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Abstract: The topological indices play a crucial role in generating the weighted
adjacency matrix, which exhibits significant diversity from both theoretical and ap-
plication perspectives compared to the ordinary adjacency matrix. One such notable
weighted matrix is the geometric-arithmetic matrix, generated from the well-known
GA (geometric-arithmetic) index. Here, we focus on a comparative study of the GA
index and the geometric-arithmetic energy GAE. We establish several tight bounds on
GAE involving various graph invariants and identify the corresponding extremal graphs.
Additionally, we compare the correlation of the molecular property Bp (boiling point)
with GA and GAE. Our findings reveal that the Bp shows good correlation with GAE
than with GA index. Furthermore, we examine the role of GAE in explaining different
properties of drugs associated with kidney disease.
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1. Introduction

We denote G = G(V, E) a simple, undirected, and connected graph with vertex/node
set V and edge set E. The number of elements in V is the order and that of in F
is the size of G. For a,b in V, we denote their adjacency relation by a ~ b. For
a € V, the number |{b : b ~ a}| is the degree of a written as d,. The mazimum degree
(respectively minimum degree) is denoted by A (respectively ). If each node in G
have the same degree r, then G is said be r-regular graph. For undefined terminology
and notation, see [6].

Mathematical descriptors associated with molecular structures, such as topological
indices [28], have numerous applications in chemical studies. They play an impor-
tant role in mathematical/theoretical chemistry specifically in QSAR. (quantitative
structure-activity relationship) and QSPR (quantitative structure-property relation-
ship) studies. From these descriptors, a special preferences is given to topological
indices. Many of them were introduced, by researchers in theoretical/mathematical
part of chemistry, on the uses of molecular models involving graphs. They end up in
some single numeric number related to molecular properties. During the second half
of the last century and since the beginning of the present one, a multitude of such
parameters were defined. Most of them knew useful applications in chemistry. For
more about the topic, we refer the reader to [15, 16, 37].

The starting point of “theory” of topological indices was the pioneer research work
by Wiener [40]. He proposed to use the total of all shortest paths in a molecular
graph to estimate saturated hydrocarbon physical properties. Since then, the param-
eter is called as Wiener index. Randié¢ [27] introduced another important molecular
descriptor, the Randié¢ (connectivity) indez, defined as

Ra(G)= Y —

uveE u

%
Q,
3

It is the most studied molecular descriptor in mathematical chemistry. A rich litera-
ture of more than two thousand research papers and at least five textbooks considers
topics related to Ra(G) (see, [14, 20-23]). Other basic topological indices are the
Hosoya (1971) topological index [19], the Szeged index [11], and the revised Wiener
index (sometimes referred to as revised Szeged index) [29].

Motivated by the success of Ra(G), Vukicevié and Furtula [39] suggested the
geometric-arithmetic index (GA index), which was defined as

24/dydy

uwvek

It was observed in [39] that physico-chemical properties are somewhat better corre-
lated with GA than with Ra. It is shown in [3] that an appropriate adjustment of GA
index improves considerably its correlation with chemical compound’s boiling point.
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The Lower and the upper bounds on G A, over the class of trees, were established in
[39], where the star S,, was proven to be the extremal tree corresponding to the lower
bound, and the path P, to the upper bound. The paper [41] provides inequalities for
GA over the class of graphs (molecular) in terms of order and size. The authors in
[41] identified molecular trees with the three smallest values, also second and third
largest values of GA index. Inequalities concerning GA in terms of n, m,d and A
were established in [32]. The same paper [32] provides a list of relationships between
GA and several topological indices: Ra(G), sum connectivity index, first and second
Zagreb indices, and harmonic index. Several other extremal results can be found in
1, 8].

The topic of finding lower bounds on GA of graphs with fixed n and § was considered
in [2, 9, 36]. A comparison of the GA index with the spectral index/radius (the largest
adjacency eigenvalue) can be seen in [5]. Applications of GA in Chemistry is a topic
carried out in [8, 12, 39]. For a survey and recent developments, we invite the reader
to consult [2, 3, 8, 30, 38], including the references cited therein.

For a graph G, the adjacency matriz A(G) is defined as

1 if U; ~ Vj,
aij = .
0 otherwise.

Introduced in [10] (see also [24]) to quantify the total w-electron energy of hydrocar-

n

bons, the energy of a graph G is given by £(G) = >_ |¢;|, where ¢;, i =1,...,n, are

the eigenvalues of the adjacency matrix A(G). lele energy attracted the attention
of many chemical graph theorists as shown by countless paper deal with the topic.
For more about the importance/applications of the energy of G and the evolution
of related research work over time with an exhaustive list of references, we refer the
reader to the discussion [13].

Following the motivation of £(G), Rodriguez and Sigarreta introduced the geometric-
arithmetic matrix (GA matrix) [32] and, thereafter, the corresponding energy [33].
The GA matrix (geometric-arithmetic matrix), denoted by GA(G), is defined [32] as

2vVdyd,, .
if u~w,
(GA(G))ij = | du+dy
0 otherwise.

We denote the eigenvalues of GA by p;, i = 1,...,n, which are usually labelled such
that py1 > po > -+ > pn. The analysis of GA(G) and its connection with GA index
is given in [31, 32], and other properties along with its Laplacian in [33].

Analogous to £(G), the geometric-arithmetic energy GAE(G) of graph G, is defined
(33] as

GAE = GAE(G) =Y |uil-
i=1
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For a r-regular G, A(G) = GA(G), so it follows that £(G) = GAE(G). GAE of trees
was studied in [35, 42], where extremal trees were characterized. Like GA index, the
spectral invariants of GA matrix are helpful in studying quantitative properties of
alkanes. A study on correlations between GAE and some properties like Bp, heats of
vaporization and critical temperatures can be found in [18].

In this study, we are interested in a comparison between GA and GAE. In the next
section, we give several bounds on GAE in terms of several invariants and identify
related extremal graphs. In Section 3, we statistically compare GA index with GAE.
Namely, we compare the correlation of Bp, as a molecular entity, with each of those
two topological descriptors. In order to conduct this study, we took into consideration
a set of data that included the experimental Bp of saturated hydrocarbons, from [34]
(also see [3, 4]). We used computational package AutoGraphiX III [7] (https://wuw.
gerad.ca/Gilles.Caporossi/agx/AGX/AutoGraphiX.html) to obtain the numeric
values of GA index/energy of chemical/molecular graphs.

2. Bounds on GAE

The Frobenius norm of real m x n-matrix M, denoted ||M ||z, is defined as

DD Imyl? = \/Tr(MTM) =

i=1 j=1

[M]|p =

where n;(M)’s are the singular values of M, Tr(-) denotes the trace of a matrix, and

MT is the transpose of M. If M is real symmetric, ; = |¢;| and | M||% = Y £;(M)? =
i=1

Tr(M?), where £;’s are the eigenvalues of M, see [25].

First, we recall a result, from [33], that will be utilized later in the paper.
Lemma 1 ([33]) For Tr(GA) of GA matriz, we have

2 2\ 4dud'u
IGA@IF =Tr@A) =2 3 =0
uwveE(G)

We will also use a result from [17].

Lemma 2 ([17]). For G with spectral radius {1 and first Zagreb index M. Then

M
0 > 4] /.
n

The equality occurs iff (if and only if) G is either reqular or semiregular bipartite.
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The following result [26] states that the complete graph K, is the only connected
graph with two distinct G A-eigenvalues.

Lemma 3 ([26]). For a connected G with n > 3, then GA has two distinct eigenvalue
i G K,

The next lemma is also useful.

Lemma 4 ([26]). Let G be a connected bipartite graph of order n > 4. Then G has
three distinct GA eigenvalues iff G is the complete bipartite graph.

The following result [6], well-known as interlacing theorem, relates the eigenvalues of
a real symmetric matrix with its principal submatrices.

Theorem 1 ([6]). Let M be a real symmetric a X a-matriz and M’ its principal sub-
matriz of order B, (8 < a). Then

liva—p(M) < L;(N) < €(M), 1<i<pB.

In our proofs, we will use the following function

fly)=y—1—Iny. (2.1)

Clearly, f(y) is an increasing function on [1,00) and decreasing on (0, 1]. Similarly,
for a > 2, the function

9(y) =y +a—1+log(|det(M)|) — logy (2.2)

is increasing on [1,n], where M is any real symmetric matrix and log = log, = In is
natural log.
A graph is called GA singular if it has at least one GA eigenvalue zero, otherwise it is
called GA non-singular. The multiplicity of the GA eigenvalue zero is the nullity of
G A matrix.

Theorem 2. Given a connected graph G with n > 2 and geometric-arithmetic energy
GAE. Then following holds

(1) If G is GA non-singular graph, then

2v/0A 2VA
GAE > 6+A€1+n—1+log|det(gA)|—log<6+A€1),

where {1 is the spectral index of A(G). The above inequality is an equality iff G = K,,.
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(ii) If the nullity of GA matriz is n, then

GAE > 1 +n—n—1+log

n
[1n]

j=2

with equality iff all the non-zero GA eigenvalues have modulus 1, except possibly for
the GA spectral radius ju1 .

Proof. As GA non-singular matrix, so |u;| are positive for ¢ = 1,...,n. By Equation
(2.1), f(y) > f(1) = 0 implies that y > 1 + logy, with y > 0 and equality holds iff
y = 1. Therefore, with this observation, we have

GAE = a4+ > lpil > +n—1+)  log|ui (2.3)
=2 =2
=p1+n— 1+10g(H|m\)
=2

=p1 +n — 1+ log| det(GA)| — log 1.

Since, pup > 25@61 (see [33]), with equality iff G is regular. Therefore, GAE is given
by
2v0A 2v/0A
> —1+1 —1 . 2.4
GAE > 5+A£1+n + log | det(G.A)| og(5+A€1> (2.4)
Suppose equality occurs in (2.4). Then by (2.3), |u2| = |us| =+ = |un] = 1. So G
has at most three distinct GA eigenvalues and by Lemma 4, G cannot be cannot be
K4 pn—q (neither Kg,a,a,...,a,t > 3) as these graphs are singular. Also G cannot
~————

t
be Cs, since its GA eigenvalues are
{2,0.618034,0.618034, —1.61803, —1.61803}

and they are not of unit modulus (excluding the spectral radius). Thus the only case
is that G is regular and has 2 distinct GA eigenvalues. By Lemma 3, we see that
|p2| = |ps| = -+ = |pn| = 1. Hence equality for G = K,,. Other way, it is easy to
verify the equality case for G = K,,. That proves part (i).

(ii) Let G be GA singular and let g1 > po > -+ > py—, be the non-zero GA
eigenvalues of G. Then proceeding as in part (i) and applying (2.3), we have

n—n n—n nh
GAE = i+ Y luil = +n—n—1+ Y loglu| = py +n—n—1+log| [
j=2

j=2 i=2

)

with equality iff |po| = |ps| = -+ = |pn—n| = 1. O
The following is a consequence of (i) and Lemma 2
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Corollary 1. Let G be a connected graph of order n with geometric-arithmetic energy
GAE. Then following holds

2VOA [ Mi(G) 2VOA [ Mi(G)
> 3\ —7 — — _
GAE > 5 n +n—1+log|det(GA)| — log 5 o ,

with equality iff G =2 K,,.

Theorem 3. Given a connected graph G of order n with geometric-arithmetic energy
GAE, and let |GA(G)||% be the Frobenius norm of GA(G). Then

3

GAE > J IGAG)|2 + 2(7;) (det(QA)) .

Proof. By using arithmetic and geometric mean inequality and Lemma 1, we get

n 2 n
(Dhl) =2+ > il
i=1 i=1

i#j,1<i,j<n

—1GA@ I +ntn-( T lhl)

i#§,1<i,j<n
n AT
—lgac+2(5) (T Il
i#§,1<i,5<n
n o1y TS
—lgA@ +2(y ) (T] ()" ™)
=1
n i 0
—lgA@ +2(y) (TTm)
=1
n n n171
1A +2(} ) (der(g.) T
Therefore,
GAE > \/ IGA@I +2(; ) (erG)) "
O
Using the fact that ||GA(G)|% > ‘?_{_%GA(G) with equality iff G is either regular or

(6, A)-biregular, we have a consequence of above result.

Corollary 2. Given a connected G with n nodes and geometric-arithmetic energy GAE,
let GA(G) be its geometric-arithmetic index. Then

GAE > J @GA(G) + 2<’;> (det(gA)) .

3

i+ A
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Next, we obtain some spectral bounds and use them in obtaining bounds for the G.A
energy of graph.

. . - XTgAG)X
If X # 0 is any vector, then by Rayleigh principle, we have 11 (GA(G)) > =75,
with equality iff is the eigenvector belonging to p;. In particular, choosing X =

ﬁ(L 1,...,1)T, we obtain

s f(z 2,/dyd; Z d;/F Z 2@) _ 2GAG) 25)

d1+d d2+d n

It is easy to prove that equality holds iff the sum of every row of GA(G) is equal to
some constant.
Also, with C = ﬁ(l, 1,...,1D7T, we can write

i = Vin(GAG)P = \/XT(GA(G)2X > \/CT(GA(G))2C

which after simplification gives us

1 n
> SR, 2.6
b 2 ZE} ol )Y (2:6)
where R; = E 2 _‘Z dd is the row sum of i-th row of GA(G). Again equality holds iff
Ry =Ry =---=R,.
Inequalities (2.5) and (2.6) can also be stated as in the next theorem.
Let GA(G) = (gij)nxn be the GA matrix of G. Denote by R Z gi; and

Si = R; Y gij, that is equivalent to S; = R?. Also, consider the sequence
i=1
(s, 5@ . 8" }deﬁned as follows:

SV = Ry and 81 = ¥ 28 Y

, where t > 2 and « is a real number.

Theorem 4. Given a connected graph G with n nodes. Then

w [t s 2
> (87)2 =

S+D S(t+D) SO+
with equality holds Zﬁ = g(it) =...= 5n
2

s
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Proof. Let 11 (GA(G)) be the largest eigenvalue of the matrix GA(G) corresponding

to the unit Perron eigenvector X = (x1,22,...,2,)T. Then, considering
1 T
> (512
i=1 !
we have

i > Vi (GAG))? = \/XT(GAG))2X > \JUT(GA(G))2U

Therefore, we obtain

T
1 2y/dud; 0} 2/dad; s, )
GA(G)U = o <1Z; d1+djs d2+d . Zdn+d S;
g =

=1

SR S (sf“% AR s<t+1>)T
(52

NeE!

=1

Now, it follows that

n

> | S, (2.8)

(502
=1

Suppose that equality occurs in (2.8). Then U is an eigenvector of the matrix GA(G)

t+1)

belonging to p;. Therefore, GA(G)U = pU and it follows that 2 (,) , for each
. Siﬂrl) Sng) 57(:4-1) .
i =1,2,...,n. Conversely, assume that G = SN = =Twm =6 that is
KZ-(tH) = cKi(t) foralli=1,2,...,n. Hence, S(G)U = cU, and so U is an eigenvector
of S(G) corresponding to the eigenvalue ¢ and p; = c. O

For a =1 and ¢ = 1 in the above result, we have the following consequence.

Corollary 3. Given a connected graph G with n nodes and spectral radius p1, we have

with equality holding iff % Sl =252 —...= 5,
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The spectral G.A radius bound given by (2.7) is better than bounds (2.5), (2.6) and
(2.9) and can be seen as below.

n

S2.

K2

n
1 41 1

St |4
> R? i=1
1=1

iz |
> (517)2 =1

i=1

Now, using Cauchy-Schrawz inequality and the fact that S; = R?, we have

1 i 1 n 2_ 1 n 2
XnIRZ?;S?>\niR§(;Si> - nigg(;R3>
=1 i=1 i=1

Theorem 5. Given a connected graph G with n > 3 nodes and geometric-arithmetic
energy GAE. Then

n

GaE < |t Y |- (1A - o S (s),
3 (510" > (5)*
i=1 i=1
(2.10)
with equality iff either G =2 K,, or G satisfies

S§t+1) S£t+1) S51t+1) 1
= =2 = —c>y = Q)3
SY) Sét) Sﬁlt) ¢z n IGA(G) 1%

and has three distinct GA eigenvalues ¢ and the other two with absolute value

Vi (194@) 1 — ).

Proof. By applying the Cauchy-Schwarz inequality to (Juel, s3], .-, |us]|) and
(1,1,...,1), we obtain

n

Sl < | =) 2 = /(- D IGAGIE — 4.
=2

1=2

From the definition of GAE, we obtain

GAE = i + 3 |l < jur + /(0 — D IGAG)|Z - 113)

=2
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In order to obtain the required inequality, we consider the function

F(z) =2+ /(n— 1) [IGAQ)% - 22,

with |GA(G)||%—=? > 0. Clearly, F(z) is non-increasing for z > \/EHQA(G)HF. Fur-
n 2 n

thermore, by Cauchy-Schwarz inequality, we recall that R? = ( > gij) <n) g?j.
i=1

j=1
It follows that

did;
ZR2<nZZg”— Y e = nIgAGIE

i=1j=1 v;v; EE(G)

n n
Also, S; = 3 gijRi > Y g;; and therefore we get
i=1 j=1

$23 (L) 22 ¥ 99) = (lsa@)”

i=1 i=1 j=1 v, EE(G)

Thus, using the above information, we have

N e MG I Fremd O SR T LRI
> (s17) = ri
i=1 =1
Therefore,
SE(G) < F(u) <F — 1 Z(SZHI)Q ’
Z (Sz(t))2 =1
=1

and Inequality (2.10) follows.
Now, assume that Inequality (2.10) is an equality. Then all the above inequalities
occur as equalities. By Theorem 4, we have

n t+1 t+1 t+1
T {10 i S M R < A
Seops R R K

Also, equality holds in Cauchy-Schwarz’s inequality if

1
il = bl = -+~ = Il =[5 (IGA@) 1% — ).
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In view of these observations, there are three possibilities.

(i) GA(G) has exactly one GA eigenvalue and so G must be Kj.

(ii) GA(G) has exactly two different GA eigenvalues and, using Lemma 3, G is nec-
essarily K.

(iii) GA(G) has exactly three different GA eigenvalues. Thus, p =

(Sf“)z. Therefore, for ¢ = 2,...,n, we have

1

n
) (SE”)2 i=1
=1

il = (1G4 — )

g(t+1)

As oN

= ¢, for every i = 1,...,n, so G has three different GA eigenvalues, ¢ and

the other two G.A eigenvalues are +, | —1; (gA(G)% - 02>. O

For a =1 and ¢t = 1 in Theorem 5, we have the following consequence.

Corollary 4. Given a connected graph G with n > 3 nodes and geometric-arithmetic
energy GAE. Then

with equality as in Theorem 5.

3. Statistical Analysis

The linear regression among the Bp and GA index is shown in Figure 1, using a
rounded equation.
Bp =20.951-GA — 53.184.

The linear regression among the Bp and GA energy is displayed in Figure 2, using a
rounded equation.

Bp =19.554 - GAE — 65.45.

The boiling point correlation is stronger with GAE, where R? = 0.8045, than with
GA, where R? = 0.7365, according to the linear regression.
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Name Bp GA GAE Name Bp name Bp GA GAE
nl -161.5 0 0 1tbc3 80.5 b2mc3 124 |7.748221 9.5684
n2 -88.6 T 2 ITec3 .6 Inepec3 106 7.2822 .09423
n3 -42.1 | 1.88562 |2.66667 Te23mc3 91 5msbc3 115.5[7.55767 | 9.00087
c3 -32.8 3 Tmlipce 1.5 Te2pc3 10 7.8048 [9.7115
n4 -0.5 | 2.88562 [4.26875 TIm23c3 79.1 ib2mc3 110 |[7.51726[8.54567

2mn3 -1T.7 | 2.5980 3 I2mTec3 5.2 TTm2pc3 105.9 | 7.43495 [ 8.45079

Tmc3 0.7 3.82562 |4.72575 1123mc3 78 Imi2epc3 |108.9(7.52057 | 9.16486
c4 126 z 4 1122mc3 76 TIm2ipc3 94.4 [ 7.2444 | 7.93836

HcTT0b 8 4. 191918(5.04475 Ipcd 100.7 T12m2ec3 | 104.5 | 7.17124[7.89523
n5 36.0 | 3.88562 [5.28496 Tipcd 927 T1223mc3 [ 100.5[7.04551 [ 7.50353

2mn4 27 3.65466 |4.75743 Te3mcd 9.5 Tibc4 120.1 [ 7.65123[8.43654

22mn3 9.5 3.2 3.2 TeZmcd 94 p3mcd 117 4[7.7078T 70039
Tec3 35.9 4.8822 [6.26004 Tech 103.5 Isbcd 123 | 7.74822[8.67622

12mc3 32.6 | 4.69164 | 5.4176 I3mch 91.3 12ecd 119 | 7.8048 97417

TTmc3 20.6 448562 [5.07019 T2mc5 95.6 1234mcd 1145 7.464T 7556

Tmcd 36.4 | 4.82562 [ 5.33647 TTmch 7.9 1133mc4d 86 [ 6.97124[6.66072
c5 493 5 6.47214 Tmc6 10T IpcS 13T [7. 2219.89289

bcIllp 36 5.8787 7. c7 1184 Tipch 126.4[7.69164[9.27737

bc2T0p 46 5.191918[6.27465 dcprm 102 Te3mch 12T [7.70781[9.5074
522p 39 5.77124 [6.90157 bc22Th 105.5 Te2mch 124.7[7.74822[9.57093
mbcllI0b [ 33.5 | 5.63495 [5.61729 bc3TTh 110 124mcH 115 [7.51726[8.5553
n6 68.7 | 4.88562 [6.78967 bHc320h 110.5 Telmch 12T.5[7.57124[9.32505

2mnb 60.3 | 4.65466 | 5.7233 bc410h 116 123mcH 117 [7.55767 | 9.11632

3mnb 63.3 | 471124 [6.44276 5330 96.5 113mcH 104.5[7.31124[8.18512

23mn4 58.0 4.4641 5.2915 524N 98.5 I12mc5 114 [7.37837|8.35116

22mn4 49.7 [ 4.28562 [5.02417 [[2mbc310hx [ 100 Tec6 1371.8 7.8822 [10.2545
Ipc3 69 5.8822 [7.39007 [[6mbc310hx | 103 T4mc6 12T.8[7.65123 [ 9.4515

Tipc3 58.3 5.69164 [6.79057 mbc2I11hx | 81.5 13mc6 122.3[7.65123[9.01899

Te2mc3 63 5.74822 [7.04683 mbc3T0hx 92 12mc6 126.6[7.69164 [ 9.50899

TeImc3 57 5.57124 [6.81901 [[13mbcIlip| 71.5 I1mc6 119.5|7.82562 | 9.75812

123mc3 63 5.59808 [6.64575 || 14mbc210p T4 Imc7 134 | 7.82562[9.75812

112mc3 | 52.6 | 5.37837 | 5.76098 TIms22p 78 c8 149 9.65685
Tecd 70.7 5.8822 | 6.4555 122mbch 37 beprm 129 [8.87878[10.7053

13mc4d 59 5.65123 [6.01691 [[ tc410024h | 105 b5c3300 137 [8.91918[10.3712

12mc4d 62 5.69164 [6.71241[[ tc311024h | 107 bcb 136 [ 8.91918[9.19318

TTmcd 53.6 5.48562 | 5.74727 tc227026h 106 bcd200 133 | 8.91918[10.3055

Imc5 71.8 5.82562 [7.22919 tc410027h 110 bc5100 141 [8.91918[10.3825
c6 80.7 6 8 tc410013h [107.5 2mbc22Th 125 8.7448 [10.1974

bc2TThx T1 6.91918 [7.43899 tec320h 108.5 s340 128 |8.77124[9.82054
bepr 76 6.91918 [ 8.18888 tecd10h 104 7mbc22Th 128 | 8.78521[10.5132
Hc220hx 83 6.91918 [7.54256 n8 125.7 2mbc320h [ 130.5 [ 8.78521 | 9.48043
bHc3T0hx 81 6.91918 [8.28963 2mn7 117.6 s250 125 [8.77124[10.6422
s23hx 69.5 6.77124 [7.32767 3mn7 118.9 Tmbc22Th 117 |8.56781[9.93121
mbc2T0p | 60.5 6.63495 [7.21333 4mn7 117.7 7mbc410h 138 [8.82562] 10.574
13mbcb 55 6.37124 [6.10369 25mn6 109.1 Tmbc410h 125 [8.63495[10.0242
n7 985 | 5.88562 [7.86695 3en6 1185 33mbc3T0hx | 115 | 8.4048 [9.06533

2mn6 90 5.65466 | 7.26758 24mn6 109.4 T4mbc21Thx | 91 [8.25685 [ 8.47686

3mn6 92 571124 [7.45753 23mn6 115.6 66mbc31T0hx [ 126.1 [8.53908 [ 9.53
3enb 93.5 | 5.76781 [7.65396 34mn6 117.7 2244mbcb 104 [8.15897 | 8.2016

24mn5 0.5 [ 5.42369 [6.14814 22mn6 106. 1223mbch 105 [8.08562 [ 8.08563

23mn5 9. 5.52068 [6.97099 3e2mnb 1156 tc5100350 142 [9.83837 [ 10.9371

22mnb5 79.2 | 5.28562 [5.96691 234mn5 1135 tc5100240 149 |[9.87878[11.1806

33mn5 6.1 5.37124 [6.81715 33mn6 112 tc32T00 136 [9.87878 [ 11.3991

223mn4 0.9 5.121T79 [5.58344 224mn5 99.2 tc33000 125 [9.919T T10.9833

1bc3 98 6.8822 87761 3e3mnd 118.2 3mtc22T0h [120.5[9.78521 [ 10.9733

Tsbc3 90.3 6.74822 [8.47346 223mn5 109.8 ds212To 103 [9.54247[10.2184

Im2pc3 93 6.74822 [8.10167 233mn5 114.8 Imtc221I0h 111 [9.62128[10.9733

12ec3 90 6.8048 [8.57986 2233mn4 [T106.5 ds20220 115 [9.65685[ 10.74

Tmipc3 4.9 1517 Ipec3 128 tec3300 137.5[10.9192[12.0475

m2ipc3 | 81. 6.55767 | 7.5725 || _Ispec3d 117.4 1

Table 1. Bp (Boiling point), GA index and G.AE for alkanes up to order 8.

Role of topological indices in structure-property modelling are examined by corre-
lating theoretical indices with experimental properties. We performed a statistical
analysis to compare the relationship between the geometric-arithmetic energy GAE
and the geometric-arithmetic index GA, on one side, and the boiling point of chem-
ical compounds, on the other. We took into consideration the three most popular
regression models: logarithmic, quadratic, and linear.

Our data, which are displayed in Table 1, include the geometric-arithmetic energy
GAE of chemical graphs up to 8 nodes, the geometric-arithmetic index GA, and
the boiling point Bp. [34] provided the boiling points; additionally, see [3, 4]. The
AutoGraphiX IIT system was utilized to compute the values of GA and GAE [7].

The most important finding is that, in all corresponding regressions, the boiling point
Bp and the topological index G A have a stronger correlation with GAE energy.

The logarithmic regression among the Bp and G A index is shown in Figure 3, with a
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Bp vs GA energy

L ] L ]
Bp =20.951-GA — 53.184 Bp =19.554 - GAE — 65.45
R2? =0.7365 R% =0.8045
Figure 1. Linear regression Bp vs GA. Figure 2. Linear regression Bp vs GAE.
Bp vs GA Bp vs GA energy

Bp =110.77 - log(GA) — 117.97 Bp =126.3 - log(G.AE) — 167.01
R? =0.7885 R? =0.8499
Figure 3. Logarithmic regression Bp vs GA. Figure 4. Logarithmic regression Bp vs GAE.

rounded equation.
Bp =110.77 - log(GA) — 117.97.

The logarithmic regression among the Bp and GA-energy is displayed in Figure 4,
with a rounded equation.

Bp = 126.3 - log(GAE) — 167.0L.

The boiling point correlation is stronger with GAE, where R? = 0.8499, than with
GA, where R? = 0.7885, according to the logarithmic regression.

The quadratic regression among the Bp and GA index is shown in Figure 5, using a
rounded equation.

Bp = —2.7035 - (GA)? + 54.518 - GA — 148.4.

The rounded equation for the quadratic regression between the boiling point and
G A-energy is displayed in Figure 6.

Bp = —1.9504 - (GAE)? + 47.464 - GAE — 156.9.
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Bp vs GA Bp vs GA energy

Bp = —2.7035 - (GA)? +54.518 - GA —148.4  Bp = —1.9504 - (GAE)? + 47.464 - GAE — 156.9
R% = 0.8459 R? =0.8836
Figure 5. Quadratic regression Bp vs GA. Figure 6. Quadratic regression Bp vs GAE.

The boiling point correlation is stronger with GAE, where R? = 0.8836, than with
GA, where R? = 0.8459, according to the quadratic regression.

The investigation demonstrates that the geometric-arithmetic energy and the boiling
point have a stronger correlation in each regression model than does the geometric-
arithmetic index. The logarithmic regression provides a stronger correlation when
comparing the models. Generally, the geometric-arithmetic energy and the logarith-
mic regression yield the best correlation with boiling point.

Drug name GAE BP EVIMV]MR[] MW
Axitinib 36.7881| 668.9 | 98.3 [284.8[113.5] 386.47

Bevacizumab 23.2062 | 472.7 | 73.6 |238.2| 76.2 |275.343
Belzutifan 27.1643| 505.8 | 81.7 |244.7| 84.9 |383.342
Cabozantinib 47.4417| 758.1 |110.4| 359 | 137 |501.506
Everolimus 79.9542| 998.7 [165.1|811.2|257.7|958.224
Ipilimumab 40.0186| 627.2 | 92.8 [280.9|108.6|394.302
Sorafenib 38.3283| 523.3 | 79.7 [319.5|113.1|464.825
Tivozanib 40.1330| 550.4 | 83.1 | 320 [120.9| 454.9
Pazopanib 33.5166| 728.8 |106.4|310.4|120.2|437.518
Lenvatinib 37.4913| 627.2 | 92.8 [290.6| 112 |426.853
Temsirolimus 84.8268(1048.4|173.7(853.1|273.2| 1030.3
Mitomycin 29.3781| 581.8 | 87 |[213.7| 80.8 |334.327
Cinacalcet 32.2284 440.9 | 69.8 [309.7|100.6|357.412
Paricalcitol 34.5075| 564.8 | 97.5 |371.4|128.6| 416.63
Doxercalciferol |35.4108| 538.7 | 93.8 |404.9[127.3|412.648
Budesonide 34.7006| 599.7 {102.4|336.4|113.9|430.534
Finerenone 32.6529| 554.7 | 83.6 [292.8|103.7|378.424
Azathioprine 23.7418 | 685.7 | 96.9 |145.4| 68.9 |277.263
prednisolone 30.4932| 570.6 | 98.3 |274.7| 95.5 |360.444
Cyclophosphamide|16.5372| 336.1 | 57.9 |195.7| 58.1 |261.086
Furosemide 23.7910| 582.1 | 91.5 [205.8| 75.8 |330.744
Ethacrynic acid |21.6127| 480 | 78.4 [224.4| 72.4 |303.138
Dapagliflozin 34.2446| 609 | 95.1 |303.1|105.6|408.873

Table 2. Theoretical values of GAE and experimental properties of drug compounds.
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Now we examine the role of GAE in structure-property modelling for several
well-known drug compounds. These include Belzutifan, Axitinib, Bevacizumab,
Cabozantinib, Everolimus, Ipilimumab, Sorafenib, Tivozanib, Pazopanib, Lenava-
tinib, Temsirolimus, Mitomycin, Cinacalcet, Paricalcitol, Doxercalciferol, Budesonide,
Finerenone, Azathioprine, Prednisolone, Cyclophosphamide, Furosemide, Ethacrynic
Acid, and Dapagliflozin. The investigation requires both theoretical and experimental
data. The theoretical indices are computed using in-house Matlab code that employs
adjacency matrices, and the results are summarized in Table 2. Key properties con-
sidered for analysis include enthalpy of vaporization (EV), boiling point (BP), molar
volume (MV), molar refractivity (MR), and molecular weight (MW). To evaluate the
performance of these indices as structural descriptors, linear, quadratic and logarith-
mic regression analyses are conducted.

We have observed that the correlation coefficient of GAE with BP, EV, MV, MR
and MW are 0.8839, 0.9151, 0.9593, 0.9849, and 0.9814, respectively. So, GAE is
strongly correlated with MR and MW. Now we investigate linear, quadratic and
logarithmic regression relations of GAE with MR and MW. The linear relation of
GAE with MR and MW are reported below.

MR = 3.1736 GAE — 0.4991,
MW = 11.427GAE + 17.728.

The linear fittings of GA energy with M R and MW are depicted in Figure 7. The
coefficient of determination for this regression relations are 0.97 and 0.963, respec-
tively. The F-statistic values are 549.348, respectively. The significance F values
are 1.75 x 107'7 and 1.54 x 107'6, respectively. The data variance and F-valuer are
significantly high. The SF-values is considerably less than 0.05.

MR vs GA energy MW vs GA energy

300 1200
250 1000
200 200
150 600
100 400 [)

50 200

0 10 20 20 40 50 60 70 20 50 0 10 20 30 40 50 60 70 80 50

(a) (b)

Figure 7. Linear fitting of GA energy with (a) MR and (b) MW.

The quadratic relation of GAE with M R and MW are presented below.

MR = 0.0081 GAE? + 2.3301GAE + 17.447,
MW = 0.0746 GAE? + 3.6656G.AE + 182.86.
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The quadratic fittings of GA energy with MR and MW are depicted in Figure 8.
The strong regression is clearly reflected from the Figure 8.

MR vs GA energy MW vs GA energy

300 1200
250 1000
200 800
150 500

100 400

0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 S0 60 70 20 S0

(a) (®)

Figure 8. Quadratic fitting of GA energy with (a) MR and (b) MW.

The logarithmic relation of GAE with M R and MW are presented below.

MR =132.43GAE — 351.56,
MW = 466.03GAE — 1208.3.

The logarithmic fittings of GA energy with M R and MW are depicted in Figure 9.

MR vs GA energy MW vs GA energy

o
8

°
[ ]

o 10 20 30 40 50 60 70 80 90 0 10 20 30 a0 50 60 70 80 90

(a) (0)

Figure 9. Logarithmic fitting of GA energy with (a) MR and (b) MW.

4. Concluding Remarks

We have determined some important relationships between the geometric arithmetic
energy of graphs and its geometric arithmetic index. Numerous tight bounds on GAE
have been derived in terms of various graph parameters, including spectral radius,
graph order, maximum degree, minimum degree, nullity, and the first Zagreb index,



18 Geometric-arithmetic index-energy of alkanes

along with the identification of corresponding extremal graphs. The role of GAE
in structure-property modelling has been investigated using alkanes up to order 8
and molecular structure of some drugs. To conduct this investigation, three types of
regression analysis were performed. It has been demonstrated that GAE effectively
explains the boiling points of these chemicals, even outperforming the well-known
GA index. Additionally, GAE has shown significant potential in modelling molar
refractivity and molecular weight for certain chemicals relevant to kidney disease
treatments.

Conflict of Interest: The authors declare that they have no conflict of interest.
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References

[1] A. Ali, A.A. Bhatti, and Z. Raza, Further inequalities between vertez-degree-based
topological indices, Int. J. Appl. Comput. Math. 3 (2017), no. 3, 1921-1930.
https://doi.org,/10.1007/s40819-016-0213-4.

[2] M. Aouchiche, I. El Hallaoui, and P. Hansen, Geometric-arithmetic index and
minimum degree of connected graphs, MATCH Commun. Math. Comput. Chem.
83 (2020), no. 1, 179-188.

[3] M. Aouchiche and V. Ganesan, Adjusting geometric-arithmetic index to estimate
boiling point, MATCH Commun. Math. Comput. Chem. 84 (2020), no. 2, 483
497.

[4] M. Aouchiche and P. Hansen, The normalized revised Szeged index, MATCH
Commun. Math. Comput. Chem. 67 (2012), no. 2, 369-381.

, Comparing the geometric-arithmetic indexr and the spectral radius of

graphs, MATCH Commun. Math. Comput. Chem. 84 (2020), no. 2, 473-482.

[6] A.E. Brouwer and W.H. Haemers, Spectra of Graphs, Springer Science & Business
Media, 2010.

[7] G. Caporossi, Variable neighborhood search for extremal wvertices:  The
AutoGraphiX-1II system, Comput. Oper. Res. 78 (2017), 431-438.
https://doi.org/10.1016/j.cor.2015.12.009.

[8] K.C. Das, I. Gutman, and B. Furtula, Survey on geometric-arithmetic indices of
graphs, MATCH Commun. Math. Comput. Chem. 65 (2011), no. 3, 595-644.

[9] T. Divnié, M. Milivojevié, and L. Pavlovié, Extremal graphs for the geometric—
arithmetic index with given minimum degree, Discrete Appl. Math. 162 (2014),
386-390.
https://doi.org/10.1016/j.dam.2013.08.001.

[10] I. Gutman, The energy of a graph, Ber. Math.—Statist. Sekt. Forsch-ungsz. 103

(1978), 1-22.

[5]



B.A. Rather, et al. 19

[11] — | A formula for the Wiener number of trees and its extension to graphs
containing cycles, Graph Theory Notes N.Y. 27 (1994), no. 9, 9-15.

[12] I. Gutman and B. Furtula, Geometric-arithmetic indices, Novel Molecular Struc-
ture Descriptors—Theory and Applications (I. Gutman and B. Furtula, eds.),
Univ. Kragujevac, Kragujevac, 2010, pp. 137-172.

[13] —, Survey of graph energies, Math. Interdisc. Res. 2 (2017), no. 2, 85-129.
https://doi.org/10.22052/mir.2017.81507.1057.

[14] I. Gutman and B. Furula, Recent Results in the Theory of Randié¢ Index, Univ.
Kragujevac, Kragujevac, 2008.

[15] ——, Novel Molecular Structure Descriptors - Theory and Applications I,
Univ. Kragujevac, Kragujevac, 2010.
[16] —, Nowel Molecular Structure Descriptors - Theory and Applications II,

Univ. Kragujevac, Kragujevac, 2010.

[17] Y. Hong and X.D. Zhang, Sharp upper and lower bounds for largest eigenvalue
of the Laplacian matrices of trees, Discrete Math. 296 (2005), no. 2-3, 187-197.
https://doi.org/10.1016/j.disc.2005.04.001.

[18] S.M. Hosamani, B.B. Kulkarni, R.G. Boli, and V.M. Gadag, QSPR analysis of
certain graph theocratical matrices and their corresponding energy, Appl. Math.
Nonlinear Sci. 2 (2017), no. 1, 131-150.
https://doi.org/10.21042/ AMNS.2017.1.00011.

[19] H. Hosoya, Topological index. a newly proposed quantity characterizing the topo-
logical nature of structural isomers of saturated hydrocarbons, Bull. Chem. Soc.
Jpn. 44 (1971), no. 9, 2332-2339.

[20] L.B. Keir and L.H. Hall, Molecular Connectivity in Structural-Activity Analysis,
Research study, Letchworth, England, 1986.

[21] L.B. Kier and L.H. Hall, Molecular Connectivity in Chemistry and Drug Research,
1976.

[22] X. Li, I. Gutman, and M. Randié¢, Mathematical Aspects of Randié-type Molecular
Structure Descriptors, University, Faculty of Science, 2006.

(23] X. Li and Y. Shi, A survey on the Randi¢ index, MATCH Commun. Math.
Comput. Chem. 59 (2008), no. 1, 127-156.

[24] X. Li, Y. Shi, and I. Gutman, Graph Energy, Springer Science & Business Media,
2012.

[25] V. Nikiforov, Beyond graph energy: Norms of graphs and matrices, Linear Alge-
bra Appl. 506 (2016), 82-138.
https://doi.org/10.1016/j.]aa.2016.05.011.

[26] S. Pirzada, B.A. Rather, and M. Aouchiche, On eigenvalues and energy of
geometric—arithmetic matriz of graphs, Medit. J. Math. 19 (2022), no. 3, Ar-
ticle number: 115.
https://doi.org,/10.1007/s00009-022-02035-0.

[27] M. Randié, Characterization of molecular branching, J. Am. Chem. Soc. 97
(1975), no. 23, 6609-6615.
https://doi.org/10.1021/ja00856a001.

(28] , Topological indices, Encyclopedia of Computational Chemistry (P.V.R.




20 Geometric-arithmetic index-energy of alkanes

Schleye, ed.), Wiley, London, 1998, pp. 3018-3032.

, On generalization of Wiener index for cyclic structures, Acta Chim.
Slov. 49 (2002), no. 3, 483-496.

[30] B.A. Rather, M. Aouchiche, M. Imran, and S. Pirzada, On arithmetic—geometric
eigenvalues of graphs, Main Group Metal Chem. 45 (2022), no. 1, 111-123.
https://doi.org/10.1515/mgmec-2022-0013.

[31] B.A. Rather, M. Aouchiche, and S. Pirzada, Spread of geometric-arithmetic ma-
triz of graphs, AKCE Int. J. Graphs Comb. 19 (2022), no. 2, 146-153.
https://doi.org/10.1080/09728600.2022.2088315.

[32] J.M. Rodriguez and J.M. Sigarreta, Spectral study of the geometric-arithmetic
index, MATCH Commun. Math. Comput. Chem. 74 (2015), no. 1, 121-135.

[33] ——, Spectral properties of geometric—arithmetic index, Appl. Math. Comp.
277 (2016), 142-153.
https://doi.org/10.1016/j.amc.2015.12.046.

[34] G. Riicker and C. Riicker, On topological indices, boiling points, and cycloalkanes,
J. Chem. Inf. Comput. Sci. 39 (1999), no. 5, 788-802.
https://doi.org/10.1021/¢i9900175.

[35] Y. Shao and Y. Gao, The mazimal geometric-arithmetic energy of trees with at
most two branched vertices, Appl. Math. Comp. 362 (2019), 124528.
https://doi.org/10.1016 /j.amc.2019.06.042.

[36] M. Sohrabi-Haghighat and M. Rostami, Using linear programming to find the ex-

[29]

tremal graphs with minimum degree 1 with respect to geometric-arithmetic indez,
Appl. math. Eng. Manag. Tec. 3 (2015), no. 1, 534-539.

[37] R. Todeschini and V. Consonni, Molecular Descriptors for Chemoinformatics,
Wiley-VCH, Weinheim, 20009.

[38] S. Vujosevié, G. Popivoda, Z.K. Vukiéevié, B. Furtula, and R. Skrekovski,
Arithmetic—geometric index and its relations with geometric—arithmetic indez,
Appl. Math. Comp. 391 (2021), 125706.
https://doi.org/10.1016/j.amc.2020.125706.

[39] D. Vukicevié¢ and B. Furtula, Topological index based on the ratios of geometrical
and arithmetical means of end-vertex degrees of edges, J. Math. Chem. 46 (2009),
no. 4, 1369-1376.
https://doi.org/10.1007/s10910-009-9520-x.

[40] H. Wiener, Structural determination of paraffin boiling points, J. Am. Chem. Soc.
69 (1947), no. 1, 17-20.
https://doi.org/10.1021/ja01193a005.

[41] Y. Yuan, B. Zhou, and N. Trinajsti¢, On geometric-arithmetic index, J. Math.
Chem. 47 (2010), no. 2, 833-841.
https://doi.org,/10.1007/s10910-009-9603-8.

[42] X. Zhao, Y. Shao, and Y. Gao, The maximal geometric-arithmetic energy of trees,
MATCH Commun. Math. Comput. Chem. 84 (2020), no. 2, 363-367.



	Introduction
	Bounds on GAE
	Statistical Analysis
	Concluding Remarks
	References

