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Abstract: Metric dimension is an essential parameter in graph theory that aids in
addressing issues pertaining to information retrieval, localization, network design, and
chemistry through the identification of the least possible number of elements necessary
to identify the vertices in a graph uniquely. A variant of metric dimension, called the
edge metric dimension focuses on distinguishing the edges in a graph G, with a vertex
subset. The minimum possible number of vertices in such a set is denoted as dimg(G).
This paper presents the precise edge metric dimension of silicate networks.

Keywords: edge metric basis, silicate, twins, tetrahedron, chain silicate, cyclic sili-
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1. Introduction

Metric dimension is a measure of how efficiently one can locate and distinguish be-
tween the vertices (nodes) of a graph using a minimal set of landmarks or reference
points [5, 23]. Metric dimension has applications in diverse domains, particularly
network design [3], chemistry [4, 7], robotics [9], and location-based services. Calcu-
lating the exact metric dimension of a graph is often a computationally challenging
problem. For particular class of graphs, such as trees, there are efficient algorithms
to find the metric dimension. However, for general graphs [9], bipartite graphs [16]
and directed graphs [22], this problem remains NP-hard. Despite the computational
difficulty, the precise value of metric dimension is evaluated for many graph structures
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including honeycomb [15], TiO2 nanotubes [19], butterfly [16], benes [16], Sierpirski
[10], silicate [17], and irregular triangular networks [21].

The distance dg(u,v) between two vertices u and v in a connected graph G, where
V(G) is the set of vertices and E(G) is the set of edges, is defined as the minimum
number of edges in any shortest path (geodesic) connecting them. The distance be-
tween an edge e = vw and a vertex u is given by, dg(e,u) = min{dg (v, u), dg(w,u)}.
Based on the distance from vertices of an ordered subset X = {u1,us,...,u;}, every
vertex v is represented with a vector of distance,

r(v|X) = (dg(v,u1),dg(v,u2),...,da(v,u)).
The subset X is a resolving set (RS) if r(x|X) # r(y|X), Vz,y € V(G). To put it
in another way, X is a RS if for every z,y € V(G), a vertex u € X exists such that
distances from x and y to u are unequal. See Figure 1(a). We use the term (metric)

basis to represent a RS with minimum vertices and metric dimension (MD), dim(G)
to indicate its cardinality.

=

Figure 1. (a) Resolving set (RS); (b) Edge resolving set (ERS)

The vertices of a basis distinguish the vertices in the graph and not necessarily the
edges. This fact ignited the spark of edge metric basis (EMB). A vertex subset S,
is called an edge resolving set (ERS) when we have a vertex w € S for every pair of
edges e, f, such that dg(w, e) and dg(w, f) are different. See Figure 1(b). EMB is a
vertex subset which resolves the edges of the graph with minimum possible vertices
and the cardinality of EMB is the edge metric dimension (EMD), dimg(G). This
idea was conceptualized in [8] by Kelenc et al. and is concluded as NP-complete.
In the aftermath of this concept’s origin a number of articles has outbroken in this
field. To list a few, we have the characterization of graphs with maximum EMD
[27, 28], the EMD of grid graphs [8], web graph, prism related graph, convex polytope
antiprism, convex polytope graph [26], benzenoid tripod structure [2], honeycomb
network, hexagonal network [1], Erdos-Renyi random graph [29], and generalized
Petersen graph P(n, 3) [25]. The research regarding this realm has exapnded to graph
operations such as join, lexicographic, corona [18], and hierarchical products [11].
Identifying graphs with EMD lesser than MD received specific attention [12, 13].
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2. Silicate Networks

Silicates are among the most abundant minerals on Earth and are the primary com-
ponents of many materials, including rocks, minerals, and glasses. A silicon atom
joined with equally spaced oxygen atoms when oxygen atoms are placed at the four
corners of a tetrahedron produces a silicate tetrahedron. The basic building block of
silicate networks is the silicate tetrahedron, SiO4. See Figure 2. In a silicate network
(or sheet), each oxygen atom is shared between adjacent tetrahedra, leading to the
formation of a continuous network. The silicate network was perceived as an inter-
connection network, inspired by the molecular structure of SiO,4. Various properties,
including metric dimension [17], topological descriptors [6, 14], power domination [24],
and fault-tolerant metric dimension [20] have been discussed.

Silicon atom

Figure 2. Silicate tetrahedron

When a silicate tetrahedron connects with other tetrahedra linearly, a single-row
silicate chain is created. A chain silicate with n tetrahedra is denoted by CS,,. It has
3n + 1 vertices and 6n edges. See figure 3.
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Figure 3. Chain silicate CS;

Cyclic silicates are a specific type of silicate mineral or compound characterized by
a ring-like structure. In cyclic silicates, the silicate tetrahedra are arranged in closed
loops or rings, giving rise to distinct structural and chemical properties. A cyclic
silicate C'C), can be obtained from a cycle of length n, by replacing each edge with a
tetrahedron. C'C), has 3n vertices and 6n edges. See Figure 4.
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Figure 4. Cyeclic silicate CCs

3. Main Results

A one point union of two tetrahedrons is called a twin tetrahedron in silicate network.
In C'S,, we have twin tetrahedrons with five 3-degree vertices and some with four 3-
degree vertices. See Figure 5.

Figure 5. Twin tetrahedrons

Let us define a cubic set, C to denote the set of 3-degree vertices in a twin tetrahedron.
We have the following lemma regarding the role of cubic vertices in ERS of silicate
networks.

Lemma 1. Let G be any silicate network and S be an ERS of G. Then for every twin
tetraherdon at most one vertex of C' can be excluded from S i.e, |C'\ S| < 1.

Proof.  Suppose there exists a twin tetrahedron with two cubic vertices p,q ¢ S. Let
vo be the intersection point of the twin tetrahedron and let e; = vgp, es = vgq. Then
d(e1,u) = d(ez,u) = d(vg, u) for each u € V(G)\ {p, ¢}, which contradicts S being an
ERS. O

Similar to the twin tetrahedrons, we have two types of tetrahedrons, some with three
cubic vertices (Type I) and the remaining with two cubic vertices (Type II). See
Figure 6.
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Figure 6. Tetrahedrons in silicate network Type I and Type 11

Consider a type I tetrahedron. Let vg,v1,v2,vs be the vertices and the edges of the
tetrahedron be e; = vgv1, €2 = VU2, €3 = VU3, €4 = V1V2, €5 = V1V3, €5 = VaU3. Let

S1 = {s,v1,v2} and d(s,v1) = x. Then

Similarly, in type II tetrahedron let ug, u1, ue, us be the vertices and e; = uguy,eq =
Ugla, €3 = UgU3, €4 = Ujlg, €5 = UjU3,e5 = Ugug be the edges. If Sy = {s,t,us},

d(s,ug) = z and d(t,u;) = y then
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The following remark and lemma are straightforward from the above observations.

Remark 1. For tetrahedrons of type I, |SN C| > 2 and for type II, |[S N C| > 1, where S
is an ERS and C' is the set of 3-degree vertices.

Lemma 2. In a silicate network G, if for a vertex subset S, the following conditions

holds, then S is an ERS.

(i) For every twin tetrahedron |C'\ S| <1

(ii) For every type I tetrahedron, |SNC| > 2
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(iii) For every type II tetrahedron, |[SNC| > 1

Theorem 1. For any even integer n > 2, dimg(CS,) = 37” + 2.

Proof.  When n is even, C'S,, can be partitioned into 5 edge-disjoint twin tetrahe-

drons. Let C1,Cy,...,Cn be the corresponding cubic sets. Since |C1| = [Cz| =5
and |Co| = ... = |Cz_1| =4, by Lemma 1, dimp > 3(% —2) +4(2) = 3 + 2.
Consider CS,, as a path on n vertices {wy,ws,...,w,}. Define a mapping | :
{wy,ws, ..., w,} = {1,2} as follows,

lwy) =l (wa) = Uwp-1) = Uwy) =2

1, i=1 (mod 2)

for3<i<n-—2,
2, i=0 (mod 2).

Consider a collection of 3-degree vertices S, with the property that |[S N R;| = I(w;),
where R; is the set of vertices of the tetrahedron corresponding to w;. By Lemma 2,
S is an ERS of CS,, and |S| = 32 + 2. Thus, dimg(CS,) = 32 + 2. O

Theorem 2. For any odd integer n > 1, dimg(CS,) = w

Proof. CS,, with n odd, has two twin tetrahedrons with five cubic vertices, ”?_1 -2
twin tetrahedrons with four cubic vertices and a single tetrahedron with two cubic
3(n+1)

vertices. By Lemma 1, dimg(CS,) > =5—.

Define a mapping [ : {wy,ws,...,w,} — {1,2} as follows,

Hwy) = U wsz) =W wp—1) = l(w,) =2

Hw;) = {

Here each w; represents a tetrahedron of C'S,. Let S be a set of 3-degree vertices
with |SNR;| = I(w;), where R; is the set of vertices of the tetrahedron corresponding
to w;. Since S satisfies the conditions in Lemma 2, and |S| = w, it follows that
3(n+1) [
=5

and for 3 <i<n—2,
1, i=1 (mod 2)
2, i=0 (mod 2).

dimE =

Theorem 3. For any even integer n > 4, dimg(CCy) = 2.
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Proof.  For even values of n, CC, has 5 twin tetrahedrons that are edge-disjoint
and each cubic set has four vertices. Thus by Lemma 1, dimg > 37"

Consider CC,, as a cycle on n vertices {wy,ws,...,w,}. Define a mapping [ :
{wy,wa,...,w,} — {1,2} as follows, for 1 <i <mn,

L J1L i=1 (mod2)
l(w’){2, i=0 (mod 2).

Let S be a set of 3-degree vertices with |[SNR;| = I(w;), where R; is the set of vertices
of the tetrahedron corresponding to w;. By Lemma 2, S resolves the edges of CC,.

Here |S| = 32 and this implies that, dimp(CC,,) = 32. O

Theorem 4. For any odd integer n > 3, dimg(CC,) = w — 1.

Proof. In CC,, when n is odd, we have "T_l twin tetrahedron with four cubic ver-
tices and a single tetrahedron. Thus, dimg(CC),) > ?’(”TH) —1.

Consider CC,, as a cycle on n vertices {wy,ws,...,w,}. Define a mapping I :
{wy,wa,...,w,} — {1,2} as follows, for 1 <i <mn—1,

() = 1, i=1 (mod 2)
YN =0 (mod 2),

and I(w,) = 2. Consider a collection of 3-degree vertices S, with the property that
|S N R;| = l(w;), where R; is the set of vertices of the tetrahedron corresponding to
w;. By Lemma 2, S is an edge resolving set of CC,, and since |S| = w — 1, we

get dimp(CC,) = 30 g, O

4. Conclusion

Silicate networks are prevalent in nature, forming the backbone of many minerals in
the Earth’s crust. They also have significant industrial applications, particularly in
the production of glasses, ceramics, and construction materials. Understanding the
structure and properties of silicate networks is essential for designing and engineering
materials with specific functionalities and characteristics. This study has identified
the necessary vertices to resolve the edges in cyclic and chain silicate networks. Future
works can focus on this parameter for other types of silicate networks.

Acknowledgements: The authors are thankful to Rajalakshmi Educational Trust
for granting financial support under Centre for Sponsored Research and Consultan-
cy/CSRC84.

Conflict of Interest: The authors declare that they have no conflict of interest.

Data Availability: Data sharing is not applicable to this article as no datasets were
generated or analyzed during the current study.



294 Edge metric dimension of silicate networks

References

[1] S. Abbas, Z. Raza, N. Siddiqui, F. Khan, and T. Whangbo, Edge metric dimen-
sion of honeycomb and hexagonal networks for IoT, Comput. Mater. Contin. 71
(2022), no. 2, 2683-2695.

[2] A. Ahmad, S. Husain, M. Azeem, K. Elahi, and M.K. Siddiqui, Computation
of edge resolvability of benzenoid tripod structure, J. Math. 2021 (2021), no. 1,
Article ID: 9336540.
https://doi.org/10.1155/2021/9336540.

[3] Z. Beerliova, F. Eberhard, T. Erlebach, A. Hall, M. Hoffmann, M. Mihal’ak, and
L.S. Ram, Network discovery and verification, IEEE J. Sel. Areas Commun. 24
(2006), no. 12, 2168-2181.
https://doi.org/10.1109/JSAC.2006.884015.

[4] G. Chartrand, L. Eroh, M.A. Johnson, and O.R. Oellermann, Resolvability in
graphs and the metric dimension of a graph, Discrete Appl. Math. 105 (2000),
no. 1-3, 99-113.
https://doi.org/10.1016/5S0166-218X(00)00198-0.

[5] F. Harary and R.A. Melter, On the metric dimension of a graph, Ars Combin. 2
(1976), 191-195.

[6] S. Hayat and M. Imran, Computation of topological indices of certain networks,
Appl. Math. Comput. 240 (2014), 213-228.
https://doi.org/10.1016/j.amc.2014.04.091.

[7] M. Johnson, Structure-activity maps for visualizing the graph variables arising in
drug design, J. Biopharm. Stat. 3 (1993), no. 2, 203-236.
https://doi.org/10.1080/10543409308835060.

[8] A. Kelenc, N. Tratnik, and I.G. Yero, Uniquely identifying the edges of a graph:
The edge metric dimension, Discrete Appl. Math. 251 (2018), 204-220.
https://doi.org/10.1016/j.dam.2018.05.052.

[9] S. Khuller, B. Raghavachari, and A. Rosenfeld, Landmarks in graphs, Discrete
Appl. Math. 70 (1996), no. 3, 217-229.
https://doi.org/10.1016/0166-218X(95)00106-2.

[10] S. Klavzar and S.S. Zemlji¢, On distances in Sierpinski graphs: Almost-extreme
vertices and metric dimension, Appl. Anal. Discrete Math. 7 (2013), no. 1, 72-82.
https://doi.org/10.2298/AADM130109001K.

[11] S. Klavzar and M. Tavakoli, Edge metric dimensions via hierarchical product and
integer linear programming, Optim. Lett. 15 (2021), 1993-2003.
https://doi.org/10.1007/s11590-020-01669-x.

[12] M. Knor, S. Majstorovi¢, A.T.M. Toshi, R. Skrekovski, and I1.G. Yero, Graphs
with the edge metric dimension smaller than the metric dimension, Appl. Math.
Comput. 401 (2021), Article ID: 126076.
https://doi.org/10.1016/j.amc.2021.126076.

[13] M. Knor, R. Skrekovski, and I.G. Yero, A note on the metric and edge metric



S. Prabhu, T.J. Janany 295

dimensions of 2-connected graphs, Discrete Appl. Math. 319 (2022), 454—460.
https://doi.org/10.1016/j.dam.2021.02.020.

[14] J.B. Liu, S. Wang, C. Wang, and S. Hayat, Further results on computation of
topological indices of certain networks, IET Control Theory Appl. 11 (2017),
no. 13, 2065-2071.
https://doi.org/10.1049/iet-cta.2016.1237.

[15] P. Manuel, R. Bharati, and 1. Rajasingh, On minimum metric dimension of
honeycomb networks, J. Discrete Algorithms 6 (2008), no. 1, 20-27.
https://doi.org/10.1016/j.jda.2006.09.002.

[16] P.D. Manuel, M.I. Abd-El-Barr, I. Rajasingh, and B. Rajan, An efficient repre-
sentation of benes networks and its applications, J. Discrete Algorithms 6 (2008),
no. 1, 11-19.
https://doi.org/10.1016/].jda.2006.08.003.

[17] P.D. Manuel and I. Rajasingh, Minimum metric dimension of silicate networks,
Ars Combin. 98 (2011), 501-510.

[18] I. Peterin and I.G. Yero, Edge metric dimension of some graph operations, Bull.
Malays. Math. Sci. Soc. 43 (2020), no. 3, 2465-2477.
https://doi.org/10.1007/s40840-019-00816-7.

[19] S. Prabhu, T. Flora, and M. Arulperumjothi, On independent resolving number
of TiOz[m,n| nanotubes, J. Intell. Fuzzy Syst. 35 (2018), no. 6, 6421-6425.
https://doi.org/10.3233/JIFS-181314.

[20] S. Prabhu, V. Manimozhi, M. Arulperumjothi, and S. Klavzar, Twin vertices
in fault-tolerant metric sets and fault-tolerant metric dimension of multistage
interconnection networks, Appl. Math. Comput. 420 (2022), Article ID: 126897.
https://doi.org/10.1016/j.amc.2021.126897.

[21] S. Prabhu, D. Sagaya Rani Jeba, M. Arulperumjothi, and S. Klavzar, Metric
dimension of irreqular convez triangular networks, AKCE Int. J. Graphs Comb.
(2023), In press.
https://doi.org/10.1080/09728600.2023.2280799.

[22] B. Rajan, I. Rajasingh, J.A. Cynthia, and P. Manuel, Metric dimension of di-
rected graphs, Int. J. Comput. Math. 91 (2014), no. 7, 1397-1406.
https://doi.org/10.1080/00207160.2013.844335.

[23] P.J. Slater, Leaves of trees, Congr. Numer. 14 (1975), 549-559.

[24] S. Stephen, B. Rajan, J. Ryan, C. Grigorious, and A. William, Power domination
in certain chemical structures, J. Discrete Algorithms 33 (2015), 10-18.
https://doi.org/10.1016/j.jda.2014.12.003.

[25] D.G.L. Wang, M.M.Y. Wang, and S. Zhang, Determining the edge metric dimen-
sion of the generalized Petersen graph P(n,3), J. Comb. Optim. 43 (2022), no. 2,
460-496.
https://doi.org/10.1007/s10878-021-00780-8.

[26] Y. Zhang and S. Gao, On the edge metric dimension of convex polytopes and its
related graphs, J. Comb. Optim. 39 (2020), no. 2, 334-350.
https://doi.org,/10.1007/s10878-019-00472-4.

[27] E. Zhu, A. Taranenko, Z. Shao, and J. Xu, On graphs with the maximum edge



296 Edge metric dimension of silicate networks

metric dimension, Discrete Appl. Math. 257 (2019), 317-324.
https://doi.org/10.1016/j.dam.2018.08.031.
(28] N. Zubrilina, On the edge dimension of a graph, Discrete Math. 341 (2018), no. 7,
2083-2088.
https://doi.org/10.1016/j.disc.2018.04.010.
, Asymptotic behavior of the edge metric dimension of the random graph,
Discuss. Math. Graph Theory 41 (2021), no. 2, 589-599.
https://doi.org/10.7151 /dmgt.2210.

[29]




	Introduction
	Silicate Networks
	Main Results
	Conclusion
	References

