (B1)*! — 2n2(1 — 01)3/\ (Z1)*(z — 5))
i 3 <x2(1 —B) = (ari(na+ 1)+ alng +2) + (1 — oz))\i(El))(gc2 — Bx) — 2np(1 — a)?Xi(%1)?
sz +ari(ng + 1) (a(nz +2) + (1 — )X (21)) (x — B) + n2(1 — a)*Xi(21) (a(nz +2) + (1 — @)

. )\,(El)) + (](Tlng(ng + 1)(1 — (1)2)\,(21)2 — (1 — (1)2)\,(21)2(33 — B) - 2n2(1 — C!)?’)\i(El)S)

- 5 (a0 = (B o+ 1) + a2 +2) + (1= A(S1))a® + (Blars(na +1) + afna +2)

+ (1= a)Ai(Z1)) — 2na(1 — )2 XN(21)% + ari(ne + 1) (a(ne +2) + (1 — )X (21)) — (1 — a)?

: )\,;(21)2>r — Bary(ns + 1) (a(nz +2) + (1 — A)A(S1)) + n2(l — a)2Xi(51)2 (a(ng + 2)

+ (1= )M\ (Z1)) + angry (1 — a)2(ns + DA(Z1)2 + B(1 — a)?\i(51)? — 2na(1 — a)3)\2-(21)3>.
(3.3)
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Also
I (= = 2071 = Ai(Aa(22)))" = (z = B)™ [] (= — 20m1 — Mi(Aa(Z2))™. (34)
=1 7k

In view of equalities (3.3) and (3.4), the result follows. O

Now in the following corollary, we obtain the A,-eigenvalues of S1(31)VXs, where
Yo = K;;q

Corollary 2. Suppose that under the assumptions of Theorem 8, Lo = K, ,, a complete
bipartite signed graph with all negative signature. The Aq-spectrum of S1(21)VX2 consists

of
(i) a(2r1 4 p) with multiplicity n1(q — 1),
(#) a(2ry + q) with multiplicity ni(p — 1) and
(i) the four roots of the equation Pij(x) = 0 for each i € {1,2,...,n1}, where Pi(z) is

. . —2ar)—a(p?+q?)—2(1—
gt by (3.9 with o o~ 20m) = (PSS

Proof.  The A,-matrix of K is given by

nat = (Lot e,

1—a)dgxp aply
where Jpxq is a matrix of all ones. Let

_((ly—ap— (1 —a)g)], Opxq
X= ( Ogxp ’ (yfaq *p(l *a)P)Iq) '

We have

(o = Az ) Xpa = ({17500 () (0= om = (o)l
(( —a p + @y + (2 — l)pq)jp)
(¥% —alp+ 9y + 2o — 1)pg)iq
2

=? —al@+ 9y + (2a —1)pg)Ipiq,

XJpiq

. . _ -1
implying that (ylp1q—Aa(K,,)) Jpiq = i e v Gy

Py
of the A, (K, ,)- matrlx is given by

Hence, the coronal

XAa(Ez)(y) :J;-‘,-q (yIp+q - Aa(Kpiq))ilJp+q
_ J1T3+qXJP+q
Sy —alp+qy+ (2a—1)pg
(p+@y—a@®+¢*) —2(1—a)pg
-y —alpt+Qy+ (a—1)pg

(3.5)
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Further, the A,-characteristic polynomial of K, is given by

(W= a0k, (1= @),
¢Kp_,q(y) = det ((1 —a)Jgxp (y—ap)ly )

1
= det ((y - O“I)Ip) det ((y —ap)ly—(1- O‘)JqXpm(l - a)Jpxq)
p(l — a)?
= (y — aq)P det ((y — ap)I, - 22—
(y — aq)’ de ((y ap)ly Y — ag quq)
= (y—ap)" 'y — aq)’" ' (y* — alp+ q)y + (2a — 1)pq). (3.6)
Using (3.5) and (3.6) in Theorem 3, the result follows. O

Finally, to conclude this subsection, we provide a construction of new pairs of A,-
cospectral signed graphs.

Remark 2. Let X; and ¥} be two cospectral r-regular signed graphs, and X2 be any ar-
bitrary signed graph. Then the signed graphs S1(31)VX2 and S1(37)VZ2 are A,-cospectral
for all « € [0,1].

Let X1 be r-regular signed graph, ¥ and X% be two A,-cospectral signed graphs with
XAq(S0) (T — 2ar) = Xa, (5 (x — 2ar) for all a € [0,1]. Then the signed graphs S1(Z1)VE2
and S1(21)VX5 are A,-cospectral.

3.2. A,-spectrum of the splitting-S vertex neighbourhood corona

We use the vertex labelling fixed at the beginning of the subsection 3.1. The degree
of the vertices of S1(X1)VXs are

d31(21)V22 (1]1') = (TLQ + 2)d21 (Ui), for i=1,2,...,nq,

ds,(syyvs, (Ui) = ds, (vi), for i=1,2,...,n; and

d51(21)vz2(w;') = dEl(Ui) +d22(wj), fOI‘ 7= 1,2,. .o,N, 1 S j S no.

We compute the A,-characteristic polynomial of S1(X1)V3a, but with less details in
the proof.

Theorem 4. Let X1 be the ri-regular signed graph with ni wvertices and eigen-
values A1(X1),A2(Z1),...,An, (Z1), and o be the signed graph with na vertices having
Aq-eigenvalues A1(Aa(22)), A2(Aa(X2)), .-, Any (Aa(B2)). Let xa,(z,)(x) be the Aq(X2)-
coronal of Xa. Then, for each o € [0,1], the Aq-characteristic polynomial of S1(X1)VEa
is

b5 (z1)vs, (T) = H ((m - oerl)(m —ari(na+2)—(1—a)\i(Z1) — (1 - a)Q)\i(El)2
XA (s (T —ary)) = (1 - a)QAi(Elf) [ @—ar —x(Aa(z2))".

i=1
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Gs G

Figure 3. G2 and G’2 are cospectral 4-regular graphs.

Proof. With respect to the partition (3.1), the A,-matrix of S;(X1)V3s can be
written as

ary(ng +2)I,, + (1 — )A(Z1) (1—-a)A(Z1) (1-a)A(X1) ®j],
Aa(S1(Z1)VE2) = (1—-a)A(%:) arily, Onyxny @35,
(1 - O‘)A(El) ® Jna Onyxny ®@Jny In, ® (O”"llnz + AQ(EZ))

From this we obtain

D5, (m1)vss (#) = det (212n, ynyn, — Aa(SPL(X1)VED))
=det (I, ® ((x — ary) I, — Aa(32))) det(M), (3.7)

where

det(M) = det ((:L —ari(ng +2)) 1, — (1 — a)A(S1) — (1 — a)®xa, (s, (& — ar1)A(S1)? —(1— u)A(21)>

—(1—-a)A(%y) (z — ari) Iy,
= (z — ary)™ det ((x —ari(na +2)) 1, — (1 — a)A(Z1) — (1 — @)X, () (x — ar1)A(S1)?
)

= H <($ —ar)(z—ari(ng +2) — (1 —a)\(Z1) — (1 - a)z)\i(El)zan(gﬂ(x —ary))
i=1

— (1= aPN(E0)?).

Using the value of det(M) in equality (3.7), the result follows. O

Corollary 3.  Assume that under the assumptions of Theorem 4, Yo is a co-reqular
signed graph with co-regularity pair (r2, s2) and A\g(Aa(X2)) = are+ (1 —«a)s2 for some fized
k (1 <k <na2). The Aq-spectrum of S1(X1)VE2 consists of

(i) ar1 + Xi(Aa(X2)) with multiplicity na, fori € {1,2,....,k—1,k+1,...,n2} and

(ii) the roots of x® — (am(ng +2)+ (1 —a)\(Z1) +art +a(ri +72) + (1 — a)sz)m2 +
((arl +a(ri+r2)+(1— a)SQ)(arl(ng +2)+(1- a)/\i(El)) + ari(a(ri +r2) + (1 —
a)s2) —na(1— a)2)\i(21)2 —(1- a)2)\¢(21)2)x —ari(a(ri+r2)+ (1 - a)sz)(arl (n2+

2) +4 (1 — Q)Az(zﬂ) +4 amng(l — Oé)2>\7;(21)2 4 (CM(Tl + 7'2) +4 (1 — Ot)SQ)(]. — Oé)ZAi(Z1)2,
forie{1,2,...,n}.



S. Pirzada, M.R. Rashid 167

Sy (K3 )VGs Sy (K3 VG

Figure 4. Pair of A,-cospectral signed graphs S1(K; )VG2 and S1(K; )VG).

\
Ve

N
~----a

81 (K5 VG S1(K5 )VGy

Figure 5. Pair of A,-cospectral signed graphs S;(K; )VG2 and S;(K, )VG5.

Proof.  Given that ¥, is (ro,sz)-co-regular and hence x4, (s,)(z — ar;) =
w_a(rﬁg")’_(l_a)sz. By plugging in the value of x 4, (s,)(* — ari) in Theorem 4 and
engaging in straightforward calculations yield the desired result. O

Remark 3. Let X; and ¥} be two cospectral r-regular signed graphs, and X2 be any ar-
bitrary signed graph. Then the signed graphs S1(31)VX2 and S1(27)VZ2 are A,-cospectral
for all « € [0,1].

Let X1 be r-regular signed graph, 32 and X5 be two As-cospectral signed graphs with
XAa(52) (T — ar) = Xa,(zy)(z — ar) for all a € [0,1]. Then the signed graphs S1(X1)VX;
and S1(X1)VE5 are Aq-cospectral.

Example: Let ¥ = K, , Y2 = G5 and ¥}, = G, where G2 and G}, are the graphs
in Figure 3. It is known from ([21], preposition 3) that G2 and G are a pair of
cospectral 4-regular graphs. In view of Remark 2 and 3, the signed graphs

(i) S1(K5 )VGsy and S; (K, )VGY are A,-cospectral shown in Figure 4 and

(i) S1(K5)VG2 and S1(K5 )VG, are Ay-cospectral shown in Figure 5.
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