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Abstract: Let T be a tree of order n with Laplacian eigenvalues µ1 ≥ µ2 ≥ · · · ≥
µn−1 > µn = 0. The Wiener index of T is defined as W (T ) = n

∑n−1
i=1

1
µi

. The

modified hyper–Wiener index of T is stated in terms of W (T ) and Laplacian eigenvalues

as WWW (T ) =
W (T )2

2n
− n

2

∑n−1
i=1

1
µ2
i

. In this study, we present some relations between

modified hyper–Wiener index, the first Zagreb index, modified first Zagreb index and

inverse degree index of trees when order n and maximal vertex degree of a graph are
known.
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1. Introduction

Let G = (V,E), V = {v1, v2, . . . , vn}, be a simple connected graph of order n and

size m with the vertex degree sequence d1 ≥ d2 ≥ · · · ≥ dn. Denote by A (G)

the (0, 1)−adjacency matrix of G. The Laplacian matrix of G is defined as L (G) =

D (G)−A (G), where D (G) = diag(d1, d2, . . . , dn) is the diagonal degree matrix of G

[14]. Eigenvalues of L (G), µ1 ≥ µ2 ≥ · · · ≥ µn−1 > µn = 0, represent the Laplacian

eigenvalues of G [6].

∗ Corresponding Author
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In graph theory, a graph invariant is a property of graphs that is preserved by iso-

morphism [7]. The graph invariants that assume only numerical values are usually

referred to as topological indices in chemical graph theory [21]. The Wiener index is

a well-known distance-based topological index introduced as structural descriptor for

acyclic organic molecules. It was conceived by Harold Wiener in 1947 as [22]

W (G) =
∑
i<j

dij ,

where dij is the number of edges in a shortest path between vertices vi and vj . The

Wiener index is one of the most frequently used molecular shape descriptors. It has

found many applications in the modelling of physico-chemical properties of organic

molecules. Since many molecular graphs of organic compounds are trees, there are a

lot of studies of the properties of the Wiener indices of trees [4]. The hyper–Wiener

index [9] and modified hyper–Wiener index are generalization of the concept of Wiener

index [20].

The following results connect the Wiener index, modified hyper–Wiener index (quan-

tities defined in terms of distances in a graph) and Laplacian eigenvalues. Namely,

for any tree T of order n, the Wiener index can be calculated as [10, 18]:

W (T ) = n

n−1∑
i=1

1

µi
,

and the modified hyper–Wiener index as [9]

WWW (T ) = n
∑
i<j

1

µiµj
.

For any tree T of order n, the following relation between Laplacian eigenvalues, Wiener

index and the modified hyper–Wiener index has been obtained in [8]:

WWW (T ) =
W (T )2

2n
− n

2

n−1∑
i=1

1

µ2
i

. (1.1)

Several lower and upper bounds on WWW (T ) can be found in [1].

Before we proceed, let us recall some degree–based indices that are of interest for the

present paper. The first Zagreb index is defined by [11]

M1(G) =

n∑
i=1

d2i .
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The modified first Zagreb index is defined as [19]

mM1(G) =

n∑
i=1

1

d2i
.

The inverse degree index is introduced in [5] as

ID(G) =

n∑
i=1

1

di
.

In this paper, we investigate some relationships between modified hyper–Wiener in-

dex, the first Zagreb index, modified first Zagreb index and inverse degree index of

trees when order n and maximal vertex degree of a graph are known.

2. Preliminaries and Lemmas

Let α be a real number. The sum of the α-th powers of the Laplacian eigenvalues of

graph G closely related with several graph invariants is defined by [23] (see also [2, 3])

sα (G) =

n−1∑
i=1

µαi .

Let us denote by K1,n−1 the star graph of order n. We now recall two results from

the literature that are of interest for the present paper.

Lemma 1. [13] Let G be a simple connected graph of order n ≥ 3 with vertex degree
sequence d1 ≥ d2 ≥ · · · ≥ dn, where dn−2 ≥ dn−1 + dn − 1. If α < 0 or α > 1, then

sα (G) ≥ (1 + d1)
α + dα2 + · · ·+ dαn−2 + (dn−1 + dn − 1)α (2.1)

with equality if and only if G ∼= K1,n−1.

Lemma 2. [12, 16] Let p = (pi), i = 1, 2, . . . , n, be a sequence of non–negative real
numbers, and a = (ai), i = 1, 2, . . . , n, sequence of positive real numbers. Then, for any real
r, r ≤ 0 or r ≥ 1, holds

(
n∑
i=1

pi

)r−1 n∑
i=1

pia
r
i ≥

(
n∑
i=1

piai

)r
. (2.2)

When 0 ≤ r ≤ 1, the opposite inequality is valid. Equality holds if and only if either r = 0,
or r = 1, or a1 = a2 = · · · = an, or p1 = p2 = · · · = pt = 0 and at+1 = · · · = an, or
pt+1 = · · · = pn = 0 and a1 = · · · = at, for some t , 1 ≤ t ≤ n− 1.
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3. Main Results

In the next theorem we establish a relationship between WWW (T ), W (T ) and
mM1(T ), when n and d1 are known.

Theorem 1. Let T be a tree of order n ≥ 2. Then, we have

WWW (T ) ≤ n

2

(
W (T )2 + n2

n2
+

2d1 + 1

d21(1 + d1)2
− mM1(T )

)
. (3.1)

Equality holds if and only if T ∼= K1,n−1.

Proof. According to (2.1), for any connected graph G and α = −2, the following

inequality is valid

n−1∑
i=1

1

µ2
i

≥ 1

(1 + d1)2
+

n−2∑
i=2

1

d2i
+

1

(dn−1 + dn − 1)2
, (3.2)

with equality if and only if G ∼= K1,n−1. Let G ∼= T . Thus dn = dn−1 = 1. Then,

according to (1.1) and (3.2), we have that

n−1∑
i=1

1

µ2
i

=
W (T )2

n2
− 2WWW (T )

n
≥ 1 +

1

(1 + d1)2
+

n−2∑
i=2

1

d2i
. (3.3)

Since
n−2∑
i=2

1

d2i
= mM1(T )− 1

d21
− 2 ,

from the above and (3.3), we arrive at (3.1).

Equality in (3.3), and consequently in (3.1), holds if and only if T ∼= K1,n−1.

Corollary 1. Let T be a tree of order n ≥ 4. Then

WWW (T ) ≤ n

2

W (T )2 − n2

n2
− 1

(1 + d1)2
−

√√√√(ID(T )− 2− 1
d1

)3
2(n− 2)− d1

 .

Equality holds if and only if T ∼= K1,n−1.
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Proof. In [15] it was proven that

mM1(T ) ≥ 2 +
1

d21
+

√√√√(ID(T )− 2− 1
d1

)3
2(n− 2)− d1

,

with equality if and only if T ∼= Pn, or T ∼= K1,n−1. From the above and inequality

(3.1), the required result is obtained.

Corollary 2. Let T be a tree of order n ≥ 4. Then

WWW (T ) ≤ n

2

[
W (T )2 − n2

n2
− 1

(1 + d1)2
− (n− 3)3

(2(n− 2)− d1)2

]
.

Equality holds if and only if T ∼= K1,n−1.

Proof. In [15] it was proven that

mM1(T ) ≥ 2 +
1

d21
+

(n− 3)3

(2(n− 2)− d1)2
,

with equality if and only if T ∼= Pn, or T ∼= K1,n−1. From the above and inequality

(3.1), we get the required result.

Corollary 3. Let T be a tree of order n ≥ 4. Then

WWW (T ) ≤ n

2

[
W (T )2 − n2

n2
− 1

(1 + d1)2
− (n− 3)2

M1(T )− 2− d21

]
.

Equality holds if and only if T ∼= K1,n−1.

Proof. According to the inequality between arithmetic and harmonic means (see

e.g. [17]), the following is valid

n−2∑
i=2

1

d2i

n−2∑
i=2

d2i ≥ (n− 3)2 ,

that is
n−2∑
i=2

1

d2i
≥ (n− 3)2

M1(T )− d21 − 2
.

From the above and inequality (3.3), we obtain that

W (T )2

n2
− 2WWW (T )

n
≥ 1 +

1

(1 + d1)2
+

(n− 3)2

M1(T )− d21 − 2
,

from which we obtain the required result.
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Theorem 2. Let T , T � Pn, be a tree of order n ≥ 4. Then we have

WWW (T ) ≤n
2

[
W (T )2 − n2

n2
− 1

(1 + d1)2
−

− 1

d1

(
ID(T )− 2− 1

d1
+

(d1(ID(T )− 2)− n+ 2)2

(n− 2)(d1 − 2)

)]
.

(3.4)

Equality holds if and only if T ∼= K1,n−1.

Proof. The inequality (2.2) can be considered as

(
n−2∑
i=2

pi

)r−1 n−2∑
i=2

pia
r
i ≥

(
n−2∑
i=2

piai

)r
. (3.5)

For r = 2, pi = d1−di
d2i

, ai = di, i = 2, 3, . . . , n− 2, the above inequality becomes

n−2∑
i=2

d1 − di
d2i

n−2∑
i=2

(d1 − di) ≥

(
n−2∑
i=2

d1 − di
di

)2

. (3.6)

Note that

n−2∑
i=2

d1 − di
d2i

= d1

n−2∑
i=2

1

d2i
−
n−2∑
i=2

1

di
= d1

n−2∑
i=2

1

d2i
−
(
ID(T )− 2− 1

d1

)
,

n−2∑
i=2

(d1 − di) = d1(n− 3)− (2(n− 1)− d1 − 2) = (n− 2)(d1 − 2) ,

n−2∑
i=2

d1 − di
di

= d1

(
ID(T )− 2− 1

d1

)
− (n− 3) = d1(ID(T )− 2)− n+ 2 ,

From the above arguments and (3.6), we obtain

(
d1

n−2∑
i=2

1

d2i
− (ID(T )− 2− 1

d1
)

)
(n− 2)(d1 − 2) ≥ (d1(ID(T )− 2)− n+ 2)2 .

Since n ≥ 4 and d1 6= 2, from the above inequality we have that

n−2∑
i=2

1

d2i
≥ 1

d1

(
ID(T )− 2− 1

d1
+

(d1(ID(T )− 2)− n+ 2)2

(n− 2)(d1 − 2)

)
.
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Now, from the above and inequality (3.3) we obtain

W (T )2

n2
−2WWW (T )

n
≥ 1+

1

(1 + d1)2
+

1

d1

(
ID(T )− 2− 1

d1
+

(d1(ID(T )− 2)− n+ 2)2

(n− 2)(d1 − 2)

)
,

from which we arrive at (3.4).

Equality in (3.6) holds if and only if d2 = d3 = · · · = dn−2, or d1 = d2 = · · · = dt ≥
dt+1 = · · · = dn−2, for some t, 1 ≤ t ≤ n − 3. Equality in (3.3) holds if and only if

T ∼= K1,n−1. This implies that equality in (3.4) holds if and only if T ∼= K1,n−1.

In the next theorem we establish a relationship between WWW (T ), M1(T ) and

ID(T ), when n and d1 are known.

Theorem 3. Let T , T � Pn, be a tree of order n ≥ 4. Then

WWW (T ) ≤ n

2

[
W (T )2 − n2

n2
− 1

(1 + d1)2
− n− 3

d21
−

− (d21(ID(T )− 2)− 2(n− 2))2

d21(d
2
1(n− 2)−M1(T ) + 2)

]
.

(3.7)

Equality holds if and only if T ∼= K1,n−1.

Proof. For r = 2, pi =
d21−d

2
i

d2i
, ai = di, i = 2, 3, . . . , n − 2, the inequality (3.5)

becomes
n−2∑
i=2

d21 − d2i
d2i

n−2∑
i=2

(d21 − d2i ) ≥

(
n−2∑
i=2

d21 − d2i
di

)2

. (3.8)

Since

n−2∑
i=2

d21 − d2i
d2i

= d21

n−2∑
i=2

1

d2i
− n+ 3 ,

n−2∑
i=2

(d21 − d2i ) = d21(n− 2)−M1(T ) + 2 ,

n−2∑
i=2

d21 − d2i
di

= d21

n−2∑
i=2

1

di
−
n−2∑
i=2

di = d21 (ID(T )− 2)− 2(n− 2) .

From the above identities and inequality (3.8) we obtain that

(
d21

n−2∑
i=2

1

d2i
− n+ 3

)
(d21(n− 2)−M1(T ) + 2) ≥ (d21(ID(T )− 2)− 2(n− 2))2 .



8 Modified hyper–Wiener index and some degree–based indices of trees

Since T � Pn then d21(n− 2)−M1(T ) + 2 6= 0. Therefore we have that

n−2∑
i=2

1

d2i
≥ n− 3

d21
+

(d21(ID(T )− 2)− 2(n− 2))2

d21(d21(n− 2)−M1(T ) + 2)
, .

From the above and (3.3) we obtain that

W (T )2

n2
− 2WWW (T )

n
≥ 1 +

1

(1 + d1)2
+
n− 3

d21
+

(d21(ID(T )− 2)− 2(n− 2))2

d21(d21(n− 2)−M1(T ) + 2)
,

from which the inequality (3.7) follows.

Equality in (3.8) holds if and only if d2 = d3 = · · · = dn−2, or d1 = d2 = · · · = dt ≥
dt+1 = · · · = dn−2, for some t, 1 ≤ t ≤ n − 3. Equality in (3.3) holds if and only if

T ∼= K1,n−1. Then the equality in (3.7) holds if and only if T ∼= K1,n−1.

By a similar procedure as in case of Theorems 2 and 3, the following results can be

proven.

Theorem 4. Let T be a tree of order n ≥ 5. If T ∼= K1,n−1, then

WWW (T ) =
(n− 1)4 − n2 (n− 2)− 1

2n
.

If T � K1,n−1 and T � Pn, then

WWW (T ) <
n

2

[
W (T )2 − n2

n2
− 1

(1 + d1)2
−

− 1

d2

ID(T )− 1

d1
− 2 +

(
d2
(
ID(T )− 2− 1

d1

)
− n+ 3

)2
d2(n− 3) + d1 − 2(n− 2)


 .

Theorem 5. Let T be a tree, T � K1,n−1 and T � Pn, of order n ≥ 5. Then we have

WWW (T ) <
n

2

[
W (T )2 − n2

n2
− 1

(1 + d1)2
− n− 3

d22
−

−

(
d22

(
ID(T )− 1

d1
− 2
)
− (2(n− 2)− d1)

)2
d22(d

2
2(n− 3)−M1(T ) + d21 + 2)

 .
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10 Modified hyper–Wiener index and some degree–based indices of trees

the modified first Zagreb index, Commun. Comb. Optim. 8 (2023), no. 1, 13–21.

https://doi.org/10.22049/cco.2021.27159.1205.
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