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Abstract: A weak signed double Roman dominating function (WSDRDF) of a graph
G with vertex set V(G) is defined as a function f : V(G) — {—1,1,2,3} having
the property that erN[v] f(z) > 1 for each v € V(G), where Nv] is the closed
neighborhood of v. The weight of a WSDRDF is the sum of its function values over
all vertices. The weak signed double Roman domination number of G, denoted by
Ywsdr(G), is the minimum weight of a WSDRDF in G. We initiate the study of the
weak signed double Roman domination number, and we present different sharp bounds
on Yyusdr(G). In addition, we determine the weak signed double Roman domination
number of some classes of graphs.
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1. Terminology and introduction

For notation and graph theory terminology, we in general follow Haynes, Hedetniemi
and Slater [9]. Specifically, let G be a graph with vertex set V(G) = V and edge
set E(G) = E. The integers n = n(G) = |[V(G)| and m = m(G) = |E(G)| are the
order and the size of the graph G, respectively. The open neighborhood of vertex v
is Ng(v) = N(v) = {u € V(G) | w € E(G)}, and the closed neighborhood of v is
Ng[v] = N[v] = N(v) U {v}. The degree of a vertex v is dg(v) = d(v) = |N(v)|. The
minimum and mazimum degree of a graph G are denoted by (G) = § and A(G) = A,
respectively. A graph G is regular or r-regular if §(G) = A(G) = r. The complement
of a graph G is denoted by G. Let K,, be the complete graph of order n, C,, the cycle
of order n and P, the path of order n. In addition, let K, n,,...n, be the complete
p-partite graph with the partite sets X1, Xs, ..., X, such that | X;| = n; for 1 <14 <p.
Also let S(r, s) be the double star with exactly two adjacent vertices u and v that are
not leaves such that u is adjacent to r > 1 leaves and v is adjacent to s > 1 leaves.
© 2024 Azarbaijan Shahid Madani University



2 Weak signed double Roman domination in graphs

A set S of vertices of G is called a dominating set if N[S] = |J,cg N[v] = V(G).
The domination number v(G) equals the minimum cardinality of a dominating set
in G. Cockayne, Dreyer, S.M. Hedetniemi and S.T. Hedetniemi [7] introduced the
concept of Roman domination in graphs, and since then a lot of related variations
and generalizations has been studied (see, for example, the survey articles [5]-[6]).
In this paper we continue the study of signed Roman domination in graphs (see, for
example, [3]-[4],[8],[10]-[11]).

A signed double Roman dominating function (SDRDF) on a graph G is defined in
[1, 2] as a function f : V(G) — {-1,1,2,3} having the property that f(N[v]) =
> zenp /(@) = 1 for each v € V(G) and if f(u) = —1, then the vertex u must have a
neighbor w with f(w) = 3 or two neighbors assigned 2 under f, and if f(v) = 1, then
v must have at least one neighbor w with f(w) > 2. The weight of an SDRDF f is
the value f(V(G)) = > ,ev(q) f(u). The signed double Roman domination number
vVsdr(G) is the minimum weight of a signed double Roman dominating function on
G. A ~v54r(G)-function is an SDRDF of weight vsq4r(G).

A weak signed double Roman dominating function (WSDRDF) of a graph G is defined
as a function f: V(G) — {—1,1,2,3} having the property that f(N[v]) > 1 for each
v € V(G). The weight of a WSDRDF is the value w(f) = f(V(G)). The weak signed
double Roman domination number of G, denoted by vysar(G), is the minimum weight
of a WSDRDF in G. A 7us4r(G)-function is a WSDRDF of weight v,sqr(G). For a
WSDRDF f on G, let V; = {v € V(G) | f(v) =i} for i = —1,1,2,3. A WSDRDF f
can be represented by the ordered partition f = (V_q, V1, Vs, V).

The definitions lead to Yysar(G) < Vsar(G). Therefore each lower bound of v, sar(G)
is also a lower bound of v54r(G), and each upper bound of 754z (G) is an upper bound
of ’)/wst(G)'

Our purpose in this work is to initiate the study of the weak signed double Roman
domination number. We present basic properties and sharp bounds for the (weak)
signed double Roman domination number of a graph. In particular, we show
that many lower bounds on v4qr(G) are also valid for 7,s¢r(G). In addition, we
show that the difference vs4r(G) — Ywsar(G) can be arbitrarily large, and we de-
termine the weak signed double Roman domination number of some classes of graphs.

We make use of the following known results.

Proposition 1. [2]/ Forn > 5 or n = 3, we have vsar(Kn) = 1 and vysar(Kn) = 2 for
n=1,24.

Proposition 2. [/ If n > 1, then vs4r(K1,n) = 1, unless n = 1,3, in which cases
Ysdr(K1,1) = Ysar(K1,3) = 2.

Proposition 3. [1] Let P, be a path of order n > 2. Then vsqr(Pn) = n/3 when
n = 0(mod 3) and ~vsar(Pr) = [n/3] + 1 when n = 1,2 (mod 3).
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Proposition 4. /2] Let C,, be a cycle of length n > 3. Then vsqr(Crn) = n/3 when
n = 0 (mod 3), vsar(Cr) = [n/3] + 2 when n = 1 (mod 3) and vs4r(Cr) = [n/3] + 1 when
n = 2 (mod 3).

Proposition 5. /2] If 2 < p < q are integers, then vsqr(K2,4) = 3 when g > 3,
Vsdr(K3,q) =5 and Ysqr(Kpq) =4 forp>4orp=q=2.

2. Preliminary results and first bounds

In this section we present basic properties and some first bounds on the weak signed
double Roman domination number. The definitions lead to the first observation
immediately.

Observation 1. If f = (V_1,Vi, V2, V3) is a WSDRDEF of a graph G of order n, then the
following holds.

(a) [Voal + Vil + Vo[ + V3] = n.

(b) w(f) = Vil +2|Va| + 3|Va| — [V-u].

(¢) Every vertex of V_1 is dominated by one vertex of Vo U Vs or two vertices of Vi.

(d) Vi UVa U Vs is a dominating set of G.

The proof of the next proposition is identically with the proof of Proposition 2.2 in
[2] and is therefore omitted.

Proposition 6. Let f = (V_1,V1,V2,V3) be a WSDRDF of a graph G of order n,
A = A(G) and 6 = §(G). Then the following holds.

(a) (BA+2)[Va| + (2A + 1)[Va| + A|VA| > (5 +2)[V_4).

(c
(d) w(f) > (6 —3A)n/(3A 46+ 4) + [Va| + 2|V3].

)

(b) (BA+6+4)|Va| + (28 + 6+ 3)|Va| + (A + 6+ 2)|Vi| > (6 + 2)n.
) (A+5+2w(f) >0 —A+2)n+ (6 — A)|Va| +2(5 — A)| V3.
)

As an immediate consequence of Proposition 6 (c), we obtain a lower bound on the
weak signed double Roman domination number of regular graphs.

Corollary 1. If G is an r-regular graph of order n, then vysar(G) > [n/(r +1)].

Proposition 7. If n > 1, then yysar(Kn) = 1.
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Proof.  According to Corollary 1, we have v, sqr(K,) > 1. If n is even, then assign
to one vertex the weight 2, to n/2 vertices the weight -1 and to the remaining (n—2)/2
vertices the weight 1. On the other hand, if n is odd, then assign to (n+1)/2 vertices
the weight 1 and to the remaining (n — 1)/2 vertices the weight -1. In both cases, we
produce a WSDRDF of weight 1, and thus vysar(Kp) < 1 and so Yysar(K,) =1. O

Proposition 8. If G is an (n — 2)-regular graph of order n > 4, then vysar(G) = 2.

Proof. Since G is (n — 2)-regular, the graph is isomorphic to the complete r-partite
graph Ky, n,,...n, With r > 2 and n; = ng = ... = n, = 2. Corollary 1 implies
’szdR(G) > ’Vn/(n - 1)-‘ =2.

Now let X; = {z;,y;} be the partite sets of G for 1 < i < r. Define f(z;) = f(y1) =1
for 1 <i<rand f(y;) = —1 for 2 < i <r. Then f is a WSDRDF on G of weight 2
and thus v, sar(G) < 2. Therefore vy sar(G) = 2. O

Example 1. Let H be the complete r-partite graph with r > 2 and the partite sets
X1, Xo,..., X, such that | X1| = |{a,b,u,v}| = 4 and |X;| = 3 for 2 < i < r. Now let G
consisting of H with the additional edges ab and uv. Then G is an (n — 3)-regular graph of
order n = 3r + 1. Corollary 1 implies ysar(G) > Ywsar(G) > [n/(n —2)] = 2.

Now let X; = {xi,yi,2:} be the partite sets of G for 2 < i < r. Define f(x;) = f(a) =
fw)=2for2<i<rand f(b) = f(v) = f(yi) = f(z;) = =1 for2<i<r. Then f is a
WSDRDEF (even an SDRDF) on G of weight 2 and thus Ywsar(G) < vsar(G) < 2. Therefore
Ysdr(G) = Ywsar(G) = 2.

Propositions 7, 8 and Example 1 show that Corollary 1 is sharp. If G is an r-regular
graph of order n, then Corollay 1 implies the known bound v,qr(G) > [n/(r + 1)]
(see [2]). Example 1 demonstrates that this bound is sharp too.

In the case that G is not regular, Proposition 6 (c¢) and (d) lead to the following lower
bound.

Corollary 2. Let G be a graph of order n, maximum degree A and minimum degree 4.
If § < A, then
—3A+30+4

; >
Yosar(G) 2 R
Proof. Multiplying both sides of the inequality in Proposition 6 (d) by A —§ and
adding the resulting inequality to the inequality in Proposition 6 (c), we yield the
desired lower bound. O

Example 2. Letp > 2 be an integer, and let v1,va, ..., v, be the vertez set of the complete
graph K. Let Hi be the graph consisting of K, such that each vertez v; is adjacent to 3p—1
leaves for 1 < i < p. Then Hi has (3p — 1)p leaves b1, ba, ..., bzp—1)p. Now let H be
the graph consisting of Hi together with the edges bibz,bsba,...,b3p—1)p—1b3p—1)p. Then
n(H)=p+pBp—1)=3p*, A(H) =3p—1+p—1=4p—2 and 6(H) = 2. Define the
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function f : V(H) — {=1,1,2,3} by f(v;) = 3 for 1 < i < p and f(z) = —1 otherwise.
Then f is a WSDRDEF on H of weight

—3A(H) + 35(H) + 4

— _ 2 —
Sp— (3p—1)p=4p—3p 3A(H) + 6(H) + 4

n(H).
Therefore Corollary 2 shows that Yuwsar(H) = 4p — 3p> and thus Corollary 2 is sharp.

Since f is also a signed double Roman dominating function on H, Example 2 also
shows that the inequality

—3A+30+4

>_S=rr
rstR(G) - 3A+6+4 n,

which can be found in [2], and which follows from Corollary 2, is sharp too.
The next example will demonstrate that the difference vs4r(G) — Ywsar(G) can be
arbitrarily large.

Example 3. Let p > 2 be an integer, and let vi,vs2,...,v, be the vertex set of the
complete graph K,. Let H be the graph consisting of K, such that each vertex v; is adjacent
to 2p — 1 leaves for 1 < i < p. Then n(H) = p + p(2p — 1) = 2p>. Define the function
f:V(H) = {-1,1,2,3} by f(v;) =2 for 1 <i < p and f(z) = —1 otherwise. Then f is a
WSDRDF on H of weight 2p— (2p—1)p = 3p—2p* and thus ywsar(H) < 3p—2p>. In fact we
have Ywsar(H) = 3p—2p2. On the other hand, let a},a?,. .. a2~ be the leaves of vi, and let

>
g be a vsar(H)-function. If g(vi) = —1, then g(a?) > 2 for 1 < j < 2p—1, if g(vi) = 1, then
g(a)) >1for1<j<2p—1, if gv:) =2, then g(a’) > 1 for 1 < j < 2p—1, and if g(v:) = 3,
then g(ag) > —1 for1 <j<2p—1. This leads to ysar(H) = w(g) > p(4 — 2p) = 4p — 2p?,
even Ysar(H) = 4p — 2p°.
Consequently, we deduce that ysqr(H) — Ywsar(H) > p.

Proposition 9. If G is a graph of order n, then vysar(G) < n, with equality if and only
if G = K,.

Proof.  Define the function f: V(G) — {—1,1,2,3} by f(v) =1 for each v € V(G).
Then f is a WSDRDF on G of weight n and thus v,sqr(G) < n. If G = K,,, then
Ywsdr(G) = n is obviously.

Conversely, assume that A(G) > 1. Then G contains a component H with §(H) > 1.
If 6(H) = 1, then there exists a vertex v € V(H) with d(v) = 1. If u is a neighbor
of v, then define the function f : V(G) — {-1,1,2,3} by f(v) = —1, f(u) = 2 and
f(z) =1for x € V(G) \ {u,v}. It is straightforward to verify that f is a WSDRDF
on G of weight n — 1 and thus v,sqr(G) < n—1. If §(H) > 2, then define f(w) = —1
for an arbitrary vertex w € V(H) and f(z) = 1 for € V(G) \ {w}. Then f is a
WSDRDF on G of weight n — 2 and thus v,sar(G) < n — 2. O

Theorem 2. If G is a connected graph of order n > 2, then yysar(G) = n — 1 if and
only if G = Ko.
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Proof. If G = K5, then Proposition 7 implies yy54r(G) =1 =n— 1.

Conversely, assume that vy,sq4r(G) =n — 1. If n =2, then G = K3 and we are done.
Assume next that n > 3. If §(G) > 2, then, as in the proof of Proposition 9, we
have Yysar(G) < n — 2, a contradiction with vy,s4r(G) = n — 1. Let now §(G) = 1.
If G has a strong support vertex v with leaf neighbors ui,us, then the function g
defined on G by g(v) = 3, g(u1) = g(ug) = —1 and g(x) = 1 for the remaining
vertices, is a WSDRDF on G of weight n — 2, a contradiction. Thus G has no strong
support vertex. Let u be a vertex of degree 1 in G and u’ be the neighbor of u in
G. Assume that T is a spanning tree of G. Then T has at least two leaves. Let v
be a leaf of T different from u and v’ the support vertex of v in T. If v/ = v/, then
the function g defined on G by g(u') = 3, g(u) = g(v) = —1 and g(z) = 1 for the
remaining vertices, is a WSDRDF on G and so yyusar(G) < n — 2, a contradiction
with Yuwsar(G) = n — 1. Hence «' # v’. In this case define the function g on G by
g(u') = g(v') =2, g(u) = g(v) = =1 and g(z) = 1 for the remaining vertices. It is
not hard to see that g is a WSDRDF on G and 80 Yysar(G) < n— 2, a contradiction.
This completes the proof. O

Corollary 3. Let G be a graph of order n > 2. Then ~vysqar(G) = n — 1 if and only if
G=KyU (n72)K1.

Proof. If G = K> U (n—2)K;, then we deduce from Propositions 7 and 9 that

Ywsdr(G) = Ywsar(K2) + > Ywsar (K1) =n—1,
veV(G)-V(K2)

as desired.

Conversely, assume that v,,sqr(G) = n—1. If n = 2, then G = K5 and 7v,54r(G) = 1,
as desired. Let n > 3. Theorem 2 implies that G is disconnected. If G has two
components of order at least two, say G1, G2, then Proposition 9 and Theorem 2 lead
to

’szdR(G) = 'szdR(Gl) + ’szdR(GQ) + "szdR(G - (Gl U GQ))
< (n(G1) = 1) + (n(G2) = 1) + n(G = (G1 U Ga))
<n-—2,

a contradiction with v,sq4r(G) = n— 1. If G has a component of order at least three,
say (1, then it follows from Proposition 9 and Theorem 2 that

’szdR(G) = ’szdR(Gl) + 'szdR(G - Gl)
< (n(G1) = 2) +n(G - G1)
S n— 2,

a contradiction with 7,,s4r(G) = n — 1. This completes the proof. O
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Theorem 3. If G is a graph of order n, then vysar(G) > 27(G) — n, with equality if
and only if G = K,,.

Proof. Let f = (V_1,V1,Va,V3) be a vyysar(G)-function. Then it follows from Ob-
servation 1 that

Vil +2[Va| + 3|V3| — [Vou| = 2[Vi| + 3[Va| + 4] V3] — n
2|V1 uthu V3| —-n > QV(G) - n, (21)

’szdR(G>

Y

and the desired inequality is proved. Clearly, if G = K,, then yur(G) = n =
27(G) — n. Now assume that G contains at least one edge. Using Proposition 9, we
observe that v,sar(G) < n — 1 and therefore |V_1| > 1. If |Vo U V3| > 1, then it
follows from (2.1) that

Ywsdr(G) = 2|Vi| + 3[Va| + 4|V5] = n > 211 UV U V5| = n > 29(G) — n.
Therefore assume now that [Vo U V3| = 0. Let uw € V_1, and let z,y € V; be two
neighbors of u. The condition f(N[z]) > 1 shows that z has a neighbor in V; \ {«}.

Furthermore, since every vertex of V_; has at least two neighbors in Vi, we conclude
that V7 \ {«} is a dominating set of G. Hence we deduce from (2.1) that

Ywsdr(G) = 2|Vi| = n > 2v(G) — n.
[

Proposition 10. If G is a graph of order n with minimum degree § > 2, then vysar(G) <
n—2[6/2].

Proof. Let ¢t =16/2], and let A = {v1,v2,...,v,} be a set of ¢ vertices of G. Define
the function f : V(G) — {-1,1,2,3} by f(z) = —1 for z € A and f(z) = 1 for
x € V(G)\ A. Then

FINw) > ~t+ (@ +1—t)=6+1—2t=0+1-2[5/2] >1

for each w € V(G). Therefore f is a WSDRDF on G of weight n — 2t and thus
’}/wst(G) S n — 2t. O

For odd n > 3, Proposition 7 shows that Proposition 10 is sharp, and for even n > 4,
Proposition 8 shows that Proposition 10 is sharp.

Proposition 11. If G is a graph of order n, then Yusir(G) > A(G) +2 — n.
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Proof. Let w be a vertex of maximum degree, and let f be a 7,sqar(G)-function.
Then the definitions imply the desired bound as follows:

Ywsar(G) = > fl@)= Y f@)+ Y. fl@

z€V(G) zEN[w] z€V(G)\N[w]

1+ > f@=1-n—(AG)+1) =A(G)+2-n.
z€V(G)\N[w]

v

Corollary 4. [2]If G is a graph of order n, then v,ar(G) > A(G) + 2 — n.

Example 2 shows that Proposition 11 and Corollary 4 are sharp.

3. Bounds on 7, (G)

In this section we present more bounds on the signed double Roman domination
number.

Theorem 4. If G # K, is a connected graph of order n and minimum degree ¢ > 3, then

vsdar(G) < 2n — 25 — 1.

Proof. We proceed with three cases.

Case 1. Assume that 6 = 3p with an integer p > 1. Let ¢ = 2p, and let A =
{v1,v2....,v4} be aset of ¢ vertices of G. Define the function f : V(G) — {-1,1,2,3}
by f(z) = —1 for z € A, f(u) = 1 for a vertex u € V(G) \ A and f(x) = 2 for
x € V(G)\ (AU {u}). Then

F(Nw]) > —q+1+2(6—q)=26—-3¢g+1=6p—6p+1=1

for each w € V(G). In addition, the vertex u has at least § —¢g=3p—2p=p >1
neighbors of weight 2, and each v; has at least § — ¢ = p neighbors of weight 2.
Therefore f is an SDRDF on G of weight 2(n—¢—1)+1—¢=2n—-3¢—1=2n—-25—1
when p > 2.

Let now p = 1, that means § = 3. Since G # K,, we observe that we can choose
A = {v1,v2} as an independent set. If we define f as above, then we observe that
each v; has at least two neighbors of weight 2. Thus f is also an SDRDF on G of
weight 2n — 7 = 2n — 20 — 1. Altogether we see that vs4r(G) < 2n — 2§ — 1 in the
first case.
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Case 2. Assume that § = 3p + 1 with an integer p > 1. Let ¢ = 2p + 1, and let
A = {v1,vs....,04} be a set of g vertices of G. Define the function f : V(G) —
{-1,1,2,3} by f(z) = —1for x € Aand f(z) =2 for x € V(G) \ A. Then

F(Nw]) > —q+2(64+1—¢q)=2—-3¢+2=6p+4—6p—3=1

for each w € V(G), and each v; has at least §—(g—1) = 3p+1—2p = p+1 > 2 neighbors
of weight 2. Thus f is an SDRDF on G of weight 2(n—¢)—q¢=2n—3¢ =2n—2§ —1,
and 80 Ysqr(G) < 2n — 26 — 1 in the second case too.

Case 3. Assume that 6 = 3p + 2 with an integer p > 1. Let ¢ = 2p + 1, and let
A = {v1,v2....,v4} be a set of g vertices of G. Define the function f : V(G) —
{-1,1,2,3} by f(z) = =1 for x € A, f(u) = f(z) = 1 for two different vertices
u,z € V(G)\ A and f(z) =2 for z € V(G)\ (AU {u,z}). Then

FINw) > —q+2+206—-q—1)=2—3¢=6p+4—6p—3=1

for each w € V(G). In addition, the vertices u and z have at least § — ¢ — 1 =
3p+2—2p—1—1=p > 1 neighbors of weight 2, and each v; has at least §—¢—1=1p
neighbors of weight 2. Therefore f is an SDRDF on G of weight 2(n—q¢—2)+2—¢q =
2n —3g—2=2n—26 — 1 when p > 2.

Let now p = 1, that means 6 = 5. If G is complete, then Proposition 1 implies
Ysdar(Ks) = 1 =2n — 26 — 1. If G is not complete, then let v; and vy be two non-
adjacent vertices. Now let A = {v1,vs2,v3} be a set of 3 vertices with an arbitary
vertex v3 € V(G) \ {v1,v2}. Since § = 5 and v; and ve are not adjacent, the vertex
v3 has at least three neighbors aj,as,a3 € V(G) \ A, and v; has a neighbor b ¢
{a1, a2, as,ve,v3}. Define the function f : V(G) — {-1,1,2,3} by f(x) = —1 for
z €A, f(b)=1and f(c) =1 for a further vertex c € V(G) \ (AU {b}) and f(z) =2
for x € V(G)\ (AU {b,c}). Then each vertex v; has at least two neighbors of weight
2, and as above, we observe that f is an SDRDF on G of weight 2n — 20 — 1. This
completes the proof. O

If n > 5, then Proposition 1 shows that Theorem 4 is sharp. If n > 6 and § > %‘17
then Theorem 4 shows that vs4r(G) < n. I think that this is valid for all connected
graphs.

Conjecture 1. If G is a connected graph of order n > 2, then v.ar(G) < n.

Proposition 12. If G is an (n — 2)-regular graph of order n > 6, then v.qr(G) = 3.

Proof. Since G is (n — 2)-regular, the graph is isomorphic to the complete r-partite
graph Ky n,. p, Withr >3 and ny = ng = ... = n, = 2. Let X; = {u;,v;} be
the partite sets of G for 1 < i < r. Define the function f : V(G) — {-1,1,2,3} by
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flu;)) =—=1for 1 <i<vr, f(v1) = f(v2) = f(vs) =2 and f(v;) =1 for 4 <i <r.
Then f is an SDRDF on G of weight 3 and thus v.4r(G) < 3.

Suppose on the contrary that vsqr(G) < 2. Let f be a vs4r(G)-function. Assume
that there exists a vertex, say ui, with f(u1) = 3. If f(v1) = a for a € {-1,1,2,3},
then the condition f(N[v1]) > 1 implies f(V(G)\ {u1,v1}) > 1—a. This leads to the
contradiction 2 > v,4r(G) = f(V(G)) > 1—a+ f(u1) + f(v1) = 4. Next assume that
there exists a vertex, say uy, with f(u;) = 2. If f(v1) = a for a € {—1,1,2,3}, then
FV(G)\{ur,01}) = 1=a. Thus 2 > v.ar(G) = f(V(G)) 2 1=a+f(ur)+f(v1) = 3, a
contradiction. Consequently, f(u;), f(v;) <1 for all 1 <4 < r, but this is impossible.
Hence vs54r(G) > 3 and so vsqr(G) = 3. O

For n = 2p with p > 3, the (n — 2)-regular graphs in Proposition 12 are further
examples which demonstrate the sharpness of Theorem 4. Next we improve Theorem

: 42
4 for small §, more precisely for § < *3=.

Theorem 5. If G is a connected graph of order n > 3, then v,qr(G) < L%”J — 2.
Proof. Assume that T is a spanning tree of G. Let X,Y be the bipartite sets of T
with |Y] < |X|. We proceed with two cases.

Case 1. Assume that |Y| =1 with Y = {y}. If X = {z1,22,...,2,-1}, then define
the function f by f(y) =3, f(z1) = f(z2) = —1 and f(x;) = 1for 3 <i < n—1.
Then f is an SDRDF on T of weight n — 2. Since f is also an SDRDF on G, we
deduce that

Ysdr(G) <n—2< f’;J -2

Case 2. Assume that |Y| > 2 with Y = {y1,y2,..., 45} and X = {x1, 29, ..., 20t }.
Since T' is connected, we observe that there exists a vertex, say x1, with dp(x1) > 2.
Now define the function f by f(x1) = —1, f(z;) =1for 2 <i<n—tand f(y;) =2
for 1 < j <t. Then f is an SDRDF on T of weight 2t + n —t — 2 =n+t — 2. Since
f is also an SDRDF on G, we deduce that

3
'yst(G)Sn+t—2§7n—2,

and since y5qr(G) is an integer, we obtain the desired bound. O

A set S C V(G) is a 2-packing of the graph G if N[u] N N[v] = 0 for any two distinct
vertices u,v € S. The maximum cardinality of a 2-packing in G is the 2-packing
number, denoted by p(G) = p.

Proposition 13. [2]If G is a graph of order n, minimum degree § and packing number
p, then vear(G) > p(d +2) — n.

The proof of the next result is identically with the proof of Proposition 3.8 in [2] and
is therefore omitted.
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Proposition 14. If G is a graph of order n, minimum degree § and packing number p,
then ywsar(G) > p(d +2) — n.

The next example will demonstrate that the bounds in Propositions 13 and 14 are
sharp.

Example 4. Let F be an arbitrary graph of order t > 1, and for each vertex v € V(F)
add a vertex-disjoint copy of a complete graph K, (s > 5) and identify the vertex v with
one vertex of the added complete graph. Let H denote the resulting graph. Furthermore, let
Hi,Ha,...,H; be the added copies of Ks. Fori=1,2,...,t, let v; be the vertex of H; that
is identified with a vertex of F. We now construct an SDRDF on H as follows. For each
t=1,2,...,t, let f; : V(H;) = {-1,1,2,3} be the SDRDF on the complete graph defined
as in the proof of Proposition 4.1 in [2] such that fi(vi) > 1. As shown in Proposition
4.1 in [2], we have w(f;) = 1. Now let f : V(H) — {—1,1,2,3} be the function defined
by f(v) = fi(v) for each v € V(H;). Then f is an SDRDF of H of weight t and hence
Ywsdr(H) < vsar(H) < t. Since n(H) = ts, 6(H) = s — 1 and p(H) = t, Proposition 14
implies that Ysar(H) > Ywsra(H) > p(H)(6(H)+2) —n(H) = t. Consequently, ywsar(H) =
Year(H) = p(H)(3(H) +2) — n(H) =t.

4. Special classes of graphs

In this section, we determine the weak signed double Roman domination number for
special classes of graphs.

Proposition 15. If n > 1, then vysar(Ki,n) = 1.

Proof.  Let w be the central vertex of G = K ,, and let f be a 7y,s4r(G)-function.
The definitions imply Yysar(G) = EIGN[w] f(z) > 1. For n # 1,3 it follows from
Proposition 2 that v,sar(G) < vsar(G) = 1. Therefore v,5q4r(G) = 1 for n # 1,3.
Since it is straightforward to verify that vysqr(K1.1) = Ywsar(K1,3) = 1, the proof is
complete. O

Proposition 16. If C, is a cycle of length n > 3, then Yusar(Crn) = [n/3] when
n = 0,1 (mod3) and vywsar(Crn) = [n/3] + 1 when n = 2 (mod 3).

Proof. Let C,, = viva...v,v1. Applying Corollary 1, we observe that yysar(Cr) >
[n/3].

Let first n = 3p for an integer p > 1. Define f(v3;) = —1 and f(v3i—2) = f(vsi—1) =1
for1 <4 < p. Then f is a WSDRDF on C,, of weight p = n/3 and thus v,,s4r(Cr) < p.
Therefore vsar(Cr) = [n/3] in this case.

Let second n = 3p+1 for an integer p > 1. Define f(vs;) = —1, f(vzi—2) = f(v3i—1) =
1for1 <4 <pand f(vsp+1) = 1. Then f is a WSDRDF on C,, of weight p+1 = [n/3

and thus vyusar(Cr) < [n/3]. Therefore vysqr(Cr) = [n/3] in this case.
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Finally, let n = 3p + 2 for an integer p > 1, and let f be a Yysar(Ch)-function. If
f(z) > 1for each z € V(C,,), then vy5ar(Cr) > n > [n/3]+1. Let next, without loss
of generality, f(v1) = —1. Then v; has a positive neighbor, say ve. If f(vy) = 3, then
f(v1)+f(v2) =2. If f(vg) = 20r f(vy) = 1, then f(vs) > 1 and thus f(ve)+f(v3) > 2.
Hence we have found two adjacent vertices v; and v; 41 such that f(v;)+ f(vj41) > 2.
If we assume, without loss of gerality, that f(vspt1) + f(vspre) > 2, then we obtain

Ywsdr (Cn) = F(V(Cn)) = f(vaps1) + f(vspsa) + > f(N[vsia]) > p+2= W +1L

i=1

Otherwise, define g(vs;) = —1, g(vsi—2) = g(vs;—1) =1 for 1 <i < p and g(vsp+1) =
g(vsp42) = 1. Then g is a WSDRDF on C,, of weight p +2 = [n/3] + 1 and thus
Ywsdr(Crn) < [n/3] + 1. Therefore, vysar(Crn) = [n/3] + 1 in this case. O

Proposition 17. Let P, be a path of order n > 1. Then vysar(P2) = 1, Ywsar(Pn) =
[n/3] when n = 0,1 (mod 3) and Yysar(Pn) = [n/3] + 1 when n = 2 (mod 3) and n > 3.

Proof. Let P, =vjvy...0,, and let f be a yysar( Py )-function.

First assume that n = 3p + 1 for an integer p > 0. If p = 0, then the result is trivial.
If p > 1, then we observe that f(v1) + f(v2) > 1 and f(vsp) + f(vapy1) > 1. This
leads to

Yusar(Pn) = F(V(Pn)) = f(v1) + f(v2) + f(vsp) + f(v3p41) + D f(N[vgisa])

i=1

Y

2+p—1:p+1:[g]

Next define g(vsi+1) = —1 for 0 < i <p, g(ve) = g(vsp) = 2 and g(vs;) = g(vsig2) =1
for 1 <4 < p—1. Then g is a WSDRDF on P, of weight p+ 1 = [n/3] and thus
Ywsdr(Prn) < [n/3]. Therefore vysar(Pn) = [n/3] in this case.

Next let n = 3p for an integer p > 1. According to Propostion 3, we note that
Ywsdr (Prn) < Ysar(Pn) = n/3. Furthermore, we observe that

p—1

Ywsdr(Pa) = F(V(Pa)) = > f(N[vsita]) > p=n/3
=0

and thus vy sar(P) = n/3 in this case.
Finally, asume that n = 3p + 2 for an integer p > 0. Clearly, vysqr(FP2) = 1. Let now
p> 1. If f(v1)+ f(va) > 2, then we have

P

Ywsar(Pn) = f(V(Pa)) = f(v1) + f(v2) + ) f(N[vgir]) 224 p=p+2= (%1 +1.
=1
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Next assume that f(v1)+ f(v2) = 1. Then f(v1) = —1 and f(ve) =2 or f(v;) =2 and
f(v2) = —1. In both cases we observe that f(vs) > 1 and so f(v1)+ f(ve)+ f(v3) > 2.
This leads to

'szdR(Pn) = f(V(Pn))

Fr) + f(va) + f(vs) + Y F(N[vsiyal) + f(vaps1) + f(vsps2)

i=1

> 2+p—1+1=p+2:[g]+1.

Conversely, Proposition 3 yields Yysar(Pn) < Ysar(Pn) = [n/3] + 1 and thus

Ywsdr(Pn) = [n/3] + 1 in the last case. O

Proposition 18. Let S(r,s) be a double star with 1 <r < s.

(a) If 7 < r, then Yysar(S(r,s)) = —4.

(b YwsdR S 678

)

) (
(€) Ywsar(S(5,8)) = —4 for s # 6 and Yewsar(S(5,6)) = —3.
(d) Ywsar(

) (

) (

) (

[95)

4, s

€) YwsdR S 3,8

(
(f) Ywsar(S(2,s —1 for s > 3 and Ywsar(S(2,2)) = 0.

(6,5))
(5,5))
(4,5))
(3,5))
(2,5))
(1,5)) =

0 for s > 3, Ywsar(S(1,1)) = 2 and ywsar(S(1,2)) = 1.

(g YwsdR S 175

Proof. Let u and v be two adjacent vertices of S(r,s) such that w is adjacent to
r > 1 leaves and v is adjacent to s > 1 leaves. If f is a yu,sar(S(r, s))-function, then
the definition implies

w(f) = f(N[u]) + f(N[v]) = f(u) = fv) 21 +1-3-3=—4

and so Yuwsar(S(r, s)) > —4.

Let uq,ua, ..., u, be the leaves adjacent to u and v1,va, ..., us be the leaves adjacent
to v.

(a) Let » > 7. Define the function g : V(G) — {-1,1,2,3} by g(u) = g(v) = 3.
Furthermore, if r = 2t even for an integer ¢t > 4, then let g(u;) = 2,
g(ug) = g(uz) = ... = g(us—3) = 1 and g(us—2) = g(us—1) = g(ug) = —1 and if
r=2t+1>7is odd for an integer ¢t > 3, then let g(uy) = g(ug) coo=g(ug—9) =1
and g(ui—1) = g(ur) = ... = glugey1) = —1. In addition, if s = 2t is even
for an integer t > 4, then let g(v1) = 2, g(v2) = g(vs) = ... = g(vs—3) = 1 and
g(vi—2) = g(vi—1) = ... = g(var) = —1 and if s = 2t+1is odd for an integer ¢ > 3, then

let g(v1) = g(ve) = ... = g(vi—2) = 1 and g(vi—1) = g(ve) = ... = g(vor1) = —1.
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Then g is a WSDRDF on S(r,s) of weight -4 and therefore y,5qr(S(r,s)) = —4 in
this case.

(b) Let » = 6. Let f be a vusar(S(6, s))-function. If f(u) + f(v) < 5, then w(f) =
F(N[u])+ f(N[v]) — f(u) — f(v) > 14+ 1—5 = —3. However, if f(u )+f( ) =6, then
f(N[u]) 2 7=5=2and so w(f) = f(N[u]) + f(N[v]) = f(u) = f(v) 2 2+1-6 = =3.
Conversely, define the function g : V(G) — {—1,1,2,3} by g(u1) =1 and g(u;) = —1
for 2 < i <6.

Futhermore, if s = 2¢ 4+ 1 is odd for an integer ¢t > 3, then let g(u) = g(v) = 3,
g(v1) = g(v2) = ... = g(vs_2) = 1 and g(vsi—1) = g(vs) = ... = g(var41) = —1. Then
g is a WSDRDF on S(r,s) of weight -3 and therefore ~,,5qr(S(r,$)) = —3 in this
case.

If s = 2t is even for an integer ¢ > 3, then let g(u) = 2, g(v) = 3,
g(v1) = g(v2) = ... = g(vi—2) = 1 and g(vi—1) = g(v) = ... = g(va) = —1
Again g is a WSDRDF on S(r, s) of weight -3 and therefore v,,s4r(S(r,s)) = —3 also

in this case.

(¢) r = 5. If s # 6, then define the function ¢ : V(G) — {-1,1,2,3} by g(u) =
g(v) =3 and g(u;) = —1 for 1 < ¢ < 5. In addition, if s = 5, then define g(v;) = —1
for 1 <i <5 If s =2t+1 odd for an integer ¢t > 3, then define g(v1) = g(ve) =

.= g(v—2) = 1 and g(vi—1) = g(vy) = ... = g(varq41) = —1. If s = 2t is even for
an integer ¢t > 4, then define g(vi) = 2, g(va) = ... = g(vy—3) = 1 and g(vi_2) =
g(vi—1) = ... = g(ver) = —1. In all these cases, we observe that g is a WSDRDF on

S(5,s) of weight -4 and therefore v,s4r(S(r, s)) = —4 in these cases.
It is straightforward to verify that ~vu,sqr(S(5,6)) = —3.

(d) Let r = 4. If f is a yusar(S(4, s))-function, then we observe as in Case (b) that
’szdR(S(Zl; 8)) 2 -3.

Conversely, define the function g : V(G) — {-1,1,2,3} by g(u;) = -1 for
1 <i<4 If s =2tis even for an integer ¢ > 2, then define g(u) = 2, g(v) =
g(v1) = g(v2) = ... = g(vg2) = —1 and g(viys) = glvia) = ... = glvar) = 1~
If s = 2t + 1 is odd for an integer ¢ > 2, then define g(u ) = g(v)
g(v1) = g(v2) = ... = g(veys) = —1 and g(vets) = g(vess) = ... = g(vae41)

=1 1In
both cases, g is a WSDRDF on S(4, s) of weight -3 and therefore szdR( (4,5)) =

(e) Let r = 3. Letfbeaywsdg( (3, 5))-function. If f(u) + f(v) < 4, then w(f) =
FONu)) + F(V[o]) = F(u) — f(6) > 1414 = —2. I f(u) + f(v) = 5. then
f(N[u]) = 5— 3—23ﬂd50w()=f []) FI(N]) = f(u) = f(v) 22415 = =2.
If f(u) + f(v) = 6, then f(N[u]) > 6 =3 = 3 and so w(f) = f(N[u]) + f(N[v]) -

f(u)—f(v)23+1—6—— .

Conversely, define the function g : V(G) — {-1,1,2,3} by g(u;) = —1 for 1 <14 < 3.
If s = 3, then define g(u) = g(v) = 2 and g(v;) = —1 for 1 < ¢ < 3. Then g is a
WSDRDF on 5(3,3) of weight -2 and thus v,s4r(5(3,3)) = —

If s = 2t is even for an integer t > 2, then define g(u) = 2, g(v) = 3,
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g(v1) = g(v2) = ... = g(vg2) = —1 and g(viys) = g(viga) = ... = g(vae) = L.
If s = 2t+11is odd for an integer ¢ > 2, then define g(u) = g(v) = 3,
gv1) = g(v2) = ... = g(ve43) = —1 and g(viya) = g(veys) = ... = g(var1) = 1. I

both cases, g is a WSDRDF on S(3, s) of weight -2 and therefore 'ywst( (3,5))

(f) Let r = 2. Let f be a vusar(S(2, s))-function. If f(u) + f(v) < 3, then w(f) =
FONTu)+ F(NTo)) = fw)— (o) 2 1+1-3 = —L. I f(u)+ (o) = 4, then f(N[u]) > 2
and sow(f) = f(N{ul)+f(Nv])— ( ) f(v) 2 241—-4 = =1 1If f(u)+f(v) = 5, then
f(N[u]) >5—-2=3andsow(f) = f(N[u])+ f(N[v]) = f(u)— f(v) >3+1-5=—1.
If f(u) + f(v) = 6, then f(N[u]) > 6—2 = 4 and s0 w(f) = F(N[ul) + F(N[o])
flu)—flv)>4+1-6=-1

Conversely, define the function g : V(G) — {—1,1,2,3} by g(u;) = —1 for 1 < i < 2.
It is straightforward to verify that v,sar(S5(2,2)) = 0 and Yyusar(S(2,3)) = —1 Let
next s > 4.

If s = 2t is even for an integer ¢ > 2, then define g(u) = 2, g(v) = 3,
g(v1) = g(vz2) = ... = g(vy2) = —1 and g(viy3) = gvia) = ... = g(var) = 1.
If s = 2t + 1 is odd for an integer ¢ > 2, then define g(u) = g(v) = 3,
g(v1) = g(v2) = ... = g(vi13) = —1 and g(vera) = g(ve45) = ... = g(var41) = L.

above, g is a WSDRDF on S(2,s) of weight -1 and therefore fydeR(S(Q s)) = —1

also in these cases.

(g) Let 7 = 1. Let f be a yusar(S(1, s))-function. If f(u) + f(v) < 2, then w(f)
FONTul) + FN o) — Flu)— () > 141-2 = 0. I f(u) + f(v) = 3, then F(N[u]) >
and 50 o(f) = F(N[u]) + F(N[e]) = F(w) — () > 2413 = 0. If f(u) + f(v) = 4
then f(Nu]) > 3 and so w(f) = f(Nu]) + f(N[v]) — f(u) — f(v) >3+1—-4=0. If
F(w) + f(v) = 5, then f(N[u]) > 4 and s0 w(f) = F(N[u]) + [(N[o]) — f(u) — f(0) >
4415 = 0. ¢ f(w)+ f(0) = 6, then f(N[u]) > 5 and sow(f) = F(N[u]) + f(N[o]) —
f(u)— f(v) >54+1—-6=0.

Furthermore, it is a simple matter to verify that v,sar(S(1,1)) = 2, Ywsar(S(1,2)) =
1 and vwsar(S(1,3)) = 0. Let now s > 4.

Define the function g : V(G) — {-1,1,2,3} by g(u1) = —1. If s = 2t is even for an
integer ¢t > 2, then define g(u) = 2, g(v) = 3, g(v1) = g(ve) = ... = g(vy42) = —1
and g(vi13) = g(viga) = ... = glvg) = 1. If s = 2t + 1 is odd for an integer
t > 2, then define g(u) = g(v) = 3, g(v1) = g(va) = ... = g(vey3) = —1 and
9(Vt14) = g(vegs) = ... = g(vaer1) = 1. Again, g is a WSDRDF on S(1, s) of weight
0 and therefore v,,s4r(S(1,s)) = 0 for s > 4. O

= |l

Proposition 19. If 2 < p < g are integers, then vwsar(K2,q) = 2, Ywsar(K3,q4) = 3 and
'szdR(Kp,q) =4 for p > 4.

Proof. Let X = {x1,29,...,2,} and Y = {y1,92,...,y4} be the bipartite sets of
K, 4, and let f be a vysar(Kp q)-function. If there exists a vertex z € X andy € YV
with f(z) = f(y) = —1, then the property f(N[z]) > 1 implies f(Y) > 2 and the
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property f(N[y]) > 1 implies f(X) > 2 and thus w(f) > 4.
First let p > 4. Assume that f(z) > 1 for each z € X. Then

P

w(f)=F(N[z)) + > fl@) > 1+(p—1)=p>4.

=2

Analogously we see that w(f) > 4 when f(y) > 1 for each y € Y. Therefore we obtain
w(f) > 4 in each case. It follows from Proposition 5 that Yysir(Kpq) < Vsar(Kpq) =
4 and thus vysar(Kp ¢) = 4 in this case.

Next let p = 3. As above we observe that w(f) > 3 when f(x) > 1 for each v € X
or f(y) > 1 for each y € Y. Therefore w(f) > 3 in each case. Now define the
function g : V(G) — {—1,1,2,3} as follows. Let g(z1) = g(z2) = g(x3) = 1 and if

Y = {w1,y2,...,y2} for an integer ¢t > 2, then let g(y1) = g(y2) = ... = g(y:) = 1
and g(yi+1) = g(yt2) = ... = g(y2e) = —1 and if Y = {y1,92,..., y2r+1} for an
integer ¢ > 1, then let g(y1) = 2, g(y2) = g(y3) = ... = g(y) = 1 and g(yi1) =
9(Yt12) = ... = g(y2t41) = —1. Then g is a WSDRDF on K3, of weight 3 and thus

’}/wst(Kg’q) S 3. This yields to ’szdR(Kg’q) =3.

Finally, let p = 2. As above, we see that w(f) > 2 when f(x) > 1 for each z € X or
f(y) > 1 for each y € Y. Therefore w(f) > 2 in each case. Now define the function
9:V(G) = {-1,1,2,3} as follows. Let g(z1) = g(x2) =1 and if Y = {y1,y2, ..., Y2t }
for an integer t > 1, then let g(y1) = 9(y2) = ... = g(y:) = 1 and g(yi+1) = g(Yt42) =
co.=g(yar) = —land if Y = {y1, ya, ..., y2¢+1} for an integer ¢ > 1, then let g(y1) = 2,
9(y2) = g(ys) = ... = g(y) = 1 and g(yr+1) = 9(ys+2) = ... = g(y2r+1) = —1. Then
g is a WSDRDF on K, of weight 2 and thus Yysqr(K24) < 2. This leads to
Ywsdr(Ka,q) = 2. O

Proposition 20. If G = K, n,,...n, is a complete r-partite graph with 3 < n; < no <
... <n, and r > 3, then Yysar(G) = vsar(G) = 3.

Proof.  Let X; = {v},v},... v} } be the partite sets of G for 1 < i < r, and let f be
a Ywsar(G)-function. Assume that there exists a partite set Xj such f(vF) > 1 for
each 1 < i <nyg. Then

() = FNEAD) + 3 F8) > 1t (ng— 1) =y > 3.

=2

Next assume that each partite set X; contains a vertex x; with f(x;) = —1. Then
f(N[z;]) > 1 yields f(V(G)\ X;) > 2 for each 1 < i < r. Therefore

(r—Dw(f) = (r—=DFV(G) =D FV(G)\ X;) > 2r
1=1
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and thus

w(h=1ien = | 2] =

Consequently, vsar(G) > Yuwsar(G) = w(f) > 3 in every case.

Conversely, we shall define a function f : V(G) — {-1,1,2,3} such that f(X;) =
f(X2) = f(X3) = 1 so that f(x;) > 2 for at least one vertex z; € X; for ¢ = 1,2,3
and f(X;)=0for4<i<r.

First let ¢ € {1,2,3}. If X {UZ, v, v3}, then define f(v}) = 3 and f(v?) =
f3) = —1. If X; = {v},v v2P} for an integer p > 2, then define f(v}) = 2,

72 ’L""

ﬂﬁ%:@ﬂzue:w%—lmdmﬁﬂffw“%auzfﬁ):fL
If X, = {v},v?, ..,v?pﬂ} for an integer p > 2, then define f(v}) = f(v?) =
Jf) = o) = ... = f(v7) = L amd fQ]) = f(277) = L=y =
Now let i > 4. If X; = {v},0?,. p} for an integer p > 2, then define f(v}) =
Jh) = ... = J(7) = 1mmﬂﬁﬂ:fw”wau—ﬂz) -1 I X =
{wh o3, ..., fpﬂ} for an integer p > 1, then define f(v}) =2, f(v?) = f(v3) = ... =
fF) = Tand f(oI*h) = f77%) = ... = fo) = —1.

We observe that f is an SDRDF on G of weight 3 and thus v,sar(G) < vsar(G) < 3
Altogether, we have vy5a4r(G) = Vsar(G) = 3. O

Proposition 21. If G = K, n,
and r > 3, then yysar(G) = 2.

n, 18 an r-partite graph with 2=n; <no < ... < n,

,,,,,

Proof. Let X; = {vi,vi,... ,vf“} be the partite sets of G for 1 <4 < r, and let f be
a Ywsdr (G)-function. Assume that there exists a partite set X such f(vF) > 1 for
each 1 < i <ny. Then

ng
w(f) =FINFD) + D fF) > 1+ (e — 1) =ny, > 2.
i=2
Next assume that each partite set X; contains a vertex x; with f(z;) = —1. As

in the proof of Proposition 20, we obtain w(f) > 3 in this case. Consequently,
Ywsar(G) = w(f) > 2 in every case.
Conversely, we define the function ¢ : V( ) — { 1,1,2,3} as follows. Let g(vi) =

g(vd) = 1. Let now i > 2. If X; = {v},v 0P} for an integer p > 1, then define

1317'77,

g()—g()— = g(vf) = Land g(f™) = g(}™) = ... = g(v}") = ~1. If

= {v},v3, ..., 12p+ } for an integer p > 1, then define g(v}) = 2, g(v?) = g(v}) =
..—g(z)—landg( p+1) g(v p+2)—...:g(v2p+1) —1. Then g is a WSDRDF
on G of weight 2 and thus 7,54 (G) < 2. Consequently, Yusar(G) = 2. O
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