COMMUNICATIONS IN COMBINATORICS AND OPTIMIZATION CCO
Vol. 11, No. 1 (2026), pp. 297-306
https://doi.org/10.22049 /cco.2024.29624.2091 COMMUN. CoMB. OPTIM.

Research Article

On the energy of the line graph of unitary Cayley graphs

Fateme Movahedi

Department of Mathematics, Faculty of Sciences, Golestan University, Gorgan, Iran
f.movahedi@gu.ac.ir

Received: 1 April 2024; Accepted: 9 July 202/
Published Online: 17 July 2024

Abstract: The energy of a graph G is the sum of the absolute values of the
eigenvalues of its adjacency matrix. The energy of the line graph of graph G is de-
noted by E(L(G)). The unitary Cayley graph X, is a graph with the vertex set
Zn ={0,1,...,n — 1} and the edge set {(a,b) : ged(a — b,n) = 1}. In this paper, we
focus on the line graph of the unitary Cayley graph X, and compute the spectrum of
line graphs of X, and its complement graph X,,. We also obtain the energy of the line
graph of X, and X,,.
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1. Introduction

Let G be a simple graph of order n with m edges. The eigenvalues A1, A2, ..., A, of
the graph G are the eigenvalues of the adjacency matrix of graph G. Assume that

A1 > Ay > -+ > )¢ are a non-increasing sequence of eigenvalues of G and their
multiplicities are my, mo, ..., my, respectively. The spectrum of G is written as
Al oA
Spec(G) = ( ! ¢ >
my ... My

In (7, 13], the energy of graph G is defined as E(G) = Y.'_, m;|\;|. The line graph
of G, denoted by L(G) is the graph that each vertex of it corresponding to an edge
of G and two vertices of L(G) are adjacent if and only if the corresponding edges in
G have a common vertex [9]. The energy of the line graph of graph G is denoted
by E(L(G)). That is, E(L(G)) is the sum of the absolute values of eigenvalues of
A(L(G)) [1]. Some results are obtained on the energy of the line graphs that can be
found in [6, 8, 14].

Let n > 1 be a positive integer. The unitary Cayley graph X,, = Cay(Z,,U,) is
defined by the additive symmetric group Z, = {0,1,...,n — 1} of integers modulo n
(© 2026 Azarbaijan Shahid Madani University
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and the multiplicative group U, of its units. The vertex set of X, is the elements of
Z,, and the edge set is as {(a,b) : a,b € Z,,, ged(a — b,n) = 1} [12].

In [16], the energy of graph X, is computed. The spectrum of X,, for n = p® where p is
a prime and n > 1 is obtained [16]. Tli¢ [11] calculated the energy of the complement
of the unitary Cayley graph X,. In [3], the authors obtained the minimum edge
dominating energy of some Cayley graphs including the unitary Cayley graphs. In
[15] by computing the eigenvalues and Laplacian eigenvalues of the unitary addition
Cayley graph and its complement, some bounds for energy and Laplacian energy
for these graphs were obtained. Chen and Huang [2] computed the formulas for the
eigenvalues of the Unitary Cayley graph and using these values presented the energy,
the Kirchhoff index, and the number of spanning trees of this graph.

In this paper, we focus on the line graphs of X, and its complement X,,. We compute

the spectrum of L(X,) and L(X,). We also obtain the energy of the line graph of
the unitary Cayley graph X,, and its complement X,,.

2. Main Results

In this section, we compute the eigenvalues of the line graph of the unitary Cayley
graph X,, and its complement graph. Then, we calculate the energy of the graphs

L(X,) and L(X,,) via their eigenvalues. To do this, we recall the following result on
the eigenvalues of the line graph of a regular graph.

Lemma 1. [5] Let G be a regular graph of degree r > 2 with n vertices and m edges.
Then the following relations hold.

(i) For 1 <i<mn, M(L(G)) = X(G) +7r—2,

(i) forn+1<i<m, \i(L(Q)) = -2.

In the following theorem, we obtain the line graph spectrum of the unitary Cayley
graph X, for n = p® where p is prime.

Theorem 1. Let X, be the unitary Cayley graph where n = p® and p be prime. If L(Xy)
is the line graph of the unitary Cayley graph X, then the spectrum of L(X,) is given as
follows

Spec(L(X0)) = < 2¢(n1) -2 2((;3(72 - 11) -n ¢§ln)_;2 @2_ : > ‘

where ¢(n) is the Euiler function.

Proof. Assume that X,, is the unitary Cayley graph of order n = p® and size

n¢(n)
2

m = whose the degree of all vertices is ¢(n).

If o = 1, then the unitary Cayley graph X, is the complete graph K. Note that the
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spectrum of graph K, is p — 1 with multiplicity p — 1. Since n = p and ¢(p) =p —1,
we can consider the following from Spec(K,,).

o= (7 )= (00 4077)

Since K, is (n — 1)-regular graph, then using Lemma 1, we obtain the eigenvalues of
the line graph L(K,) for 1 <i < % =m.

i) M(L(Ky)) = M(Kn) + ¢(n) —2 = 2¢(n) — 2.

ii) For 2 < <p-—1, we have \;(L(K,)) = M(K,)+¢(n)—2=¢(n)—n+¢(n)—2 =
2¢(n) —n — 2.

iii) For n <i < %1 — i we have \i(L(K,,)) = —2.

Therefore, the Spec(L(K,,)) is as follows

1 p—1 Lﬁén) -n

Spec(L(K,)) = ( 2¢(n) —2 2(‘25(”) - 1) —-n —9 ) .

Now, we assume o > 2. In the proof of theorem 3.1 in [16], the spectrum of the
unitary Cayley graph X,, for n = p® is obtained as follows

a . a—1 _ oa—1 0
Spec(Xpe) = (p lp pp_l pa_p)'

Since n = p* and ¢(n) = p® — p*~! = n — p®~ ! we can consider the following
(073

Spec(X,,) where n = p®.

Spec(Xpe) = <¢(1n) ¢(£)__1n ngp) '

Using Lemma 1, X,, is a ¢(n)-regular graph. Thus we can obtain the eigenvalues of
the line graph L(X,,).

i) M (L(Xn)) = A (Xn) + d(n) =2 =2¢(n) — 2.

ii) For 2 < i < p, we have \;(L(X,,)) = M(Xn) + ¢(n) —2=¢(n) —n+¢(n) — 2 =
2(¢(n) — 1) —n.

iii) For p+1 <4 < n, we have \;(L(X,,)) = Xi(X,)+é(n)—2 = 0+¢(n)—2 = ¢(n)—n.
iv)Forn+1<i<m= %(n), the eigenvalues of L(X,,) are \;(L(X,,)) = —2.

Therefore, according to the above eigenvalues, the result is completed. O

Theorem 2. The energy of the line graph of the unitary Cayley graph X, for n = p®
where p is prime, is given as follows

E(L(Xy,)) = 2n(¢(n) — 2).
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Proof. Let X,, be the ¢(n)-regular graph with n = p® vertices and m = "¢ 26 odges.

According to the definition, the energy of the line graph of a graph is equal to the
sum of the absolute values of the eigenvalues of the adjacency matrix of its line graph.
Using Theorem 1, we obtain the energy of L(X,,), where n = p*.

For @ = 1 where n = p, we obtained the spectrum of L(X,,) as follows

Spec(L(X,)) = <2¢<n)—2 2(o(n) 1) —n 2 )

po(n)
1 p—1 péln) _

Therefore, we get

= 26(n) — (2 2)
(”‘Z ) - 2)
2 ) -
p

n) —np + pp(n) — 3p

o(
(¢(n) —n) +p(2¢(n) — 3). (2.1)

With considering n = p and ¢(n) = p — 1, we have from (2.1),

E(L(X})) = p(6(n) —n) +p(2¢(n) — 3)
=p(p—1—p) +p(2¢(n) - 3)
= —p+p(2¢(n) - 3)
= p(2¢(n) — 4)
= 2n(¢(n) — 2)

For o > 2, using Theorem 1, the spectrum of line graph L(X,,) is as follows

Spec(L(Xy)) = ( 2¢>(n1) o 2(@1)(72 : 11) - ¢Eln)_;2 @2_ n) :
2

Therefore, we get

n) =2+ (p—1)(26(n) =2 1) + (n—p)(6(n) - 2)

(A0
= po(n) — pn — 3n + 2nd(n)
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=p(¢(n) —n) +n(2¢(n) — 3). (2.2)

With putting n = p® and ¢(n) = p* — p®~! in (2.2), we have

B(L(Xpe)) = p(6(n) —n) +n(24(n) — 3)

p(p™ —p*~' = p%) + n(26(n) — 3)
p(—p"1) +n(26(n) - 3)

—n +n(2¢(n) — 3)

=n(2¢(n) — 4)

=2n(¢(n) — 2).

O

Let Gh = (V1, E1) and G2 = (Va, E3) be graphs. The direct product of G and Gy is
the graph G = (V, E) denoted by G1 ® G2 where V = V; x Vs, the direct product of
V1 and V, with (v1,v9) and (uq,us) are adjacent in G if and only if vy, u1 are adjacent
in G1 and vg, ug are adjacent in G5. The following result is obtained about the direct
product of the unitary Cayley graphs.

Lemma 2. [16] Assume that (m,n) = 1. If X,, and X, are the unitary Cayley graphs,

Theorem 3. Let L(X,,) and L(Xy,) be the line graph of the unitary Cayley graphs Xm
and X, respectively. If (m,n) =1, then

L(Xm) ® L(Xn) ~ L(Xomn).

Proof.  Since for two graphs Gy and Ga, if G; ~ G5 then L(G1) ~ L(G2). Thus
by applying Lemma 2.2, it is sufficient to prove L(X,,) ® L(X,) ~ L(X,;, ® X,).
Therefore, we show that there is a one-to-one correspondence between the vertices
and edges of two graphs L(X,,) ® L(X,,) and L(X,, ® X,,).

Assume that e; = a1by € V(L(Zy,)) = E(Zy,) and ex = agbe € V(L(Z,)) = E(Z,).
Thus, (a; — b1,m) =1 = (az — ba,n). Since a3 ~ by in Z,, and az ~ by in Z,, thus
(al,ag) ~ (bl, bz) in Z,, ® Zy,.

Therefore, e = ((al,ag), (bl,bg)) € E(Zy @ Zy) = V(L(Zm ® Zy,)). Consequently,
any vertex (e1, ea) = (a1b1, asbs) in graph L(Z,,)® L(Z,,) corresponding to the vertex
e = ((a1,az), (b1,b2)) in L(Zy, ® Zy,). Therefore, there is the bijective correspondence
between vertex sets of L(Z,,) ® L(Z,,) and L(Z,, ® Z,,).

We show that there is a bijective correspondence between edges in the line graph
(Zm ® Zy,) and the direct product of L(Z,,) and L(Z,). Let k € E(L(Zyn ® Zy,)).
Thus, there are two vertices e and €’ in L(Z,, ® Z,) such that k = ee’ where e =
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((a1,b1), (az,b2)) and €' = ((al, b)), (ah,bh)) for ay, as, al,ay € Z,, and by, bs, by, b} €
Zy. According to the line graph of a graph and without loss of generality assume that
(a1,b1) = (a},b}). Therefore, a; = a} and b; = b].

On the other hand, the corresponding with vertices e and ¢’ in L(Z,, ® Z,,), we have
k1 = (aras,b1be) € L(Z,,)QL(Z,,) and ky = (a)ab, bibh) € L(Z,)QL(Z,,). Therefore,
it is sufficient to show that k; and ko are adjacent in L(Z,,) ® L(Z,). That is, we
show ajas ~ ajal in L(Z,,) and biby ~ by in L(Z,). Using the definition of the
line graph L(Z,,) and since a1 = a} and by = V), then it is clear to have k; and ko
are adjacent in L(Z,,) ® L(Z,). This completes the proof. O

Corollary 1. If n = pit...pp*, then the direct product of unitary Cayley graph
L(Xpo1) @+ @ L(X por) = L(Xy).

The tensor product A® B of the r X s matrix A = (a;;) and the ¢ X v matrix B = (b;;)
is defined as rt x su matrix got by replacing each entry a;; of A with the double array
a;; B. For two graphs G and G2, A(G1 ® G2) = A(G1) ® A(G2).

Lemma 3. [16] If G1 and G2 are any two graphs, then
E(G1 ® G2) = E(G1)E(G2).

Theorem 4. Ifn>1andn=p...p." where p; are distinct primes and «; are positive
integers for 1 <1 <k, then
E(X,) = 2"n(p(n) — 2%).

Proof. Let X, be the unitary Cayley graph. Using Lemma 3, Corollary 1 and
Theorem 2 we get

E(L(Xn)) = BE(L(Xpp1) @ -+ @ L(Xper))
= E(L(Xpp)) - E(L(X pee))
= (2P0 (otPr) = 2)) -+ (2P0 (0(P7*) - 2))
=255 ) (05 - o) — 2)

= 2’“n(¢(pi“ D) = 2’“)~

Therefore, the result holds. O

Graph G is said to be hyperenergetic if its energy exceeds the energy of the complete
graph K, equivalently E(G) > 2n — 2 [10]. Using the following lemma, we obtain
Theorem 5 about hyperenergetic from the unitary Cayley graph X,,.
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Lemma 4. [10] Let G be a graph of order n > 5 and of size m. If m > 2n, then L(G) is
hyperenergetic.

Theorem 5. Let X, be the unitary Cayley graph where n > 5. If ¢(n) > 4, then L(X,)
is hyperenergetic.

Proof. X, is a graph of the order n > 5 and size m = w > 2n, therefore using
Lemma 4, the result is completed. O

Lemma 5. [4] If G is a r-regular with n vertices then

nZ—n+r+1

Po(—x—1
z+r+1 a(—z ),

Pg(z) = (=1)

where Pz is the characteristic polynomial of the complement of the graph G.

Theorem 6. Let X, be the unitary Cayley graph with n = p* where o > 2 and p > 2.
Then the spectrum of the line graph of X, is as follows

Spec(n() = (AT e L)

Proof. Let X, be the ¢(n)-regular graph with n vertices. Using Lemma 5 and
Theorem 3.1 in [16], the characteristic polynomial of X, is as follows

P = (1" (A P (A= 1
- (A ot -
(=A=om) +n—-1)""(=A-1)""
— (=1)*"(A = n+¢(n) + )()\+q5(n)—n+1)p ")
(

=A+o(n)—n+1)"N+1)""

Therefore, the eigenvalues of X,, are n — ¢(n) — 1 with multiplicity p and —1 with
multiplicity n — p. Since X, is an (n — 1) — ¢(n)-regular graph, then the eigenvalues
of L(X,,) are as follows
i) For 1 <14 < p, we get

Ai(L(Xn)) = Xi(Xn) + (n = 1) — ¢(n) — 2

=n—¢n)—1+n—-1)—¢(n)—2
=2n—2¢(n) —4 =2(n — ¢(n) — 2).
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ii) For p+1 <i<mn, we get

Ai(L(X)) = Xi(Xn) + (n—1) — ¢(n) — 2
= 14 (n— 1)~ () 2
=n—¢(n) —4.

iii) For n+1 <i < %™ we have \;(L(X,,)) = —2.
Therefore, the result holds. O

Theorem 7. Let X;, be the unitary Cayley graph with n = p® where « > 2 and p > 2. If
X, 1s the complement of X,, then the energy of L(X,) is given as follows

i) If n =4, then E(L(X4)) = 6.

ii) If n =9, then E(L(Xo)) = 58.

i) If « > 2 and p > 5, then E(L(X,)) = n(n — 5).

Proof. Using Theorem 6, we get

= 2p|n — ¢(n) — 2| + (n— p)|n — d(n) — 4| + (

n¢2(n) —n)|-2|.

We consider the following cases.
Case 1. If a =2 and p = 2,3, then

E(L(X,2)) =2p(n—¢(n) —2) + (n — p)(4 — n+ ¢(n)) + ng(n) + 2n.

With putting o = 2 and p = 2,3, we obtain E(L(X52)) =6 and E(L(X32)) = 58.
Case 2. Let « > 2 and p > 5. Then

E(L(Xpe)) = 2p(n — ¢(n) = 2) + (n — p)(n — ¢(n) — 4) +ng(n) — 2n
= pn — pé(n) +n? — 6n
=p(n—¢(n)) + (n* — 6n)
=p(p* —p* +p*7") + (n* — 6n)
=pp*~") +n*—6n
=p* +n?—6n

=n+n?—6n.

Therefore, the result holds. O
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Theorem 8. Letn=p'...pp* where « > 2 andp > 5. Then
E(L(X,)) =n® —5"n.

Proof. Similar to the proof from Theorem 3 and using Corollary 1 and Lemma 3,
we get

E(L(X.) = E(L(X,o0 ) E(L(X,22)) ... E(L(X o).

By applying Theorem 7 in the above relation, we have
BLE) = () =505 ) (52)° = 552) - () = 50

P .-.pzk(f[ (v —5))

. i:kl
i=1 i=1

= n(n — Bk).

O
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