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Abstract: In real urban transportation networks, the traffic counts of links affect

their travel times, so considering fixed traffic-independent link travel times causes a
lack of reliability in network models. In this paper, a traffic congestion model to

the capacitated p-median problem is introduced to evaluate the effect of congestion

on determining the optimal locations of facilities and allocating demands. Limited
capacities for both nodes and links are considered, where increasing the traffic flow on

one link would inevitably increase its travel time. Therefore, aside from considering
the capacities of candidate points, the proposed model aims to locate facilities at nodes

where their connected links also have enough capacities for passing through. Also, the

effect of congestion imposed by the current flows corresponding to the existing origin-
destination pairs in the network is considered. A generalized Benders decomposition

algorithm is applied to reduce the problem to more manageable sub-problems, solved

by the sub-gradient algorithm through consecutive iterations.

Keywords: network, capacitated p-median problem, traffic congestion, generalized
Benders decomposition.

AMS Subject classification: 90B80

1. Introduction

The problem of locating p facilities in a plant or a network and allocating the demands

of nodes to them is one of the basic ideas in location theory and management science.

In the p-median problem the purpose is to locate p facilities so that the total sum of the
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weighted distances between demand nodes and their assigned facilities is minimized.

Hakimi [22] provided the first study on the p-median problem, while the first linear

integer mathematical model was presented by ReVelle and Swain [8, 27, 31]. Kariv

and Hakimi [23] showed that the p-median problem on general graphs is NP -hard

and presented an O(p2n2) time algorithm to solve it on tree networks. Later, the time

complexity of the algorithm on tree networks was improved to O(pn2) by Tamir [35].

For a complete bibliography on the capacitated and uncapacitated p-median problem

where facilities are capacitated or uncapacitated, see [12, 15, 18, 24, 25, 30, 32].

The p-median problem would be more adapted to real applications if such affecting

parameters as environmental and geographical conditions are considered in allocating

demands, see [1, 38].

Assigning the demands of nodes to the existing facilities has a significant effect on

traffic congestion, particularly when the capacities of links (roads) are limited [26].

Golabi et al. [21] investigated a discrete facility location problem with multiple servers

in a congested network where the demands were uniformly distributed along the links.

They intended to determine the number and the locations of facilities along with the

number of assigned servers to each one in such a way that the traveling distance, the

waiting time, the total cost, and the number of uncovered customers are minimized.

Aboolian et al. [3] discussed a facility location problem in a congested network. The

objective was to minimize the total fixed and service capacity costs, in such a way that

the disutility related to the travel and waiting times for each node should be less than

a predetermined threshold. Butun et al. [11] introduced a capacitated hub location

and cargo routing problem considering the effect of congestion. Zaferanieh et al. [40]

considered a bi-level p-median problem to choose the locations of some recreational

facilities in Mazandaran province, Iran. They considered additional criteria beyond

distance that may influence customers’ facility selection choices.

If we interpret the pairs of facilities and clients as origins and destinations, then some

alternative mathematical models such as Traffic Assignment (TA), may be applied

to the p-median problem to improve its reliability in terms of the travel times. In

the TA model, first, some fixed values for travel demands between origin-destination

(O − D) pairs are considered, then the route choices of users are determined with

the best utility in terms of the travel cost. The TA problem is based on Wardrop’s

first principle [33, 36], which states “The journey times on all used routes are equal

to or less than the journey time on any unused one” and results in the concept of

user equilibrium (UE) on networks. The resulted network UE problem would be

formulated as a mathematical model, including a convex nonlinear objective function

as the sum of the integrals of the link performance functions, and a set of linear

constraints [7].

Concerning the UE models, the users decide which route should be chosen. However,

if the purpose is to minimize the total network cost (time), rather than considering

the individual users’ travel cost (time), the system-optimization (SO) model should

be considered. In this case, Wardrop’s second principle is considered, which states

the average journey time of all users is minimal, [33, 36]. However, making all users
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sacrifice their interests to minimize the total network cost should be performed by an

external factor. Pigou [29] noted the difference between the first and second Wardrops’

principles and proposed differential taxation to divert traffic towards more efficient

routes. Indeed, the difference between the UE and SO problems should be accounted

for individual users to pay their contribution for the total travel cost, see [10, 13, 28].

In this paper, the effect of congestion on the p-median problem is examined by using

an increasing link travel cost (time) function based on the traffic flow. It is supposed

that a central unit is in charge of locating facilities, to minimize the total expenditure

related to the establishment and transportation. Indeed, the model combines the p-

median and the SO problems to locate p facilities and allocate the demands. However,

to assure that the users in the network will behave according to the SO objective, it is

necessary to add specified amounts as toll costs to the network links [10]. These values

would be calculated by the obtained optimal solution of the SO problem, see [10].

The traffic-based p-median model introduced in this paper is more reliable compared

to the classical p-median problem, particularly in the traffic-congested networks where

the more link traffic counts, the higher would be their corresponding travel cost [26,

34, 39].

As an explicit application of the problem, consider a city with a predetermined set

of O−D pairs having specified flows to be traversed through their connecting paths.

Under such circumstances, assume that the concerned authorities intend to establish

p facilities, for example some storehouses or medical emergency centers, to serve the

clients’ demands in the network. As transportation from the demand nodes to the

facilities (or vice versa) would inevitably impose additional traffic burden on the

network links, we need a model to take it into consideration. Indeed, in addition to

allocating demands to facilities and routing them, the preexisted flows in the network

should be rerouted. The proposed model treats the problem in a SO approach to

minimize the total establishment and transportation costs.

The mathematical model is a mixed-integer nonlinear programming (MINLP ) prob-

lem for which a generalized Benders decomposition (GBD) method is applied. Using

the GBD, the introduced traffic-based p-median problem is reduced to two linear

binary and convex nonlinear sub-problems that would be solved, either by the branch

and bound, or the sub-gradient algorithms. The lower and upper bounds are up-

dated iteratively, and the convergence is verified in a finite number of iterations. The

decomposition procedure was first developed by Benders [9] to solve mixed-variable

programming problems. However, some restrictions regarding the convexity and other

properties of the involved functions were considered [16]. The main contributions of

this paper are listed as follows:

1. A traffic-based model for the p-median problem in congested networks is intro-

duced, where the effect of congestion imposed by the flows of origin-destination

pairs, and clients and facilities are simultaneously considered.

2. A tolling methodology is applied to adapt the UE flow pattern to the SO

objective.
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3. Using the GBD algorithm, the obtained MINLP problem is reduced to a linear

binary, and a nonlinear convex sub-problems in each iteration. The obtained

sub-problems are solved by such appropriate methods as the branch and bound,

and linearization approaches.

4. The convergence of the implemented algorithm is verified whereby the upper

and lower bounds would converge together after a finite number of iterations.

5. Solving some numerical examples, and analyzing the obtained upper bounds and

their corresponding solutions reveal the added value of the proposed nonlinear

model and its solution approach.

The remainder of this paper is organized as follows. In Section (2), the proposed

traffic-based p-median problem is presented. In Section (3), the general form of the

GBD algorithm is introduced, while its application to the proposed problem is given in

Section (4). Using the GBD, the problem is decomposed into more manageable sub-

problems, and the upper and lower bounds are provided iteratively. The convergence

of the GBD algorithm on the proposed problem is also demonstrated in Section

(4). The efficiency of the model and the solution approach is investigated by some

numerical examples in Section (5). Finally, the summary and conclusions are given

in the last section.

2. Problem Formulation

Consider a network G = (N,E) where N = {v1, ..., vn} is the set of nodes and E is

the set of links. Let I ⊆ N denote the index set of candidate points for establishing

facilities and J ⊆ N represent the index set of demand (client) nodes. The purpose

of the classic p-median problem is to select p nodes from the candidate set I and

allocate the demand nodes to them in such away the total establishment and trans-

portation cost is minimized. The frequently used notations are summarized in Table

(1). Hereafter, for simplicity, we denote nodes vi and vj only by indices i and j. The

classic capacitated p-median problem (CPM) is written as follows:

min z(y, x) =
∑
i∈I

eiyi +
∑
i∈I

∑
j∈J

dijxij (2.1)

s.t.
∑
i∈I

yi = p (2.2)∑
i∈I

xij = wj , ∀j ∈ J (2.3)∑
j∈J

xij ≤ aiyi, ∀i ∈ I (2.4)

xij ≥ 0, yi ∈ {0, 1}, ∀ i ∈ I, j ∈ J.
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Table 1. The notation used in the p-median model

Notation Definition

N = {v1, . . . , vn} The set of nodes
E The set of links

I The index set of candidate points for establishing facilities

J The index set of demand (client) nodes
wj The demand of node vj , j ∈ J
ai The specified capacity of node vi, i ∈ I
ei The fixed set-up cost for establishing a facility at node vi, i ∈ I
dij The unit fixed cost of transporting demands from node vi, i ∈ I to node vj , j ∈ J
Variables

yi The binary decision variable indicating whether node vi is selected to establish
a facility or not

xij The decision variable representing the amount of demand of node vj provided by

the facility at node vi

The objective function (2.1) minimizes the cost of establishing facilities and serving

client demands. Constraint (2.2) guarantees the number of established facilities is

equal to p, while constraint (2.3) guarantees that the demands of all nodes j, j ∈ J
are met. Constraint (2.4) makes all open facilities serve the demands less than or

equal to their capacities.

In the presence of congestion, the travel cost (time) on urban streets and intersections

is an increasing function of their corresponding flow [33]. Consequently, a performance

function, rather than a constant travel cost, should be associated with each link. As a

result, the cost of transporting demands between nodes i and j depends on the traffic

counts of links included in the traveled path. The link travel cost at zero flow is known

as the free-flow travel cost, which is associated with the length of link [33]. As the

flow increases, the travel cost also monotonically increases. The usual performance

function for the travel cost (time) of links is the standard Bureau of Public Road

(BPR) function defined by the following relation [2, 33]:

τe(ve) = t0e(1 + β(
ve
ce

)α)

where the used parameters along with the additional notations required in the traffic-

based model of the capacitated p-median problem are provided in Table (2). Also, α

and β are fixed parameters which are usually equal to 4 and 0.15, respectively [2, 33].

Note that the values of the O−D demands qrs are usually available in a matrix called

the O−D trip matrix that could have been estimated by such alternative methods as

the least squares or maximum entropy, see [2, 4]. Obviously, by adding the selected

facilities to the network and routing their corresponding demands from different paths,

the traffic counts on network links, and their travel cost will increase. As a result,

the SO condition would be disrupted. Therefore, the previously existing O−D flows

should be rerouted to impose fewer travel costs, if possible. The traffic-based model

of the capacitated p-median (TCPM) problem is introduced as follows:
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Table 2. The notation used in the traffic-based p-median model

Notation Definition

ODset The set of O −D pairs
τe(.) The ascending travel cost function of link e ∈ E
t0e The free-flow travel cost of link e ∈ E
ce The capacity of link e ∈ E
ve The traffic count of link e ∈ E
Kij The set of K-shortest paths connecting client-facility (C − F ) pair (i, j)

K
′
rs The set of K-shortest paths connecting O −D pair (r, s)

qrs The given pre-specified O −D demand of pair (r, s)

δe,k The binary parameter indicating whether the link e is a part of path k or not

Variables

fkij The decision variable denoting the flow of path k ∈ Kij
gk

′
rs The decision variable representing the flow of path k′ ∈ K′

rs

TCPM : min z(y, f, g) =
∑
i∈I

eiyi +
∑
e∈E

veτe(ve) (2.5)

s.t.
∑
i∈I

yi = p∑
i∈I

xij = wj , ∀j ∈ J∑
j∈J

xij ≤ aiyi, ∀i ∈ I∑
k∈Kij

fkij = xij , ∀i ∈ I, j ∈ J (2.6)

∑
k′∈K′

rs

gk
′

rs = qrs, ∀(r, s) ∈ ODset (2.7)

∑
ij

∑
k∈Kij

fkijδe,k +
∑
rs

∑
k′∈K′

rs

gk
′

rsδe,k′ = ve, ∀e ∈ E (2.8)

fkij , g
k′

rs ≥ 0, yi ∈ {0, 1}, ∀ i ∈ I, j ∈ J, k ∈ Kij , (r, s) ∈ ODset, k′ ∈ K ′rs.

In the TCPM , model (2.5), variables ve are depended to both gk
′

rs and fkij , while

variables xij are depended only to gk
′

rs. Therefore, the objective function would be

served by variables y, f and g. The first part of the objective function (2.5) considers

the cost of establishing facilities, while the second part includes the SO objective

function regarding the total travel cost of links based on their traffic congestion.

Constraint (2.6) imposes the amount of demand of node j which is served by the

facility at node i equals the total sum of the demands traveling through different

paths k from i to j. This constraint along with the nonnegativity constraints yields

that xij ≥ 0. Constraint (2.7) is explained similarly. Constraint (2.8) determines the
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traffic count of link e as the total sum of the flows of all paths passing through this

link.

2.1. A brief discussion on congestion toll pricing

As mentioned before, to make network users behave jointly with the aim of minimizing

the total network transportation cost, we need to set additional toll costs for traversing

network links in such a way that the resulted UE solution is equivalent to the SO

solution. Bergendorff et al. [10] showed that once the solution of the SO problem

and the corresponding traffic counts of links are determined, the toll prices γe, e ∈ E
are calculated. Let vopte s be the optimal traffic counts of links obtained by solving

the SO model. Based on the method of Bergendorff et al. [10], if τe(.) is strictly

monotonic and the amounts of ∇τe(vopte )vopte are nonnegative, the toll cost of link e is

determined by γe = ∇τe(vopte )vopte . Considering the definition of the BPR function,

the cost map τe(.) clearly satisfies the desired conditions. Therefore, the imposed toll

pricing method by Bergendorff et al. [10] is still valid for Problem (2.5).

The user equilibrium flow pattern with the link travel costs τ̄e(.) = τe(.)+γe, selected

by the network users, matches that of the untolled SO problem, minv
∑
e∈E veτe(ve).

This is equivalent to the UE problem objective function minv
∑
e

∫ ve
0

(τe(u) + γe)du,

see [10, 28]. Note that the cost of establishing facilities
∑
i eiyi in the first part of

the objective function is ineffective in this case. Indeed, the selected facilities act as

some new destinations where their corresponding origins are the demand nodes. As a

result, we solve the TCPM problem (2.5) to find the optimal link traffic counts vopte ,

and set a surplus cost γe = τe(v
opt
e )vopte for traversing along link e, to guarantee users

will behave so that the SO objective function is minimized.

A Small Example. To compare the efficiency of the introduced TCPM problem

(2.5) with the classic CPM model (2.1), consider the small 4-node network depicted

in Figure (1) where I = J = N . The free-flow travel costs, t0e, and capacities, ce, of

links are given next to them. It is assumed there is a self-loop for each node with

t0e = 0 and ce = M where M is a large number. In addition, the demand of each node

wj , as well as its capacity ai, when selected as a facility, are given in Figure (1). The

set-up fixed costs for all nodes are considered equal to 20. Finally, the O − D trip

matrix related to the existing flows is A =


0 15 8 7

10 0 14 20

15 25 0 12

20 10 10 0

.

We have solved the TCPM model (2.5) and the classic CPM model (2.1) for p = 1 by

using the existing mixed-integer solvers in LINGO 18.0. By applying the fixed costs

t0e, the costs of shortest paths from each node i to all other nodes j are calculated and

used as the values of dij . Note that, due to one-way links, dij differs from dji. The

1-median solution obtained by the CPM model (2.1) is node 4 with the objective

function value 670.

On the other hand, considering the flow-dependent link travel costs τe(.), the solution

to the TCPM model (2.5) is determined at node 1 with the objective value 6983.70.



342 A traffic-based model to the p-median problem in congested networks

Figure 1. Small network

If capacities of all links are changed to M = 1000, and the effect of existing O − D
flows is ignored, then the 1-median solution of the TCPM problem moves to node

4 with the objective function 670. Indeed, considering only the fixed free-flow travel

costs of links, the total sum of weighted distances from node 4 to all other nodes is

less than that of node 1, still the small capacities of links entering node 4 and the

congestion around, prevent it from being selected as the facility in the TCPM model.

The CPM problem (2.1) is a relaxed version of the introduced TCPM model (2.5),

wherein the effects of link capacities and existing O − D flows in the network are

ignored. Indeed, the TCPM model (2.5) benefits from greater reliability in real net-

works where the traffic congestion increases the transportation costs. In the following

sections, first referring to [5], the general implementation of the GBD algorithm on

MINLP models is stated. Then, the GBD algorithm is applied to transform the

proposed nonlinear mixed-integer TCPM model (2.5) into two convex, and linear

mixed-binary sub-problems by which the upper and lower bounds are updated itera-

tively, see [5].

3. Generalized Benders Decomposition Algorithm

The decomposition method was first developed by Benders [9] and extended by Geof-

frion [20]. Geoffrion [20] suggested the GBD algorithm to solve specific nonlinear pro-

gramming (NLP ) and MINLP problems. Then, Bagajewicz and Manousiouthakis

[5] applied the GBD algorithm to solve the general form of MINLP models. Re-

cently, Zaferanieh [37] applied the GBD algorithm to solve a most probable facility

location problem where there are some more criteria, aside form the transportation

cost, for determining the allocation solution. To explain the outline of the GBD



M. Zaferanieh, M. Abareshi 343

method, consider the following model:

min
x,y

F (x, y) (3.1)

s.t. G(x, y) ≤ 0,

x ∈ X, y ∈ Y.

Geoffrion [20] proposed to consider the projection of the above problem on Y as:

min
y
v(y) (3.2)

s.t. v(y) = min
x∈X
{F (x, y); s.t. G(x, y) ≤ 0}

y ∈ Y ∩ V,

where V = {y : G(x, y) ≤ 0 for some x ∈ X}. Geoffrion [20] proposed a decomposi-

tion of (3.2) when X is a convex set, and the functions F (x, y) and G(x, y) are convex

with respect to the variable x. Take the following two problems:

[1.] Primal problem:

min
x
F (x, ȳ), (3.3)

s.t. G(x, ȳ) ≤ 0

x ∈ X,

in which ȳ is an arbitrary fixed point in Y .

[2.] Master problem:

min
y∈Y
{max
u≥0
{min
x∈X

F (x, y) + utG(x, y)}} (3.4)

s.t. min
x∈X
{λtG(x, y)} ≤ 0, ∀λ ∈ Λ,

where Λ = {λ ∈ Rm;λ ≥ 0,
∑m
i=1 λi = 1} (m is the size of vector G).

The master problem is equivalent to the projection problem (3.2), when X is a

convex set, and F (x, y) and G(x, y) are convex functions with respect to the variable

x, see [5]. In addition, problem (3.4) can be reformulated as follows:

min
y,y0

y0 (3.5)

s.t. L∗(y, u) = min
x∈X
{F (x, y) + utG(x, y)} ≤ y0, ∀u ≥ 0 (3.6)

L∗(y, λ) = min
x∈X
{λtG(x, y)} ≤ 0, ∀λ ∈ Λ. (3.7)
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Geoffrion [20] suggested solving a relaxed version of problem (3.5), in which all but

a few constraints are ignored. Indeed, in each iteration, it is required to take the

constraints corresponding only to a subset of dual variables u and λ, while the others

are put aside. The obtained problem is called the relaxed master problem and solved

iteratively to add the optimality and feasibility constraints [5]. Therefore, the optimal

values of the objective function would provide a monotone nondecreasing sequence

as the lower bounds to the problem (3.1). The steps of the GBD algorithm in the

general form are represented in Algorithm (1).

Algorithm 1 The general form of the GBD algorithm

Step 1. Consider a feasible point ȳ ∈ Y ∩ V . Solve the primal problem (3.3) to obtain the optimal
solution x∗ and the optimal multiplier vector u∗. Set Kfeas = 1, Kinfeas = 0, u(1) = u∗

and UB = F (x∗, ȳ). Select a tolerance ε > 0 and determine the function L∗(y, u(1)).

Step 2. Obtain the global optimal solution of the current relaxed master problem:

min
y,y0

y0

s.t. L∗(y, u(k1)) ≤ y0, k1 = 1, ...,Kfeas, (optimality constraint)

L∗(y, λ
(k2)) ≤ 0, k2 = 1, ...,Kinfeas, (feasibility constraint).

Let (ŷ, ŷ0) be the global optimal solution. Set LB = ŷ0. If UB ≤ LB + ε, terminate.

Step 3. Examine the feasibility of the primal problem (3.3) corresponding to ȳ = ŷ.

Step 3.a. Feasible primal problem: Solve the primal problem (3.3) by using ȳ. If v(ȳ) ≤ LB + ε,

terminate. Otherwise, determine the optimal multiplier vector u∗, set Kfeas = Kfeas+

1 and u(K
feas) = u∗. If v(ȳ) < UB, replace UB with v(ȳ). Finally, determine the

function L∗(y, u(K
feas)) and return to Step 2.

Step 3.b. Infeasible primal problem: Determine a set of values λ∗ ∈ Λ satisfying

minx∈X{(λ∗)tG(x, ȳ)} > 0 by solving problem (3.8):

min
x,α

α (3.8)

s.t. G(x, ȳ)− α1 ≤ 0, (3.9)

x ∈ X, α ∈ R,

where 1 = (1, 1, ..., 1)t. The optimal dual multiplier vector to constraint (3.9) provides

the desired λ∗. Set Kinfeas = Kinfeas + 1 and λ(K
infeas) = λ∗. Determine the

function L∗(y, λ(K
infeas)). Go back to Step 2.

Bagajewicz and Manousiouthakis [5] studied the importance of two properties,

Property (P) and L-Dual-Adequacy defined by Geoffrion [20], for proper application

of the algorithm. They showed that if Property (P) is not met, the algorithm may

result in points that are not even locally optimal. In addition, violating the require-

ment of L-Dual-Adequacy may also lead to local optimal points or solutions that are

not even extremal.
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Briefly, Property (P) states that for every u ≥ 0 and λ ∈ Λ, the global minimums

in constraints (3.6) and (3.7) over X can be obtained independently of y. Therefore,

given the dual multipliers u and λ, the functions L∗(y, u) and L∗(y, λ) are explic-

itly determined. Once Property (P) holds, the evaluation of L∗(y, u) and L∗(y, λ)

requires the minimums in (3.6) and (3.7) to be global. This property is called L-

Dual-Adequacy, and holds when a global search is conducted to obtain the solutions

of minx∈X{F (x, y) + utG(x, y)} and minx∈X{λtG(x, y)}, see [5, 20].

Remark 1. If functions F (x, y) and G(x, y) are separable in x and y and convex on
set X, the global minimums over x in constraints (3.6) and (3.7) are obtained independently

of y, see [5]. Therefore, functions L∗(y, u(Kfeas)) and L∗(y, λ
(Kinfeas)) would be defined

explicitly during the steps of Algorithm (1) .

If problem (3.1) possesses certain conditions, the GBD algorithm will converge

in a finite number of iterations. Indeed, the smallest value of the primal objective

function and the global solution of the master problem come close together; therefore,

the global optimum of the overall problem would be provided within a pre-specified

tolerance, see [20]. However, when convexity on x does not hold, dual gap may exist.

Nevertheless, the global solution to the master problem will still provide a valid lower

bound to problem (3.1). Next, the application of the GBD algorithm on the TCPM

problem (2.5) is investigated, and the convergence conditions are verified.

4. Implementing the GBD algorithm on the TCPM problem

To apply the proposed GBD algorithm, we first reformulate the TCPM problem

(2.5) as follows:

min z(y, f, g) =
∑
i∈I

eiyi +
∑
e∈E

veτe(ve) (4.1)∑
j∈J

xij ≤ aiyi, ∀i ∈ I (4.2)

f, g ∈ S, y ∈ Y,

where S = {fkij , gk
′

rs ≥ 0,
∑
i∈I xij = wj ,

∑
k∈Kij

fkij = xij ,
∑
k′∈K′

rs
gk

′

rs =

qrs,
∑
ij

∑
k∈Kij

fkijδe,k +
∑
rs

∑
k′∈K′

rs
gk

′

rsδe,k′ = ve,∀i, j, k, (r, s), k′, e} and Y =

{y; yi is binary and
∑
i∈I yi = p}. Note that, by defining the performance function

τe(.) based on the BPR function, both z(y, f, g) and the hi(y, f, g) =
∑
j∈J xij −

aiyi, ∀i ∈ I are convex for variables fkij , g
k′

rs on convex set S. Following the steps

of Algorithm (1), the implementation of the GBD algorithm to solve the TCPM

problem is summarized in Algorithm (2).

Note that in problem (4.6), the variables u(k1), x(k1), λ(k2) and x̃(k2) are specified

fixed values that have been obtained during the previous steps of the algorithm;
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Algorithm 2 The GBD algorithm on the TCPM problem

Step 1 Choose a tolerance ε > 0 and a feasible vector ȳ ∈ Y for which there is a feasible solution

vector s = (f, g) ∈ S satisfying in (4.2).

Step 1.a Solve the corresponding primal problem:

min
f,g∈S

z(ȳ, f, g) =
∑
i∈I

eiȳi +
∑
e∈E

veτe(ve) (4.3)

∑
j∈J

xij ≤ aiȳi, ∀i ∈ I, (4.4)

and obtain the global optimal solution s∗ = (f∗, g∗), and multipliers u∗i , i ∈ I corre-

sponding to constraints (4.4). Set Kfeas = 1, Kinfeas = 0, UB = z(ȳ, f∗, g∗) and

vector u(1) = u∗.

Step 1.b Solve the following sub-problem (4.5) to obtain the optimal solution ŝ = (f̂ , ĝ):

min
f,g∈S

∑
e∈E

veτe(ve) +
∑
i∈I

u
(Kfeas)
i

∑
j∈J

xij , (4.5)

then, set x
(Kfeas)
ij =

∑
k∈Kij

f̂kij , ∀i ∈ I, j ∈ J and v
(Kfeas)
e =

∑
ij

∑
k∈Kij

f̂kijδe,k +∑
rs

∑
k′∈K′

rs
ĝk

′
rsδe,k′ , ∀e ∈ E.

Step 2 Solve globally the current relaxed master problem:

min
y,y0∈Y

y0 (4.6)

s.t. L∗(y, u(k1)) =
∑
i∈I

eiyi +
∑
e∈E

v
(k1)
e τe(v

(k1)
e ) +

∑
i∈I

u
(k1)
i (

∑
j∈J

x
(k1)
ij − aiyi) ≤ y0,

k1 = 1, ...,Kfeas,

L∗(y, λ
(k2)) =

∑
i∈I

λ
(k2)
i (

∑
j∈J

x̃
(k2)
ij − aiyi) ≤ 0, k2 = 1, ...,Kinfeas, λ ∈ Λ.

The global optimal solution to the linear mixed-binary model (4.6) could be obtained by such

efficient methods as the branch and bound. Let (ŷ, ŷ0) be the global optimal solution. Set
LB = ŷ0. If UB ≤ LB + ε, terminate.

Step 3. Examine the feasibility of the primal problem (4.3) corresponding to ȳ = ŷ by solving the
following problem:

min
f,g,α

α∑
j∈J

xij − aiȳi − α ≤ 0, ∀i ∈ I (4.7)

f, g ∈ S, α ∈ R.

Step 3.a If α ≤ 0, then the primal problem (4.3) is feasible. Find the optimal solution s∗ = (f∗, g∗)
of model (4.3) corresponding to the given vector ȳ. If z(ȳ, f∗, g∗) ≤ LB + ε, terminate.
Otherwise, determine the optimal multiplier vector u∗ corresponding to constraints (4.4), set

Kfeas = Kfeas + 1 and u(K
feas) = u∗. If z(ȳ, f∗, g∗) < UB, put UB = z(ȳ, f∗, g∗). Finally,

return to Step 1.b
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Step 3b. If α > 0, then the primal problem (4.3) is infeasible. Determine the optimal multiplier vector

λ∗ corresponding to constraint (4.7). Set Kinfeas = Kinfeas + 1 and λ(K
infeas) = λ∗. Find

the optimal solution s̃ = (f̃ , g̃) to the following model:

min
f,g∈S

∑
i∈I

λ
(Kinfeas)
i

∑
j∈J

xij . (4.8)

Set x̃
(Kinfeas)
ij =

∑
k∈Kij

f̃kij , ∀i ∈ I, j ∈ J and go to Step 2.

therefore, the problem (4.6) is a linear mixed-binary model. Next, the convergence

conditions of Algorithm (2), stated by Geoffrion [20], are verified for problem (2.5).

Theorem 1. The generalized Benders decomposition Algorithm (2) for the TCPM
problem (2.5) terminates in a finite number of iterations for any given ε > 0.

Proof. Since Y = {y; yi is binary and
∑
i∈I yi = p} is a finite discrete set, Algorithm

(2) would be convergent if the following conditions hold, see [20]:

i. S is a nonempty convex set. Further, the set By = {B =

(b1, . . . , b|I|) : hi(y, f, g) ≤ bi for some s = (f, g) ∈ S} is closed for each fixed

y ∈ Y .

ii. Functions z(y, f, g) and hi(y, f, g) are convex on S for each fixed y ∈ Y . In

addition, for each fixed ȳ ∈ Y ∩ V , the optimal value z(ȳ, f, g) is infinite, or the

primal problem (4.3) possesses an optimal multiplier vector.

Part i. The set S is nonempty and convex; because setting fkjj = wj for a specified

path k ∈ Kjj and gk
′

rs = qrs for a specified path k′ ∈ K ′rs together with setting

zero flows for other paths, provides a feasible solution. In addition, S is closed and

bounded. Since functions hi(y, f, g) are continuous on S, the set By is also closed,

see [20].

Part ii. For each fixed y, the convexity of functions z(y, f, g) =
∑
i∈I eiyi +∑

e∈E veτe(ve) and hi(y, f, g) =
∑
j∈J xij − yiai with respect to variables f, g is clear

by the definition of τe(.). Following the saddle point optimality conditions stated in

[6], the existence of the optimal multiplier vector is inferred, see [19].

In the following, we investigate the solution approach to the nonlinear problem

(4.3) obtained from Step 1.a of Algorithm (2) for a given vector ȳ of selected facilities.

Indeed, model (4.3) is a convex nonlinear problem for which the convex combination

method is proposed.
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Convex combination method to the primal problem

By removing the constant values of the objective function, the primal problem (4.3)

to be solved in Step 1.a of Algorithm (2) for a given vector ȳ is written as follows:

min zprim(ȳ, f, g) =
∑
e∈E

veτe(ve) (4.9)∑
i∈I

xij = wj , ∀j ∈ J (4.10)∑
j∈J

xij ≤ aiȳi, ∀i ∈ I (4.11)

∑
k′∈K′

rs

gk
′

rs = qrs, ∀(r, s) ∈ ODset∑
k∈Kij

fkij = xij , ∀i ∈ I, j ∈ J∑
ij

∑
k∈Kij

fkijδe,k +
∑
rs

∑
k′∈K′

rs

gk
′

rsδe,k′ = ve, ∀e ∈ E

fkij , g
k′

rs ≥ 0,∀ i ∈ I, j ∈ J, k ∈ Kij , (r, s) ∈ ODset, k′ ∈ K ′rs.

The nonlinear convex problem (4.9) is similar to the SO model with a marginal

difference [33]. Indeed, in the SO problem, the amounts of serviced C − F demands

xij are available previously and constraints (4.10), and (4.11) are omitted. We sug-

gest using the convex combination method, initially proposed by Frank and Wolf [17]

for solving quadratic programming problems with linear constraints. The so-called

Frank-Wolf (FW ) algorithm is a feasible descent direction method, starting with a

given initial solution, where by applying the first-order approximation of the objec-

tive function, the descent direction is derived iteratively. Then, the step size along

the descent direction is sought by minimizing a univariable problem. For a convex

differentiable objective function and a compact feasible area, the rate of convergence

of this method is O(1/ε), [2, 17, 33].

Turning back to problem (4.9), the linear program which has to be solved in the

direction-finding step of the FW algorithm, written in terms of path flow variables

fkij , g
k′

rs, at the nth iteration becomes as follows:

min zlin(f, g) =
∑
ij

∑
k∈Kij

(
∑
e

(τe(v
n
e ) + τ ′e(v

n
e )vne )δe,k)fkij (4.12)

+
∑
rs

∑
k′∈K′

ij

(
∑
e

(τe(v
n
e ) + τ ′e(v

n
e )vne )δe,k′)g

k′

rs (4.13)

∑
i∈I

∑
k∈Kij

fkij = wj , ∀j ∈ J∑
k′∈K′

rs

gk
′

rs = qrs, ∀(r, s) ∈ ODset
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j∈J

∑
k∈Kij

fkij ≤ aiȳi, ∀i ∈ I

fkij , g
k′

rs ≥ 0,∀ i ∈ I, j ∈ J, k ∈ Kij , (r, s) ∈ ODset, k′ ∈ K ′rs.

In the above linear problem vne =
∑
ij

∑
k∈Kij

fk,nij δe,k+
∑
rs

∑
k′∈K′

rs
gk

′,n
rs δe,k′ where

fk,nij , gk
′,n
rs are the estimated path flow variables in the nth iteration. Note that the

objective function consists of the derivatives of the function zprim(ȳ, f, g) with re-

spect to variables fkij and gk
′

rs calculated as
∂zprim(ȳ, f, g)

∂fkij
=

∑
e

∂zprim(ȳ, f, g)

∂ve
δe,k =

∑
e(τe(ve)+τ ′e(ve)ve)δe,k and

∂zprim(ȳ, f, g)

∂gk′rs
=

∑
e

∂zprim(ȳ, f, g)

∂ve
δe,k′ =

∑
e(τe(ve)+

τ ′e(ve)ve)δe,k′ . The steps of the convex combination method to solve the convex prob-

lem (4.9) is summarized in Algorithm (3).

Algorithm 3 Convex combination method

Step 0: Initialization. Solve problem (4.13) with fk,0ij = 0, ∀i, j, k and gk
′,0
rs = 0, ∀(r, s), k′, i.e. v0e = 0

for all e ∈ E. Set counter n = 1 and name the obtained optimal solution as fk,nij , gk
′,n
rs .

Step 1: Calculate vne =
∑
ij

∑
k∈Kij

fk,nij δe,k +
∑
rs

∑
k′∈K′

rs
gk

′,n
rs δe,k′ and solve problem (4.13) to

obtain the optimal solution f̂kij , ĝ
k′
rs.

Step 2: Set direction ηk,nij = f̂kij − f
k,n
ij , ρk

′,n
rs = ĝk

′
rs − g

k′,n
rs . Solve the following line search problem

to find the step size β:

min zstep(β) =
∑
e∈E

vβe τe(v
β
e )

s.t. 0 ≤ β ≤ 1.

where vβe =
∑
ij

∑
k∈Kij

(fk,nij + βηk,nij )δe,k +
∑
rs

∑
k′∈K′

rs
(gk

′,n
rs + βρk

′,n
rs )δe,k′ .

Step 4: Move. Set fk,n+1
ij = fk,nij + βηk,nij and gk

′,n+1
rs = gk

′,n
rs + βρk

′,n
rs for all i, j, k and (r, s), k′.

Step 5: Convergence test. For a given ε > 0, if |zprim(ȳ, fn, gn) − zprim(ȳ, fn+1, gn+1)| ≤ ε, stop;

the current solutions fk,n+1
ij , gk

′,n+1
rs are the optimal path flows. Otherwise, set n = n + 1

and go to Step 1.

In the next section, the added value of the proposed model and the solution algo-

rithm is verified via some numerical examples.

5. Numerical examples

In this section, the GBD algorithm is implemented in LINGO 18.0 software on

some small and large sized networks, where the convergence of the algorithm and the
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Table 3. The data of the network in Figure (2)

Nodes 1 2 3 4 5 6 7 8 9

e 1600 1000 1000 1800 1000 1000 1600 1600 1400
w 70 110 80 70 80 100 60 80 60

a 430 320 370 450 300 480 280 350 400

validity of the solutions to the TCPM model are verified. In addition to the convex

combination method, there are also some developed solvers for convex nonlinear pro-

gramming problems which have been applied to solve the primal problem (4.3) during

the examples in this section.

In the first example, a small network with 9 nodes shown in Figure (2) is considered,

where I = J = N . The free-flow travel costs of links, t0e, and their capacities, ce,

are illustrated next to them. A self-loop is assigned to each node with t0e = 0 and

ce = M where M is a large number. The other necessary information of the network

is represented in Table (3).

In addition, the specified demands of O −D pairs, qrss, are represented in O −D
trip matrix A:

A =



0 15 3 9 5 7 9 15 2

32 0 34 18 18 12 32 13 4

28 14 0 9 15 4 5 33 34

21 3 9 0 13 29 1 2 6

23 26 23 16 0 20 11 27 7

25 7 13 22 28 0 3 33 28

18 16 16 11 18 18 0 29 28

23 14 29 19 13 33 31 0 20

22 21 8 11 17 9 30 7 0.


(5.1)

Using Eppstein’s k-shortest path ranking algorithm [14], 117 paths are picked up

for all O − D and C − F pairs. The proposed GBD method has been applied to

solve the TCPM problem (2.5) for p = 2, 3. The number of iterations, (IterGBD), re-

quired for the upper and lower bounds to meet together, along with the corresponding

elapsed running time in terms of seconds (ETGBD) and the optimal objective function

(OBJFGBD) have been reported in Table (4). In addition, the selected facilities with

the obtained values for xij are also inserted in each case. To verify the validity of

the obtained solutions, the TCPM problem (2.5) has been solved by LINGO 18.0

nonlinear mixed-integer branch and bound solver, where the objective function value

(OBJFLINGO) and the running time (ETLINGO) are represented in each case. The

value of the objective function obtained by the GBD method is equal to that of the

LINGO branch and bound solver. The variations of the upper and lower bounds

in the GBD algorithm, in case p = 2, have been represented in Figure (3). The

convergence is achieved in the 24th iteration.
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Table 4. The estimated solutions for the 9 node network, given in Figure (2)

The solution xij of GBD for p = 2 with the given capacities The solution xij of GBD for p = 2 with the reduced capacities

IterGBD = 24, ETGBD = 23.28 OBJFGBD = 61.25(103) IterGBD = 23, ETGBD = 19 OBJFGBD = 36.80(104)

ETLINGO = 3, OBJFLINGO = 61.25(103) ETLINGO = 3, OBJFLINGO = 36.80(104)
i\j 1 2 3 4 5 6 7 8 9 i\j 1 2 3 4 5 6 7 8 9
3 70 110 80 0 0 100 0 0 0 4 70 8.56 0 70 80 0 60 80 0
8 0 0 0 70 80 0 60 80 60 6 0 101.44 80 0 0 100 0 0 60

The solution xij of GBD for p = 3 with the given capacities The solution xij of GBD for p = 3 with the reduced capacities

IterGBD = 77, ETGBD = 62 OBJFGBD = 57.32(103) IterGBD = 63, ETGBD = 54 OBJFGBD = 36.26(104)

ETLINGO = 3, OBJFLINGO = 57.32(103) ETLINGO = 2, OBJFLINGO = 36.26(104)
i\j 1 2 3 4 5 6 7 8 9 i\j 1 2 3 4 5 6 7 8 9
1 70 110 0 70 0 0 0 0 0 2 70 110 14.47 0 0 0 0 0 0
6 0 0 80 0 0 100 0 0 0 6 0 0 65.53 0 74.32 100 0 0 60
8 0 0 0 0 80 0 60 80 60 7 0 0 0 70 5.68 0 60 80 0

Figure 2. The grid network with 9 nodes

In Table (4), node 8 is selected as a facility in both cases p = 2, 3. To perceive

the effect of congestion on locating facilities and assigning demands, we reduce the

capacities of links entering node 8, except its self-loop, in both cases p = 2, 3 to

ce = 20, and solve the problem via both the GBD algorithm and LINGO solver.

The obtained solutions are shown in Table (4). In both cases p = 2, 3, some node

is substituted for node 8. Simultaneously, the model tends to impose as least traffic

flow as possible to the links entering node 8 to minimize the cost of traffic congestion.

However, considering the O−D trip demands xr,8 in matrix A, assigning some flows

to the links entering node 8 is unavoidable. Nevertheless, the links entering node

8 endure much less traffic flow in the case of reduced capacities compared with the

given capacities, see Table (5). Figures (4) and (5) illustrate the selected facilities

and the used paths by customers to get service from facilities in both cases with the

given and reduced capacities for p = 2. To avoid confusion and complexity, the flows

related to O −D trips are ignored in the figures.

If the effect of O − D trip demands on traffic congestion is not considered i.e.,

qrs = 0 for all O −D pairs (r, s) and the link capacities decrease, then nodes 4 and
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Figure 3. The variations of the upper and lower bounds

Table 5. Link traffic counts for 9-node network

p = 2, ve=(i,j) for given capacities p = 2, ve=(i,j) for reduced capacities

i\j 1 2 3 4 5 6 7 8 9 i\j 1 2 3 4 5 6 7 8 9

1 0 161 − 18 − − − − − 1 0 76 − 103 − − − − −
2 73.07 0 261 − 107 − − − − 2 130 0 197.85 − 130.3 − − − −
3 − 73.13 80 − − 119 − − − 3 − 152.74 0 − − 270.7 − − −
4 162.93 − − 78 0 − 139 − − 4 106 − − 70 78 − 84 − −
5 − 49.93 − 183.93 0 90 − 214 − 5 − 72.41 − 249.55 0 90 − 113 −
6 − − 204.13 − 219.87 0 − − 62 6 − − 138.59 − 140.26 100 − − 68

7 − − − 139 − − 0 195 − 7 − − − 245 − − 0 80 −
8 − − − − 27 − 103 80 129 8 − − − − 70.41 − 149 0 113.59

9 − − − − − 150 − 97 0 9 − − − − − 200.56 − 37 0

p = 3, ve=(i,j) for given capacities p = 3, ve=(i,j) for reduced capacities

i\j 1 2 3 4 5 6 7 8 9 i\j 1 2 3 4 5 6 7 8 9

1 70 91 − 18 − − − − − 1 0 146 − 33 − − − − −
2 217 0 104 − 107 − − − − 2 107 110 128.15 − 86 − − − −
3 − 117 0 − − 199 − − − 3 − 131.47 0 − − 190.53 − − −
4 199 − − 0 60.32 − 69 − − 4 129 − − 0 78 − 159.68 − −
5 − 63 − 150 0 49.32 − 214 − 5 − 81.15 − 175.86 0 141.32 − 113 −
6 − − 125 − 176 100 − − 62 6 − − 106.85 − 176 100 − − 68

7 − − − 121.32 − − 0 142.68 − 7 − − − 118.83 − − 60 80 −
8 − − − − 27 − 103 80 146.68 8 − − − − 65.32 − 162.83 0 104.85

9 − − − − − 167.68 − 97 0 9 − − − − − 191.85 − 37 0

6 are chosen as the 2-median solution of the TCPM model (2.5) with the objective

function value 15.59(103). For p = 3, the selected nodes for facilities are 2, 6, 7 with

the objective function value 12.23(103). In both cases, node 8 is not selected as a

facility, and the traffic flow on its entering links is zero. Indeed, the model puts these

links aside from being applied for transportation in order to reduce the cost of traffic

congestion. However, if the demand of node 8 was much greater than that of the other

nodes, the TCPM model might locate one facility at node 8 to provide its demand.

To take the situation, let w8 = 200, then for p = 2, facilities would be located at
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Figure 4. The selected paths and facilities for p = 2 with given capacities

Figure 5. The selected paths and facilities for p = 2 with reduced capacities

nodes 1, 9 and for p = 3, the selected nodes would be 1, 3, 8. Indeed, in case p = 2,

one facility is absorbed close to node 8, while for p = 3, the model locates one facility

at node 8, which is mainly devoted for providing its own demand, while the other

two facilities are assigned to the rest. Selecting node 8 causes its entering links to

endure marginal flows, almost equal to 20. Although the major part of the capacity

of facility 8 is devoted to serve its own demand, it also has a small share in providing

some other nodes’ demands to minimize the traffic congestion and burden imposed

on facilities 1, 3. Generally speaking, large capacities of entering links and small

capacities of exiting links corresponding to some node will presumably increase the

chance of establishing a facility at this node. However, the effect of clients’ demands

and capacities of candidate nodes as well as the existing O −D trips should not be

neglected.

Next, the influence of such parameters as link capacities and distances between

nodes, as well as their demands, on selecting facilities and allocating customers, has

been investigated more precisely. We have considered equal values for ei, wj , t
0
e, ce, ai
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and qrs for all i ∈ I, j ∈ J, e ∈ E and (r, s) ∈ ODset. Some changes have been

created in different parameters, then the optimal locations of 2 facilities have been

determined in each case.

• Case 1: ei = 1000, wj = 60, t0e = 10, ce = 200, ai = 300 and qrs = 50 for

all j ∈ J, i ∈ I, e ∈ E and (r, s) ∈ ODset (for self-loops t0e = 0, ce = M).

As shown in Table (6), the solution of the TCPM problem (2.5) is 2, 8 with

OBJF = 16.36(104). Indeed, the facilities are located regarding the distances

between nodes. However, due to the effect of congestion, the solution is still

different from that of the classic p-median problem.

• Case 2: Reducing the capacities of links entering node 2 to ce = 20. The capac-

ities of links leading to node 2 are decreased to 20, while the other parameters

remain unchanged as in case 1. Due to the small capacities, the congestion on

links entering node 2 increases. Therefore, as seen in Table (6), the locations

of facilities change to nodes 4, 6. Although the demands are allocated in such

a way to devote as fewer traffic counts as possible to the links entering node 2,

the low-capacity links would still endure some flows related to the O −D trips

xr,2 for different origins r; therefore, the objective function value increases to

19.63(106).

If facilities are located again at nodes 2, 8, the objective function will increase to

61.25(106), of which more than 99.7% is related to the congestion costs of links

entering node 2. To sum up, the traffic congestion imposed on the network to

provide the demands by using a facility has a considerable effect on the efficiency

of this facility. Facilities are to be located in nodes having as good access as

possible, while the other parameters should also be considered.

• Case 3: Increasing the demand of node 3 to w3 = 120. We increase the demand

of node 3 to 120, while the other parameters remain unchanged as case 1. Here,

facilities are located at nodes 3, 4, see Table (6). Indeed, placing one median at

node 3 and assigning its demand to its own, will decrease the traffic congestion

related to providing service for this node. Also, the demands of other nodes are

generally allocated to their nearest facility provided that the capacities of the

nearest facility and its connected links are large enough.

• Case 4: Reducing the capacities of links entering node 3 to ce = 20 and in-

creasing its demand to w3 = 120. In this case, the model avoids selecting node

3 as a median, see Table (6); because the small capacities of its entering links

will generate excess traffic congestion and prevent users from getting service.

However, its considerable demand absorbs one median to its proximity

In the second example, we consider Siouxfalls network represented in Figure (6) in

both urban and network maps, where such necessary information as capacities and

free-flow travel costs of links as well as the O −D trip demands have been provided

in the URL address https : //github.com/bstabler /TransportationNetworks. The
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Table 6. The solutions to the traffic-based capacitated 2-median problem

Case 1 1 2 3 4 5 6 7 8 9 OBJF Case 2 2 2 3 4 5 6 7 8 9 OBJF

2 60 60 60 27.94 34.92 27.13 0 0 0 16.36(104) 4 60 30 0 60 30 0 60 30 0 19.63(106)

8 0 0 0 32.06 25.08 32.87 60 60 60 6 0 30 60 0 30 60 0 30 60

Case 3 1 2 3 4 5 6 7 8 9 OBJF Case 4 1 2 3 4 5 6 7 8 9 OBJF

3 0 60 120 0 0 60 0 0 60 16.52(104) 4 60 60 0 60 56.89 0 60 3.11 0 61.85(105)

4 60 0 0 60 60 0 60 60 0 6 0 0 120 0 3.11 60 60 56.89 60

Figure 6. Siouxfalls network map

network has 24 nodes and 100 links (regarding self-loops), where all nodes are con-

sidered to have some demands. Since there is not any data available for the service

demands of Siouxfalls nodes, we have randomly taken some values from the interval

[150, 550]. In addition, 12 candidate nodes, represented by the blue squares in Figure

(6), have been randomly selected for establishing p facilities where the values of fixed

set-up costs and capacities of candidate nodes have been taken from the intervals

[3000, 5500] and [1500, 3500], respectively. Also, one self-loop link with a large capac-

ity and zero travel cost is associated to each candidate node. Applying Eppstein’s

k-shortest path ranking algorithm [14], 940 paths are picked up for all O − D and

C − F pairs.

The problem is solved for p = 5 by applying the GBD algorithm by which, after

96 iterations, taking 1017 seconds, the convergence of the upper and lower bounds is

achieved. The selected facilities are located at nodes 1, 5, 7, 14, 19 depicted in Figure

(6) in the red circles. As it is seen, two facilities 1, 5 are picked up from the top

part of the network. Then, to verify the effect of congestion imposed by the existing

O−D flows on determining the location of facilities, we have multiplied the amounts

of entering O−D flows to the top part of the city by 3; i.e. xr,s = 3xr,s for r = 1, ..., 24

and s = 1, 2, 3, 4, 5, 6. New O−D demands result in facilities at nodes 6, 7, 11, 14, 19.

Indeed, the model avoids locating facilities inside the congested areas; instead, one

facility is located on the border of this area to service the upper nodes while the others
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Figure 7. The variations of the upper and lower bound for p = 4

Table 7. The results for Siouxfalls network

p 5 6 7

OPTOBJ(106) ETOPT OPTOBJ(106) ETOPT OPTOBJ(106) ETOPT

12.09 1049 12.05 1114 12.04 2430

Niter 20 30 20 30 20 30

ET 273 359 251 382 400 428

UB(106) 12.11 12.11 12.06 12.06 12.06 12.05
LB(106) 11.95 11.99 11.94 11.97 11.92 11.95
RD 0.013 0.010 0.010 0.007 0.012 0.008

RE 0.002 0.002 0.008 0.008 0.002 0.001

are set on the center or bottom part of the city.

The variations of the upper and lower bounds, without multiplying the O − D

trip values, are represented in Figure (7). Noting Figure (7), although it takes 96

iterations for the upper and lower bounds to meet each other, their relative difference

is subtle after 60 iterations. In addition, the upper bound remains unchanged during

all iterations, while the lower bound increases. Indeed, conducting different examples,

it has been realized that the upper bound usually meets its optimal value much

sooner than the lower bound. Therefore, we suggest stopping the algorithm when no

improvement is achieved in the upper bound during a specified number of successive

iterations. Using this condition, the TCPM problem for p = 5, 6, 7 is solved for

which the GBD algorithm would be stopped if no improvement is observed in the

upper bound after Niter successive iterations. Then, the elapsed running time (ET )

and the values of the upper and lower bounds (UB,LB) with their relative difference

(RD) obtained for different values of Niter = 20, 30 along with the optimal objective

function value (OPTOBJ) (calculated by solving the problem with no iteration limit),

its corresponding running time (ETOPT ), and the relative error between OPTOBJ

and UB represented by RE, have been inserted in Table (7).
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Figure 8. Anaheim network

As it is realized by Table (7), setting a reasonable limit for successive iterations

with no progress, for example Niter = 20, results in a close approximation to the

optimal objective value in a short running time, almost one-fifth of the time required

for the global convergence. This observation increases the computational efficiency of

the algorithm by picking the upper bound as a fair estimate of the optimal solution.

Besides, noting Table (7), it is perceived that the optimal value of the objective

function decreases by increasing the number of facilities, because the traffic congestion,

as well as the total travel cost, would be reduced by assigning customers to closer

facilities.

In the last example, Anaheim network with 416 nodes, 914 links, and 38

zones, represented in Figure (8) is considered whose topology, including the val-

ues of ce and t0e, is available at the URL address https : //github.com/bstabler

/TransportationNetworks. The zones are assumed to be the origins and destina-

tions which generate or absorb trips where the demands of all 38×38 O−D pairs are

available in the mentioned address. We have selected 25 candidate nodes to establish

facilities whose capacities have been taken from the interval [1300, 2800]. The fixed

establishment costs have been assumed equal to zero to evaluate the effect of link

travel costs on selecting facilities. Also, one self-loop link with a large capacity and

zero travel cost is associated to each candidate node which causes the number of links

increase to 1330. In addition, the demand points are located at the network zones,

for which the values of wj belong to [150, 650]. Applying Eppstein’s k-shortest path

ranking algorithm [14], 1896 and 2850 paths are picked up for C−F and O−D pairs,

respectively.

To realize the effect of the number of established facilities as well as link capacities

on toll values, we have solved the problem for different values of p and capacities of

links. The link tolls are estimated by γe = τe(v
opt
e )vopte where vopte s are the optimal

traffic counts of links. The algorithm has been implemented for p = 7, 10, 13 and link

capacities cµe = µce with µ = 0.5, 1, 2 considering Niter = 20, 30 (maximum number of
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Table 8. The estimated solutions of Anaheim Network

Niter = 20 p = 7 p = 10 p = 13
β = 0.5 β = 1 β = 2 β = 0.5 β = 1 β = 2 β = 0.5 β = 1 β = 2

ET 1689 1685 1680 2042 1667 1384 1126 1440 988

UB(105) 42.29 14.57 12.70 41.47 14.28 12.47 41.43 14.21 12.45

LB(105) 42.27 14.53 12.69 41.32 14.13 12.37 41.35 14.14 12.37
RD(10−3) 0.4 3 0.8 3.6 10.5 8 1.9 4.9 6.4

AT 303.64 19.39 1.46 297.62 19.04 1.37 297.37 18.89 1.36

Niter = 30 p = 7 p = 10 p = 13

β = 0.5 β = 1 β = 2 β = 0.5 β = 1 β = 2 β = 0.5 β = 1 β = 2

ET 1896 2012 1555 2100 2359 1877 7901 4009 1498

UB(105) 42.29 14.57 12.70 41.47 14.28 12.47 41.43 14.21 12.43
LB(105) 42.29 14.57 12.70 41.32 14.15 12.38 41.35 14.15 12.37
RD 0 0 0 3.6 9.1 7.2 1.9 4 4.8
AT 303.64 19.39 1.46 297.62 19.04 1.37 297.37 18.89 1.36

successive iterations with no improvement in the upper bound). The average amount

of link tolls (AT ) has been calculated by finding the optimal solution, and inserted in

Table (8). Also, the upper and lower bounds (UB,LB) and their relative difference

(RD), along with the elapsed running time (ET ) have been reported in Table (8).

By increasing the number of established facilities or capacities of links, the average

toll decreases. Indeed, if the system planner attempts to impose less financial burden

on users, he/she must establish more facilities in the network, or instead, he/she

should improve the link capacities by some development plans. Both measures would

also cause a decline in the objective function value, provided that the establishment

costs are zero. In addition, by increasing Niter, the relative difference between the

upper and lower bounds gets smaller; however the running time increases.

6. Summary and conclusions

In this paper, considering the effect of link traffic congestion on travel cost, we

introduced a traffic-based model to the capacitated p-median problem. Indeed, a

combination of the system optimization model with the p-median problem, having

fixed set-up costs for establishing facilities at nodes, was applied. It was assumed

that the clients’ demands were to be provided through different paths to facilities.

Besides, the effect of the existing O−D trip demands was simultaneously taken into

consideration. The purpose was to minimize the total network establishment and

transportation cost. The generalized Benders decomposition method was applied

to decompose the problem into some easier sub-problems and the solution was

iteratively updated to minimize the difference between the upper and lower bounds.

Also, the convergence of the proposed method in a finite number of iterations was

addressed through a theorem. Finally, some numerical examples have been analyzed

to illustrate the efficiency of the proposed model and the solution approach.
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