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Abstract: The definition of the weighted topological index associated with a degree
function ¢ is ®(G) = 3_,,,cp(c) #(du,dv), where du denotes the degree of node u and
¢ satisfies symmetric property ¢(duy,dv) = ¢(dy,dy). In this paper, we characterized
extremal graphs and presented several results concerning the function ®(G) in terms
of various graph invariants. Additionally, we characterize the graphs that achieve these
bounds and present multiple bounds for ®(G) for the class of cozero divisor graphs
defined on commutative rings.
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1. Introduction

All graphs are simple and without any direction. A graph G = G(V, E) consists of
a node (vertex) set V = {&1,&,...,&,} and an edge F consisting of unordered pairs
of &’s. The cardinality |V| = n is order and the cardinality |E| = m is size of G.
The degree of £ € V, denoted by d¢, is the number of edges adjacent with v. The
neighbourhood (open neighbourhood) of £ € V, denoted by N(&), is the set of nodes
of G incident to £&. We note that dg = |N(§)|. A graph is called r-regular, if d(¢) =r
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2 Weighted topological index of graphs

each node £ € V. An independent set I of G is a subset of V' such that no two
nodes in I are adjacent and the cardinality of such a maximal set is known as the
independence number of G. A graph is said to be complete if every two distinct nodes
are adjacent. A clique is a complete subgraph of a graph. A graph G is complete
bipartite if V' = V; UV, with V3 NV, = () such that each node of V; is adjacent to
every node of V5 and there are no edges among nodes of V;’s. A node of degree one is
known as the pendent node and its adjacent node is a quasi pendent node. The join
of graphs G; and G4, denoted by G1 + G2 consists of G; U G2 and all edges joining
a node of G and a node of Go. For other undefined notations, we follow [8].

A general node-degree-based topological index (or weighted topological index) ® of a
graph G [14] is defined as

@) = Y B(du,dy),

wveE(G)

where ®(dy,d,) is a symmetric function of node degrees, that is, ®(d,,d,) =
®(d,,d,). The function ®(d,,d,) is an edge weight between nodes u and v. For
particular values of ®(d,, d,), we obtain well studied topological indices like the gen-
eral Randi¢ index [25] ®(d,,d,) = (dud,)", for n = —1, we get Randié¢ index [26]

—35

1
R = Z ) \/m (also see [227 27]) FOI‘ (b(d’ludv) - ;\;%, we get arithmetic—

w€eE(G
geometric index [31], for ®(dy, d,) = (d2 + clgy7 , we obtain the general Sombor index,

for n = 3, we obtain Sombor index SO(G) = Z VdZ + d2 [13], and for n = —3,
uwv€EE(G)
1
we obtain " SO(G) = Z —
uwweE(G) d% + d%
particular values of function ®(d,,d,), we obtain several other indices. More about

, a modified Sombor index [16]. Similarly, for

the weighted topological indices can be seen in [11, 14]. The spectral analysis of the
weighted function ®(d,, d,) is very well studied, see [9, 10, 12, 14, 15, 17-21, 28, 33].
In Section 2, we present several results related to the weighted topological index
®(G) and characterize the corresponding extremal graphs for such results. Section 3
gives the results related to weighted topological index ® for the cozero divisor graphs
of commutative rings. We give complete formula for ®(I'(Z,)) for n = p*ps and
n = pqr, where p;’s and p, ¢, are primes. Several other inequalities are given for the
function ®(I"(Z,)) along with the classification of graphs attaining them.

2. Some inequalities for the topological index ¢

In this section we will obtain some bounds for the weighted function ® of a graph G.
The first very results establishes bounds for the function ® of GG in terms of indepen-
dence number.
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Theorem 1. If G is a graph with independence number £ such that each node of the
independence set share the same neighbourhood. Then

D(G) = £ ¢(do, du,),
i=1

with equality if and only if G is the complete bipartite graph.

Proof.  Let I = {vy,vq,...,vs} such that N(vy) =--- = N(vg). Then it is clear that
dy, = --- = d,, and equals some constant say do. Let L be the neighbour set of I with

cardinality 5. Thus, V(G)=TULU (V(G) \ (TU L)) Using the information of the
edge weights form a node say vy to the nodes of j, we have
J
w(v1) = G(dy,, du,) + $(duy,duy), -, oy duy) =D (do, du,),

=1

where u;,i = 1,...,7 are the nodes of L. Repeating the similar with the other nodes
of I and summing their weights, we obtain

(G) =

M~

w(vg) + W(L) + W(V(G)\ (TUL))

<.

Il
S0
M- -

©
I
—

¢(do,dy,) + W(L)+W(V(G)\ (IUL))

o(do, du; ), (2.1)

Y%
. [
MM

«
Il
-

where W (L) is edge weight among the nodes of L and W (V(G)\ (IUL)) is the edge
weight from the nodes of L to the nodes of (V(G)\ (I UL)), which includes the edge
weights between nodes of V/(G) \ (I UL).

Now, equality occurs in (2.1) if and only if W(L) = W(V(G)\ (IUL)) = 0. Thus, we
see that the node sets L and V(G) \ (I U L) contributes nothing to ®(G). From this,
it follows that V/(G) \ (/U L) =0 and L induces a graph isomorphic to complement
of clique. This happens if G is the complete bipartite graph with partite sets I and
L and in this case d,, = --- = dy,; = d,. So, ®(G) = £3¢(do,d,). Conversely, assume
that G = K, ,, then G is biregular graph with nodes of degree ¢ and j with edges
weights only between nodes of I and L. Hence, its topological index is given as

(G) = Ly (de, dy).
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The following corollary is a consequence of Theorem 1.

Corollary 1. With notations and conditions as in above theorem, the topological index
® satisfies the following inequalities

(1)
3
i=1 wyuy €B(L\V(I0(V(G)\(1UL))))
with equality holding if and only if V(G)\ (IUL) = 0.
(ii)
’ 10 —1)
®(G) 2 L) ¢(do, du,) + =5 (du,, duy),
=1

with equality holding if and only if the induced subgraph of L is a cligue and V(G) \
(IUL)=0.

The following results gives another lower bound for ®(G) in terms of various param-
eters of G.

Theorem 2. If I is an independence set of G of cardinality £, J is a neighbour set of I
with cardinality j and Z is the neighbour set of J of cardinality k, such that I share J and
J share Z. Then

k
O(G) > £3¢(do, doo) + m'd(doo, doo) + 7Y d(doo, du,),

i=1

where dy is the common degree of nodes of I, doo is the common degree of nodes of W, u;’s
are the nodes of Z and m’ = |[E(J\ (I U (V(G)\ (I UJ)))|. Equality holds if and only if
G H+ (K,UK,), where H is induced subgraph of J.

Proof. Let uy,ua,...,u, be the nodes of Z. Clearly V(G) is partitioned into mutu-
ally disjoint subsets, that is, V(G) = TUJU Z U (V(G)\ (IUJU Z)). Since each
node of sets I and J share the same neighborhood, their nodes have common degrees,
namely do and doo, respectively. Also, d,,, denotes the degrees of the nodes of Z. One
node of I have j neighbours in J, so its edge weight is j&(do, doo). Adding all such
edge weights between I and J, we obtain £3¢(dy, dgo). The edge weights within the
nodes of W, contribute m'¢(doo, dog) to ®(G), where m’ is the size of the induced
subgraph of J. Similarly, calculating the edge weights between the nodes of J and Z,
we have
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k
(@) > jd(do, doo) + m'¢(doo, doo) + J Z é(doo, du,) + W(Z)+ WV (G)\ (IUJU Z))
i=1
k
> j(do, doo) +m'é(doo, doo) + 3 Y _ (doo, du,),

i=1

where W(Z) and W(V(G)\ (IUJUZ)) are the edge weight of Z and V(G)\ (IUJUZ)
nodes. The equality holds if and only if W(V(G)\(IUJUZ)) = 0 and W(Z) = 0, which
is so if and only if the induced subgraph of Z is totally disconnect graph (without
edges) and V(G)\ (U J U Z) = 0. Thus G must be isomorphic to H + (K, U K,),
where H is an induced subgraph of .J. Conversely, if G = H + (K, U Fj), then it is
easy to verify the equality case. O

The following result concerns the lower bound for ®(G) in terms of pendent and quasi
pendent nodes.

Theorem 3. Let G be a graph with p pendent nodes. Then

G) > Z¢(1,dui)

where d; is the degree of quasi pendent nodes. Equality holding if and only if G = 5 Ks.

Proof. Let uy,...,u, be the nodes adjacent to nodes of degree 1. Then correspond-
ing to each such edge, the edge weight function is ¢(1,d,,), for i = 1,2,...,p. Thus,
by definition, we have

(G) =Y é(l,dy, Xp: L dy,),

where ®(G)’ is the edge weight of the remaining edges. Clearly, equality holds if and
only if ®(G)’ = 0, which is possible if and only if G' is isomorphic to § disjoint union
of K5 copies. ]

Theorem 3 can be generalized as follows.

Theorem 4. Let G be a graph with p nodes of degree r > 1. Then

>Z¢rdul +Z¢7~du2 +Z¢rdupl

where qu is the degree of the nodes u;; for i = 1,2,...,p and j = 1,2,...,r. Equality

holding zf and only if G = 25 K1,r.
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Next, we have a consequence of the above result.
Corollary 2. Let G be a graph with p nodes of degree v > 1. Then
D(G) > pro(r, 1),
with equality holding if and only if G = 17 Kir.
The following result considers graphs with given number of nodes of some degrees.

Theorem 5. Let G be a graph with p nodes of degree v and q > p nodes of degree
s>r>1. Then

>Z¢T7 w1, +Z¢rdu2 +Z¢rv upl
+Z¢sdv1 +Z¢rdv2 +Z¢sdvq

where duij is the degree of the nodes u;; fori=1,2,...,p andj=1,2,...,7 and dvij is the
degree of the nodes vl fori=1,2,...,q and j = 1,2,...,s. Equality holding if and only if
G = Kl T Kl s-

2(7‘+1) 2(s+1)

The next corollary is a consequence of above result.

Corollary 3. Let G be a graph with p nodes of degree v and q > p nodes of degree
s>r>1. Then

(G) = pro(r 1) + gsd(s, 1),
Kl ,T Kl,s

with equality holding if and only if G =

n
2(r+1) 2(s+1)

Remark 1. 1If ¢ = s = 0 in Theorem 5, we get Theorem 4 and if g =s =0 and r = 1
in Theorem 5 we get Theorem 3. Also, note that for » = 1 in Theorem 4 we get Theorem
3. Therefore, Theorem 4 is generalization of Theorem 3 and Theorem 5 is generalization of
both Theorems 3 and 4.

We will prove Theorem 5 and Theorem 4 can be similarly proved.

Proof of Theorem 5. As G has p nodes of degree r and ¢ nodes of degree s with s > r
and p < ¢. Labelling these p nodes by wi,...,w, and their neighbours by wu;, for
i=12,...,pand j =1,2,...,7. Also, let 1,...,2, be the nodes of degree s and
let v;; fori=1,2,...,gand j = 1,2,...,s be their neighbours. Calculating the edge
weights for wq, we get

W(wi) = ¢(r,du,,) + ¢(r,du,,) + -+ ¢(r, du, ).
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Similarly, calculating the weight of other w;’s and summing them, we have

S oWw) = o(rdu,)+ Y b(rdu,) + -+ > $(r.du,,).

i=1 i=1 i=1 i=1

Also, calculating the weight of z;’s, we obtain

D oW (@) =D Bs,duy )+ G5 duy) oo D Bls )
i=1 i=1 i=1

i=1

By definition of ®(G), we have

p D
O(G) =D W(w)+ Y W(w)+0(G)
i=1 i=1
> (i d,) + > p(r du, )+ +Z¢>rdup +Z¢sdv1
i=1 i=1

S

+ Z ¢(57dv2i) +-+ Z¢(S7dvqi)7
i=1

=1

where ©(G) is the edge weight of remaining nodes.

Equality holds if and only if ©(G) = 0, that is, true if and only if there are no edges
among w;’s, among x;’s, between w;’s and z;’s, among u;,’s, among v;,’s, between
u;;’s and v;,’s and no edges between and among remaining nodes of G. Thus, it follows

that G union of K, and Ky s O

2(r+1) (s+1)

The following result concerns the topological index of G + G2 in terms of the degree
sequences of GG; and Go.

Theorem 6. Let G1 and G2 be two graphs of order ni and na, respectively. Then

ni ng

P(G1+G2) > ZZ¢(dui+n2advi+n1)v

i=1 i=1

where dy, and d,, are the degrees of G1 and G2 in G1 + G2, respectively. The equality holds
if and only if G1 + G2 is a complete bipartite graph.

Proof. Let uq,...,u,, be the node labelling of G; and vy,...,v,, be labelling of
G1. Then the degree sequence of G1 + Gz is dy,,....d,, ,d,,,...,d;, , where d, =

s Qg Mo
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nz + dy, and d;i =mny +d,, fori =1,...,ny and j = 1,...,n9. Thus with this
labelling of the nodes, we have

ni na
QG+ Ga) =1+ b2+ Y > o(d,,d,)
ny ng e ny ng

>ZZ¢ uq? U1 ZZ¢ u;+ng vl+n1)7
i=1 i=1 =1 i=1

where ¢ = ZUineE(Gl) ¢(dui+n2aduj+nz) and ¢o = Eviv,-eE‘(Gl) ¢(dm+n1advj+n1)~
The equality holds if ¢; = ¢ = 0, that is, there are no edges in G; and no edges

in G3. Which is possible if dy, = -+ =dy, =ns and dy, = --- = d,,, = ny. This
implies that the equality holds for a complete bipartite graph. Conversely it is easy
to see that if G; + G2 is complete bipartite graph, then equality holds. O

3. Weighted topological indices of cozero divisor graphs of
rings

Let R be a commutative ring with unity 1 # 0, the cozero divisor graph associated
to R is denoted by I'"(R), and is defined as a simple graph with node set as non-
zero non-unit elements of R such that two nodes a and b with (a # b) are adjacent
if and only if « ¢ Rb and b ¢ Ra, where aR is the ideal generated by a. These
graphs are motivated by zero divisor graphs, defined as the graph I'(R) with node
set as non-zero zero divisors of R such that two distinct nodes are adjacent if and
only if their product is zero. Afkhami and Khashyarmanesh [1-4] in a collection
of papers studied the properties of IV(R) like their graph complements, planarity,
identification of commutative rings with forest, star or unicyclic graphs, their relations
with comaximal graphs of rings and zero divisor graphs. The cozero divisor graphs
of polynomial rings were carried in [5], the spectral analysis of cozero divisor graphs
were carried in [23]. Bakhtyiari, Nikandish and Nikmehr [7] obtained results related
to coloring of cozero-divisor graphs of commutative von Neumann regular rings. For
some other recent progress of cozero divisor, see [6, 24, 29].

It seems very hard to determine structure of I''(R), but for some special cases we
may find get some information about I'V(R). We consider cozero divisor graphs of the
integral modulo ring Z,,. The cozero divisor I''(Z,) can be partitioned into various
mutually independent sets (cells). Consider the proper divisors 74,4 ¢ {1,n} of n, and
consider cells:

Cr,={x€Z, : (z,n) =17},

where (z,n) is the GCD (greatest common divisor) of @ and n. Clearly V(I'(Z,,)) =
Ui, C.,, where t = |{r; : i ¢ {1,n}}|. Furthermore, for z,y € C,,, we have

(r) = (y). From Young [32], |C;,| = ¢ (%), for j = 1,...,t, where ¢(n) is the
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number of positive integers less than n and relatively prime to it (Euler’s totient

function). Also, if 2 € C, and y € C;, then x and y are adjacent in I'(Z,) if and

only 7; { 7; and 7; t 7y, for 4,5 € {1,2,...,7(n) — 2}, where 7(n) is divisor function.

From [23], the induced subgraph of C~, is F¢(l>, for each i € {1,2,...,7(n) — 2}.
g

The number of nodes of IV(Z,) is N =n — ¢(n) — 1. More about I'V(Z,,) can be seen
in [23).

The very first result of this section gives the weighted topological index of TV(Z,)
when n is product of three distinct primes.

Theorem 7. The general topological index of T'(Zy,) for n = pqr with primes p < q < pis

(I (Zn)) = ¢(n)( (@)0(do)(atr-1), Do) (a+r—1)) + S(1)P(do(p) (g+r—1)s Do) (p4r-1))
D(dep)(g+r—1), dgr—1) + S(P)(do (1) (p+a-1)> de(a) (p+r—1))

(dg(q)(p+r—1), dpr—1) + ¢(dg(r) (p+a—1), dpa— 1)) + ¢(qr)d(dpg—1, dpr—1)
d(pr)¢(dpg—1, dgr—1) + d(pg) d(dpr—1, dgr—1).

+ o+ +

Proof. We divide the node set of IV (Z,,) for n = pqr as

Ci={kp|k=1,...,qr —1,qtk,rtk},Co={kq | k=1,...,pr—1Lptk,rtk},
Cy={kr|k=1,..., pg—1,p1k,qtk},Co={kpg| k=1,...,7r—1}, (3.1)
Cs={kpr|k=1,...,q—1},Cs ={kqr | k=1,...,p—1}.

We note that a € (b) if and only if b divides a and in this case a and b are not adjacent
in I'Y(Z,,). Consider two arbitrary elements a and b of C7, we observe that either a
divides b or b divides a, since C; contains some multiples of p. Thus, we see that no
node in C is adjacent to any other node of Cy. Thereby, the induced subgraph of Cy
is isomorphic to F‘CI‘. In a similar manner we can show that the induced subgraphs
of other C;’s are isomorphic to the complements of cliques. From Expression (3.1),
the cardinalities of other C;’s are |Ca] = (p— 1)(r — 1),|C3] = (p — 1)(g — 1), |Cy| =
r—1,|Cs] = ¢—1 and |Cs| = p — 1. Now, we need to find the adjacency relations
among C;’s. Let a be a node of C; and b be a node either in C4 or in Cj5, then it is
clear that a may be in (b) or b may be in (a), since either a divides b or vice versa.
So, the nodes of C; cannot be adjacent to the nodes of C;, for i = 4, 5. Next, consider
a € Cy and b € C4 U Cg, then as before a may divide b and vice versa. So, no node
of Cs is adjacent to any node of C4 or Cg. Similarly for a € C5 and b € C5 U Cg, it
is clear that a € (b) or b € (a). Again for a € C4 and b € C5 U C5 U Cg, by (3.1), it
follows that a does not divide b, that is a ¢ (b) and b ¢ (a). Thereby, we see that each
node of Cy is adjacent to each node of C3,C5 and Cg. Thus, with the construction
of I''(Z,,), the adjacency relations between the nodes of C;’s are completely known.
The nodes of C;’s have the common degree d;,, = -+ = d; =d; fori=1,...,6.

ZU‘V|,

More precisely, di = ¢(pq) +d(pr) +¢(p) = ¢(p)(g+7—1),d2 = ¢(q)(p+7—1),d3 =
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o(r)(p+q—1),dy = pg—1,ds = pr—1 and dg = gr—1. Therefore, with the information
and the definition of ®(I7(Z,)), we have

OI(Za)) = Y, dldid)+ D dldndy)+ DY d(di,dg)

w€eE(C1UC) weE(C1UC3) weE(C1UCs)

+ Y Pldads)+ D bldads)+ Y (ds,da)

wv€E(C3UC3) w€eE(C2UCs) wv€E(C3UCY)

+ Y dldads)+ Y $ldade)+ D dlds,d).

wv€E(C4UC5s) uv€E(C4UCs) uwv€E(C5UCs)

Now making the necessary calculations, we get the required result. O

Lemma 1 ([30]). Letn = p'ps (or n = pip5?, na is a positive integer) where p1, ps
are primes and n1 is a positive integer. Then I'(Zy,) is a bipartite graph.

Theorem 8. Ifn =p['ps, then

ny+1—i

O(M(Zn)) = 3 (1 'p2) 3 o1 )(dus, o),

i—

where dy,, = p7* —pi™! and do, =¢(p2)pr 7, fori=1,...,n1 and j=1,...,n1.

Proof. By Lemma 1, the cozero divisor graph I''(Z,,) is bipartite for n = p{*pa. So
its node set can be divided into two subsets. Let C;’s be the small subsets in one
set and B;’s subsets in other set. So there will be edges between C;’s and Bj;’s for
some i and j. Also, C;’s correspond to the divisors pi, for i = 1,...,n; and B;’s
correspond to the divisors p;”*jpg, for j =1,...,n1. The divisor p}* is not multiple
of any p{”_ipg, for i = 1,2,...,n1. By definition each node in cells C; (or B;) share
the same neighbourhood, so the degree sequence of IV(Z,,) can be determined. Let u;

be common degree of C; and v; be the common degree of B;. Thus, we get

du, = ¢(p1) + -+ o) = pI" — 1,

since each node of C is adjacent to every node of B; and we note the number theoretic
fact ZEZI #(p') = p* — 1, for prime p and positive integer ¢ > 2. Also degree of each
node of Cy is ¢(p?) + -+ + ¢(p}*) = pI'* — p1 as each node of Cy is adjacent to each
node of By U B,,, 1. Similarly, degrees of other u;’s is given by

duy = 9(P}) + -+ (PT) =PI = pT, sy, =+ )+ (1) = pi =P,
du,,_, = 0(PT) + (1Y) = pit — P du,, = (1) = pit — P

Also, each node of Bj is adjacent to each node of C; for all 7. So, the degree of each
node in Bj is
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duy = G(p2) +9(prpa) - ~+0(p1 ' p2) = 6(p2) (L+(p1 )4 +0(pi* 1)) = d(p2)p 1.
Likewise, the common degree of other nodes in B; is given by

dv2 = ¢(p2) + ¢(p1p2) + -+ + (T p2) = d(p2)p1* 2, duy = S(p2) + G(p1p2)
+M"13)=¢@ﬂ@?3%~q%m4=¢@ﬂ+¢@wﬂ+¢@%ﬂ
= ¢(p1)p1
dy,,_, = ¢(p2) + ¢(P1p2) = ¢(P2)p1, dvy, = H(p2)-

Thus, by the definition of the topological index ¢, we have

BT (Zn)) = ¢(p2) (1) B(duy s doy) + B1 By, dug) + BT ) B(duy s dug)
o GG duy s doyy ) + )y duy )+ D(D1)E(duy s oy, )
+ 6p192) (607 )(duy s duy) + 607 ) B(duz s duy) + SB1 ) d(duz s dug) + -
+ S Dy, oy, _y) + S Dy o, 1)) + Sp2p1) ($(07) Bduss duy )
+ A0y duy) + D)) B(dug s dug) + 60 D(dug s du, )

+ @027 ) (A7) B(duy, prdoy) + SBT T )S(Auy ) sduy) + BT )G du,y s dug))
+ ¢(p2p ) (DTS, g duy) + BT E(duy, s duy))
+ 6(p2p} 1 () ) B(duy, 5 duy)

nq—1
b(p2) ZW”“ N(duy,do;) + d(p1pa) D o7 T T )B(duy, du,) + (p2p?)
Jj=1 j=1
ny—2 L nyp—(n1-3) L
o o T TG ug du) o+ SPapays) D oV T TG,y du)
j=1 j=1

np—(n1—-2)
+ B(p2pny —2) Zl S T TGy, g5 duy) + 6(P2Pny ~1)(PTH) By 5 duy)
i
n1+1 7

ny
=" ¢(p2p; Z o )b (duy s duy),
i=1

du, = p}* — pt~! and dy, = ¢(p2)pT" I fori=1,...,ny and j = 1,...,ny. This
completes the proof. O

Theorem 9. Letn=[[;_, p: be the product of t > 3 primes. Then

t—1 t—1
> "Dy Z Dip(du,, du,) +ZDE¢du“dv7 +) B Z Ei¢(do,, du,),
j=1 j=1

i=j+1 i=j+1

where D; = (HJ 1p,) Ei = 6(p), du, = i 1 Dic+ B+ aand dy, = Sy B+ Di + B,
i#]
fori=1,...,t unth a, 8 > 0. Equality holds zf and only if t = 3.
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Proof. Let n = szl p; be the product of ¢t > primes with p; < --- < p; and let
G = T"(Z,) be the corresponding cozero divisor graphs. The structure of I'(Z,,)
depends upon the proper divisors of n. We investigate the cells C}, and C., with

H] 1 pj, for i =1,...,t. The cardinalities of C}, are D; = (b( [Ti=1 pj) and that

i#
of Cel S are E; = ¢(p;), for i =1,...,t. Now, we see that each a € C,, is adjacent to

every b € Cy;, since p; doest not divide p; with ¢ < j. Also, each a € C., is adjacent
to every b € C¢,, since e; doest not divide e; with ¢ < j. Furthermore, each node
in C,, is adjacent to each node in C,, as p; does not divide e; = [[5=1 p;. Thus we

know adjacency relation among C,,’s, Ce,’s and between them. Cerzt;;inly there are
more cells Cy, for some proper divisors of n other than p;’s and e;’s along with new
adjacency relation, since G is connected. As cells C;’s share neighbourhood in terms
of other cells, so degree of each node in each cell is common. Let d,, be the common
degree of (), and d,, be the common degree of each node in Uy, for i =1,...,¢.
Thus, we have

¢ ¢
duLZZDri-Eri-Oé dvi:ZEi+Di+ﬂ7

j=1 j=1
i i

fori=1,...,t with a, 8 > 0. Therefore, by the definition of ¢, we have

®(G) = D, (D2¢(du1 ) + o+ Di(duy d,) ) + D (D3¢(du2 Jduy) + o+ Dy, dut))
oo Dy (Di 19y duy) + Did(duy s duy)) + DeDy 16,y du,)
+ DyE (g o) + -+ DiEed{du, ) + By (Badduy o) + -+ + Er(doy du))
+—EQ(Eb¢ﬁh2¢h3)+~~~+Eh¢@uwdm)) +<Et2(£h G

+ Eid(dy,ardy,)) + BeEr18(dy, .y d) +©
t

t t
= D1 Y Did(duy,du,) + D2 Y Did(duyydu) + -+ Dia y Did(du, 5, du,)
=2 =3 i=t—1
t

t t
+ DtDt—lﬁb(dutfl ) dut) + Z DLEqu(duz ) dvz) + El Z Ei¢(dv1 ) dvz) + E2 Z Ei¢(dU27 dm)

=1 =2 =3

t
++EBis Y Eid(dy,_,,dy,) + BB 16(dy,_,,dy,) +©

i=t—1

fZD Z Di¢(du,, du,) +ZDE¢(dm,dv)+ZE Z Eip(dy,, do,)

_]+1 i=j+1
t
>ZD Z Di¢(du,,du,) ZDEas(duz dvz>+ZE > Eidldy,,dy,),
i=j+1 =1 i=j+1

where D; = ¢(H§:1pj),Ei = ¢(pi),du, = > 5=1 Di + E; + a and dy, = 3j—1 E; +
i#] i#] i#]
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D;+p,fori=1,...,t with © > 0, (a weight quantity corresponding to the remaining
nodes of G.) Next, we consider the equality case. Suppose equality holds, then we
must have ©® = 0. We need to verify that there are not edges present in GG other than
the edges among C),,, C., and between C),, to C,, for each i. If we take ¢ = 3, then we
have edges among Cp,,7 = 1,2, 3, edges among C,, where e; = p1p2,e2 = p1p3 and
es = p2ps and edges between each node of C), to C¢, and equality holds in this case,
since © = 0 (see Theorem 7). For t > 4, there are cells from C,, ,,p, (for some i, 7, k)
to Cp,..p,_, Which contribute the non zero quantity to ®(G), since there are edges
with non-trivial edge weights from each node of Cy,;, p, to each node of Cp, ;. 5, and
there are also edges from each node of C,,_ to every node of Cy,p.p, for z ¢ {i,7,k}.
In general there are (%) 4---+(,",) cells and each node of each cell in (7) is adjacent
to each node of remaining (?) — 1 cells, for i = 2,...,n — 2. Besides, there are more
edge weights among all cells. Thus equality cannot hold when t is at least 4.
Conversely assume that n = pypsps, then from Theorem 7, there are edges among
nodes of C),,, among nodes of C¢, and between each node of Cp, to every edges of C.,
for each i. Thus, equality holds with D1 = ¢(p2ps), D2 = ¢(p1ps3), Ds = ¢(p1p2), E1 =
d(p1), B2 = ¢(p2) and E3 = ¢(P3). Therefore, we have

®(G) = D1D2¢(duy dy, ) + D1D3¢(duy dyy ) + D2Ds¢(duy,dyy) + D1E1¢(duy , dvy) + D2E2¢(duy, duy)
+ D3E3¢(dug, dvy) D1 D2¢(duy dyy, ) + D1D3¢(duy dyy ) + D2Dsd(duy dyy)-

Now, the other steps are same as in Theorem 7. O

Theorem 10. Letn = pi'*py?. Then

(I (Zn)) = ¢ p32)d(p 05>~ NPy~ by ), P T o5 2)) + ¢(p1 T T pa) b (p}  pn? )
D(ph?~ 1<z><p11> Pr T a2 — P52 ) + o(pr pa2 T He (T 2@ (prt T e (ps?),
Py oyt = PP ) + o0l ey 2) ey p 2T (e (et — P P (s % — py2 T Y)).

Proof. Let n = p]*py?, where p1,ps are primes and ny, ng are positive integers and
G = T'(Z,) be its cozero divisor graph. From the structural properties of G, each
node of Ap1 is adjacent to each node of A, since p; does not divide any pb for

i =1,...,no. Similarly, each node of A,, is adjacent to every node of cells A, for
i=1,...,n1. Also cardinalities of A is ¢(py"*~ “p32) and that of A b 18 o(pY pgz 7,
for ¢ = 1 ,npand j=1,...,ns. Thus the common degree of each node of A,, is

di = ¢(pT P51 ) + G(pT P52 + - 4+ d(P1) = d(pT s>

The common degree of each node of A4,, is

dy = o(p52pi* 1) + G(ph2pi %) + - 4 d(p5?) = B3 )pt
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Also, each node of A4, 2 is adjacent to every node of A, i and A, for i=1,...,n9.
With this mformatlon the degree of each node in A 2 1s

dy = (PP P> 1) + o P2 ) + -+ (1) + S T PE ) + B(pi T ps )
ot BT = p5r o) + eyt T s T = e T (P — it 2)~

In a similar way Apg is adjacent to every node of AP% and Apgm fori=1,...,n;1. So,
the degree of each node in Apg is

dy = d(Py?p ) + P52 p T2 + o+ d(ph?) + d(p1 T + o (pT Pps )
et () = olh )P T+ e(py Pt T = pt T (ph — Py ).

There are other adjacency relations between cells between Api and A{,z and between
Api and Al with Apipjz- fori=1,...,n1 and j = 1,...,ny. Thus by the definition of
function @, we have

(G) = S bldudy) + S Gldu,dy) + S Hdu,dy)

uww€E(Ap, UAy,) uweE(Ap, UAP%) quE(Ap;{ UAL,)
+ > 6(du,dy)+ O
u’UEE(Ap% UApg)

where 6 > 0 is the contribution of other edges weights among the nodes of Ag4,’s for
the function ® of G. Thus, with the above information, we have

B(G) > (P p32)p(p] P52 T H@(dr, d)) + (P PE2)b(p] P52 %)@ (dr, db)
+¢(p”1 527 e(PT Py 2)@(dy, do) + () s ) b0y P2 ) ®(da, db)
= o Ty ey py2 ey e (), i T e(ph2)) + d(prt s ) (P} a2 ?)
B(py> <p11> N e I R LI M LI A
N S FE (e 2p32)¢><p?1p22 2)@@"2 Yort = e T e T (0h? = b2 ).

That proves the result. O

4. Conclusion

Several results for the general topological index of graphs, and specifically for
algebraic graphs of comaximal graphs of commutative rings, are presented in the
manuscript. For weighted topological index, it is generally very difficult to character-
ize extremal graphs because, aside from symmetric property, not enough information
is available. Nonetheless, the findings hold true for every kind of topological index
currently in use. It appears that it is preferable to take specific values of the function
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®(d,,d,) into account and perform a more thorough analysis for such a function for
applications to specific classes of graphs as well as for general graphs.
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