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Abstract:  The Maker-Breaker domination game is played on a graph G by two
players, called Dominator and Staller. They alternately select an unplayed vertex in
G. Dominator wins the game if he forms a dominating set while Staller wins the game
if she claims all vertices from a closed neighborhood of a vertex. The game is called
D-game if Dominator starts the game and it is an S-game when Staller starts the
game. If Dominator is the winner in the D-game (or the S-game), then yvp(G) (or
g (G)) is defined by the minimum number of moves of Dominator to win the game
under any strategy of Staller. Analogously, when Staller is the winner, vsump(G) and
Ysmp (G) can be defined in the same way. We determine the winner of the game on
the Cartesian product of paths, stars, and complete bipartite graphs, and how fast the
winner wins. We prove that Dominator is the winner on P,,[0P,, in both the D-game
and the S-game, and vy (PmOPy) and 'Yll\/IB(PmDPn) are determined when m = 3 and
3 < n < 5. Dominator also wins on GOH in both games if G and H admit nontrivial
path covers. Furthermore, we establish the winner in the D-game and the S-game on
Km,nOK,, 0 for every positive integers m, m’,n,n’. We prove the exact formulas for
B (G), Y (G); vsMB(G), and v (G) where G is a product of stars.

Keywords: domination game; Maker-Breaker game; Maker-Breaker domination
game; hypergraph; Cartesian product of graphs.
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1. Introduction

For a positive integer n, we set [n] = {1,...,n}. Let G = (V(G), E(GQ)) be a graph.
The order of G is denoted by n(G). A graph H is a subgraph of G if V(H) C V(G)
and E(H) C E(G). For any v € V(G), the open neighborhood N¢(v) of v is the set of
all vertices adjacent to v and the closed neighborhood of v is Ng[v] = Ng(v) U {v}. If
S CV(G), then Ng(S) = U,ecg Na(v) and Ng[S] = U,cg Nalv]. Aset D C V(G) is
a dominating set if Ng[D] = V(G) and the minimum cardinality of dominating sets
© 2025 Azarbaijan Shahid Madani University



2 Maker-Breaker domination game on Cartesian products of graphs

is the domination number v(G) of G. A set M C E(G) is a matching if no two edges
share a vertex in M. A matching M is a perfect matching if M covers every vertex
in G. A path cover of G is a set of pairwise vertex-disjoint paths which cover V(G).
A path cover of G in which every path has length at least 1 is called a nontrivial path
cover.

The Cartesian product GO H of graphs G and H is defined on the vertex set V(G) x
V(H) such that two vertices (g, h) and (¢',h') are adjacent if either g¢’ € E(G) and
h="h, ,org=g¢ and hh' € E(H). If h € V(H), then the subgraph of GO H induced
by the vertex set {(g,h) : g € V(G)} is a G-layer, and denoted by G". Analogously
the H-layers are defined and denoted by 9H for a fixed vertex g € V(G).

A hypergraph H = (V(H), E(H)) consists of the vertex set V(H) and the (hyper)edge
set F(H) containing nonempty subsets of V(H) of any cardinality. In other words,
E(H) € 2Y0D_ A vertex set T C V(H) is a transversal (or vertex cover) in H if
every (hyper)edge in H contains at least one vertex in T'. Note that a loop less graph
is a hypergraph where each (hyper)edge contains exactly two vertices. Many of the
fundamental definitions associated with graphs can be extended to hypergraphs (for
more details, see [2]).

The Maker-Breaker game is a positional game introduced in 1973 by Erdds and Sel-
fridge [8] and was widely studied (see [1, 13]). The game is played on a hypergraph
‘H by two players, named Maker and Breaker, where the hyperedges of H are the
winning sets. During the game, the players alternately select unplayed vertices in the
hypergraph and Maker wins if he occupies all the vertices of a winning set, otherwise
Breaker wins.

In 2020, the Maker-Breaker domination game (MBD game) was introduced by
Duchéne, Gledel, Parreau, and Renault in [7]. The game is played on a graph G
by two players, called Dominator and Staller. Both players alternately select an un-
played vertex in G. Dominator wins the game if he can form a dominating set while
Staller wins if she can prevent Dominator to form a dominating set. In other words,
Staller wins if she claims a closed neighborhood of a vertex in G. The total version
of the game was studied in [9, 11].

The MBD game can be considered as a variation of the Maker-Breaker game where
the winning sets are minimal dominating sets, Dominator is Maker and Staller is
Breaker. Conversely, if the closed neighborhoods of the vertices are considered to be
the winning sets, Dominator is Breaker and Staller is Maker, see [5, 6]. The names of
the players are selected to be consistent with the domination game. For more details
and results on the domination game, see [3, 4, 14, 15]. An MBD game is referred to
as D-game if Dominator is the first player in the game and the game is called S-game
when Staller starts the game. The sequence di, s1,ds, s2, ... is a sequence of played
vertices in a D-game and the sequence s}, d}, s5,d5, . .. is a sequence of played vertices
in an S-game respectively.

In [12], the Maker-Breaker domination number (MBD-number) was introduced in the
following way. If Dominator has a winning strategy in the D-game, the MBD-number
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yMmB(G) represents the minimum number of moves Dominator needs to win the game
when both players play optimally. Otherwise, when Dominator cannot win the game,
B (G) = oo. Similarly, 14,5 (G) is defined in the same way for the S-game.

In [5], the Staller-Maker-Breaker domination number (SMBD-number) was defined
analogously to the MBD-number. That is, ysyp(G) is the minimum number of moves
Staller needs to win the D-game if both players play optimally. If Staller does not
have a winning strategy in the D-game, we set ysup(G) = oo. For the S-game the
corresponding invariant is denoted by 4z (G).

Recently, Forcan and Qi [10] studied the Maker-Baker domination game on Cartesian
products of graphs. It was shown that if Dominator wins on a graph G in the D-game
and the S-game, then Dominator also wins on GU H in both games for every graph
H. In particular, Dominator always wins on P, [l H in the D-game and the S-game.
This inspired us to consider the winner of the game on Ps[JH for any graph H.
To approach the problem, we use nontrivial path covers to investigate the winner on
Cartesian products of graphs.

In this paper, we study the Maker-Breaker domination game on Cartesian products
of paths and complete bipartite graphs. In the next section, we first provide basic
properties of the game and recall results which are used in the rest of the paper. Then,
in Section 3, we determine the winner of the D-game and the S-game on P,, P,
and GO H, where G and H admit nontrivial path covers. Moreover, formulas for
ywp(PsOP,) and vy (PsOP,) are proved for n € {3,4}. Not all graphs admit
a nontrivial path cover, for example, stars. In Section 4, the outcome of games on
products of complete bipartite graphs is studied and it is determined how fast the
winner can win the game on products of stars.

2. Preliminaries

By the definition of the MBD game exactly one player wins in the D-game (or the
S-game). The outcome of the MBD game for a graph G is defined in [7] according to
the winners of the D-game and the S-game.

Definition 1. The outcome o(G) of G is one of the following:
(1) D, if Dominator has a winning strategy in the D-game and the S-game,

(i1) S, if Staller has a winning strategy in the D-game and the S-game,

(#i) N, if the first player has a winning strategy in both games.

These are all possible outcomes of the MBD game because the remaining case is not
possible as it was shown in [13].

The disjoint union of graphs G and H is denoted by G U H. The following theorem
shows the outcome on GU H.
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Theorem 1 ([7]). Let G and H be graphs. Then
« Ifo(G) =S or o(H) = S, then o(G U H) = S.
o If o(G) = o(H) = N, then o(G U H) = 5.
o If o(G) = o(H) = D, then o(GUH) = D.

e Otherwise, o(GUH) =N.

Theorem 2 ([12]). If G and H are graphs, then the following hold.
e s(G) +ymB(H) < yms(G U H) < min{yys(G) +yms(H), yus(G) + s (H)}-

o max{np(G) + yms(H), WB(G) + yup(H)} < Mup (G U H) < yup(G) + p (H).

Given an edge e of a graph G, the graph GG — e is the subgraph of G where e has been
removed. Note that Ng_.[z] C Ng[x] for every z € V(G). By Proposition 2.2 in [5],
it implies that deleting e is not a disadvantage for Staller. Thus, if Staller wins the
D-game and the S-game on G, then she also wins the games in G — e. On the other
hand, if Dominator wins the D-game and the S-game on G — e, then he also wins the
games in G. This result implies the following lemma which will be used often later.

Lemma 1. Let G be a graph and e € E(G).

(i) If o(G — e) = D then o(G) = D. Moreover, yus(G — €) > yws(G) and v (G —e) >
Yue(G)-

(11) If o(G) = S then o(G—e) = S. Moreover, ysms(G—e) < vsmB(G) and vius(G—e) <
Ysms(G).

The pairing strategy of Maker [13] ensures that he can win in the Maker-Breaker
game if an appropriate set of vertex pairs can be defined. Its immediate consequence
for the MBD game shows that Dominator has a winning strategy in both the D-game
and S-game if the graph admits a perfect matching. Here we state the lemma in a
more general form, name as the generalized pairing strategy.

Lemma 2 ([5]). Consider an MBD game on G and let X andY be the sets of vertices
played by Dominator and Staller, respectively, until a moment during the game. If there
exists a matching M in G — (X UY) such that V(G)\ V(M) C Ng[X], then Dominator has
a strategy to win the continuation of the game, no matter who plays the next verter.

Remark 1. To win the continuation of the game, Dominator applies the following strategy.
If Staller claims an unplayed vertex v such that uv € E(M), Dominator responds by playing
vertex u it is unplayed. Otherwise, Dominator plays an arbitrary vertex. By this strategy,
the number of moves of Dominator is at most | X| + |M]|.

Lemma 3 (No-Skip Lemma [5, 12]). Let G be a graph.
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(i) In an optimal strategy of Dominator to achieve ywis(G) or yp(G) it is never an
advantage for him to skip a move. Moreover, if Staller skips a move it can never
disadvantage Dominator.

(ii) In an optimal strategy of Staller to achieve ysmB(G) or veus(G) it is never an ad-
vantage for her to skip a move. Moreover, if Dominator skips a move it can never
disadvantage Staller.

As a further consequence of No-skip Lemma, S-game is the D-game when Dominator
skips the first move. Similarly, D-game is the S-game when Staller skips the first
move. These facts imply the following consequence of No-Skip Lemma.

Corollary 1 ([5, 12]). If G is a graph, then yms(G) < Yus(G) and Yius(G) <
Ysms (G).

In [12], sharp bounds for yymp(G) and v4(G) were determined. As each vertex is
played at most once during the game, ymp(G) < oo implies

n(Q)

1 < nim(@) < {2] | (2.1)

Similarly, if y;5(G) < oo, then

"(G)J . (2.2)

1< ohun(@) < | "5

Forcan and Qi investigated the MBD-number on the Cartesian product of two graphs
when Dominator is the winner on at least one of these two graphs in the D-game and
the S-game. We can rewrite this result as follows.

Theorem 3 ([10]). Let G and H be two graphs. If o(G) = D or o(H) = D, then
o(GOH)="D.

This result implies that o( P, dP,) = D for every positive integer m,n. The main
result of [10] asserts the following;

Theorem 4 ([10]). ~yup(P2OP,) =n forn>1 and ymp(P:OP,) =n—2 forn > 13.

To further investigate the outcome of the game on Cartesian products of paths and
complete bipartite graphs, we will use nontrivial path covers.

Theorem 5 ([16]). A graph G has a nontrivial path cover if and only if i(G—S) < 29|
for every S C V(G) where i(G — S) is the number of isolated vertices in G — S.



6 Maker-Breaker domination game on Cartesian products of graphs

By Theorem 5, we can conclude that K, ; does not have a nontrivial path cover if
1<2r<s.

3. Grid graphs

In this section, we set Z = P,,, 0 P,,, where m, n are positive integers, V(Z) = {(4,J) :
i€[m],j€[n]}, and E(Z) ={(i,5)(i,j +1): i €[m],jen—-1}U{()(+1,5):
i € [m—1],j € [n]}. We consider the outcome of the MBD game on Z and the
MBD-number of some small grids. By completing previous partial results, we prove
the following characterization for the outcome of the game on grids.

Theorem 6. Ifn>m > 2, then o(P,,OP,) =D.

Proof. Assume that n > m > 2 and Z = P,, 0 PFP,. We will show that Dominator
has a winning strategy in the D-game and the S-game on Z. By Corollary 1, it suffices
to show that Dominator wins the S-game on Z.

Case 1. m = 2. Then Dominator wins the S-game by Theorem 3.

Case 2. m = n = 3. Consider the first move s} of Staller. By symmetry, it is enough
to consider the following cases.

o If s € {(1,1), (2,2)}, then Dominator replies by playing d} = (1,2). We can
find a matching M in Z — {s/, (1,2)} such that V(Z)\ V(M) C Nz[(1,2)]. By
Lemma 2, Dominator has a winning strategy in the game.

o If 5| = (1,2), then Dominator replies by playing di = (2,1). In the second turn,
if s5 € {(1,1),(2,2),(2,3),(3,1)}, then Dominator plays d, = (1,3). One can
see that only (3,2) and (3,3) remain undominated after the moves d} and d.
Then Dominator will win the game by playing one of these two vertices in his
next move. Suppose that s; € {(1,3),(3,2),(3,3)}. Then Dominator replies by
playing dj = (2,3). Thus only vertices (1,2) and (3,2) remain undominated
after the moves d} and db. If s§ # (2,2), then Dominator replies d5 = (2,2) and
he wins the game. Assume that s§ = (2,2). Dominator plays dj € {(1,1),(1,3)}
and then he will play an unplayed vertex in the layer 3P;s in his next move. In
all cases, Dominator wins the game within his next two moves.

Hence, Dominator has a winning strategy in the S-game on P3O Ps.

Case 3. m > 3 and n > 4. Observe that each path P, where £ > 3 admits a
path cover obtained from only copies of P, and P3;. Let X and Y be path covers of
P, and P,, respectively, such that they consist of copies of P; and Ps. Let P, and
P! Dbe the disjoint union of paths from the path covers X and Y, respectively. Set
Z' = P/ OP!. Then Z' is a disjoint union of copies of P, 0 Ps, P, [0 P3, P30 P, and
P;0P5;. By Case 1.and Case 2., Dominator wins the S-game on every component of
Z'. By Theorem 1, Dominator can win the game on Z’. Recall that Z’ is a spanning
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subgraph of Z = P,, 0P, that is, Z’ can be obtained by repeatedly deleting edges
from Z. Lemma 1 then implies that Dominator can win the S-game on Z. O

According to Theorem 6 , we can conclude the outcome of the MBD game on Cartesian
products of graphs which admit nontrivial path covers as follows.

Theorem 7. IfG and H are graphs which admit nontrivial path covers, then o(GO H) =
D.

Proof. Let X and Y be nontrivial path covers of G and H, respectively. Let G’
and H’ be the disjoint union of paths from the path covers X and Y, respectively.
Then G’ 0 H' is a disjoint union of copies of Cartesian products of nontrivial paths.
By Theorem 6, Dominator wins the MBD games on every component in G’ H'.
It implies that Dominator wins the games on G’ [0 H' by Theorem 1. Observe that
G'0 H' is a spanning subgraph of GO H. By Lemma 1, it follows that Dominator
wins the games on GO H. O

We now consider exact formulas for MBD-numbers on grids Ps [J P, for every positive
integer n > 2.

Proposition 1. yvs(PsOP;) = vy (P30 Ps) = 4.

Proof. Now Z = P30 P;. By Theorem 6, we know that Dominator has a win-
ning strategy in the D-game and the S-game. By Corollary 1 and inequality (2.2),
niB(Z) < A (2) < 13) = 4

It remains to show that ywp(Z) > 4, that is, Staller has a strategy to ensure that
Dominator cannot win the D-game within three moves. By symmetry, it is enough
to consider the following three cases.

o If d; = (1,1), then Staller replies by playing s; = (3,2). If da ¢ {(2,1),(3,1)},
then Staller responds by choosing so = (3,1). If do € {(2,1),(3,1)}, then
Staller selects so = (2,3). In any case, Dominator needs to play at least two
more vertices to dominate Z.

oIf dy = (1,2), then Staller replies by playing s1 = (3,1). If do €
{(1,3),(2,3),(3,3)}, then Staller responds by choosing sy = (2,1). If dy €
{(1,1),(2,1)}, then Staller replies by playing s = (3,3). If da = (3,2), then
Staller selects so = (2,2). Otherwise, Staller plays s = (3,2). By this strategy,
Dominator needs to plays two more vertices to dominate Z.

o If d; = (2,2), then Staller replies by playing s; = (1,2). In the second move of
Staller, she plays so = (2, 1) if it is possible. Otherwise, she will play s = (2, 3).
Then Dominator cannot dominate Z within three moves.

Thus Dominator needs to play at least four moves to win the game which means that
ye(Z) > 4. We conclude that ywp(Z) = vyp(Z) = 4. O
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Proposition 2. yup(PsOPs) =5 and vy (Ps O Py) = 6.

Proof. Let Z = P30 P, and we first consider the D-game. We will prove that
s (Z) > 5 by providing a strategy for Staller which ensures that Dominator cannot
form a dominating set within four moves in the D-game. Consider the first move d;
of Dominator.

o If d; = (1,1), then Staller plays s; = (3,2). In her second move, she plays
sg = (1,4) if it is possible. Otherwise she plays s = (3,4). See Figure 1 (a), (b).

o If d; = (1,2), then Staller replies by playing s; = (3,1). After that, she plays
sg = (3,3) if it is possible, otherwise she plays so = (1,4). See Figure 1 (c), (d).

o If d; = (2,1), then Staller responds at s; = (1,3). Then she plays so = (3, 3) if
it is possible, otherwise she plays sy = (1,4). See Figure 1 (e), (f).

o If d; = (2,2), then Staller replies by playing s; = (2,1). In her second move,
she plays s2 € {(1,4), (3,4)}. See Figure 1 (g), (h).

From the above strategies, one can see that Dominator cannot form a dominating set
within four moves. Therefore yvp(Z) > 5.

51 S1 $2
[ ] [
dq 52 dy da
(a) (b)
S2 do
dy d1
S1 S1 52

Figure 1. An illustration for Staller’s strategy in the proof of yvp (P30 Py) > 5. Blue and red vertices
denote the moves of Staller and Dominator, respectively.

Next, let Z' be a graph obtained from Z by deleting (i,1)(7,2) where i € [3]. By
Lemma 1 and Theorem 6, it follows that yyp(Z) < ymB(Z’). We now claim that
B (Z') < 5. Observe that Z’ is a disjoint union of P; and P30 P;. Assume
that Dominator starts the game by playing d; = (2,1). Then he dominated the
component P; and both players will continue the game in P3[JPs;. By Proposi-
tion 1, Dominator needs four more move to win the game in Z’. It concludes that

mwis(Z) < ywms(Z') < 5.
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Now consider the S-game. Since Dominator is the winner in the S-game, {;5(Z) < 6
by (2.2). It remains to show that 14;5(Z) > 6. We will provide a strategy for Staller
to ensure that Dominator needs to play at least six moves. Staller starts the game
with s] = (2,1).

Case 1. Dominator plays d} € [3] x {3,4}. Then Staller responds by playing
sh = (3,1). Dominator needs to reply db = (3,2), otherwise Staller will win in
the next move. After that Staller plays s§ = (1,1), Dominator needs to play
ds € {(1,2),(2,2)}. Then Staller will win in her next move by playing the unplayed
vertex from the set. See Figure 2 (a).

Case 2. Dominator plays dj = (2,2). Then Staller replies by playing s, = (1,2) and
it forces Dominator to play dj = (1,1). Then Staller plays s5 = (3,2) and Dominator
must play df = (3,1). After that Staller plays sy = (3,4).

1,4).
, then Staller responds by selecting s 2,4

, then Staller responds by selecting s = (2,4).

)

(2.1) (3,3) (1,4)
(2.2) (2,3) (2,4).
(2.3) If d; = (2,4), then Staller responds by selecting s§ = (2, 3).
(2.4) (1,3) (2,4)
(2.5) (1,4) (3,3)

, then Staller responds by selecting s5 = (3, 3).

By above strategy, Dominator cannot dominate Z with five moves if his first move is
dy = (2,2). See Figure 2 (b)-(f).

Case 3. Dominator plays dj = (3,1). Then Staller plays s} = (1,2) and Dominator
must select d = (1,1). After that Staller plays s§ = (2, 3).

(3.1) If d = (3,2), then Staller selects sj = (2,4). If dj = (1,3), then Staller plays
st = (3,4). If dj = (1,4), then Staller plays sf = (3,3). If dj = (3,3), then
Staller plays st = (1,4). If dj = (3,4), then Staller plays s = (1,3). In each
case, Dominator cannot dominate Z within five moves.

(3.2) If dj = (3,3), then Staller responds by selecting s} = (1,4). If dj # (1,3),
then Staller plays sf = (1,3) and wins the game. So, Dominator needs to play
% = (1,3) and he also needs two more moves to dominate Z. Thus he needs to

play at least six moves.

(3.3) If d5 = (2, 2), then Staller responds by selecting s = (1,4) and Dominator has
to play dj = (1,3). Thus Staller plays s; = (3,4) and Dominator needs two
more moves to win the game.

(3.4) If df = (2,4), then Staller responds by selecting sy = (3,2). Thus Dominator
needs three more moves to dominate Z.

(3.5) If d5 = (1, 3), then Staller responds by selecting s} = (3,4). Then Staller plays
st = (2,4) if it is possible, otherwise sf = (3,2). Thus Dominator needs to play
at least six moves.
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(3.6) If d5 = (1,4), then Staller responds by selecting s} = (3,3). Observe that only
(2,2),(2,3),(3,3),(3,4) are undominated and (2, 3), (3, 3) are played by Staller.
If d) = (2,2), then Staller plays sf = (3,4). If dj = (2,4), then Staller plays
st = (3,2). If dj = (3,2), then Staller plays sf = (2,4). If dj = (3,4), then
Staller plays st = (2,2). In each case, Dominator cannot dominate Z within
five moves.

Therefore, Dominator needs at least six moves to win the game if he starts the game
with dj = (3,1). See Figure 2 (g)-(1).
Case 4. Dominator plays d} = (3,2). Then Staller replies by playing s; = (2,4).

o If d, € {(1,1),(1,2),(2,2),(3,1)}, then Staller replies by playing s; = (3,4) and
Dominator has to play dj = (3,3), otherwise Staller will win in the next move.
After that Staller plays s} = (1,4) and she will win in her next turn.

o If d}, = (3,3), then Staller replies by playing s5 = (1,1) and Dominator has to
play dj = (1,2), otherwise Staller will win in the next move. Later Staller plays
sy = (1,4) and Dominator needs three more moves to win the game.

o If di, = (3,4), then Staller replies by playing s5 = (1,1) and Dominator has to
play dy = (1,2), otherwise Staller will win in the next move. Later Staller plays
sy = (2,2) and it forces Dominator to play dj = (3,1). Thus Dominator needs
two more moves to win the game.

o If dy = (2, 3), then Staller replies by playing s§ = (3,4) and Dominator needs to
play d5 = (3,3). After that Staller plays sj = (1,4) an it forces Dominator to
play dj = (1,3). Thus Staller plays s5 = (1,1) and Dominator needs two more
moves to win the game.

o If di = (1,3), then Staller replies by playing s = (3,4) and Dominator needs
to play df = (3,3). After that Staller plays s; = (1,1) and Dominator needs
to play dj = (1,2). Thus Dominator needs to play two more moves to win the
game.

o If d; = (1,4), then Staller replies by playing s5 = (1,1) and it forces Dominator
to reply dy = (1,2). Then Staller plays sj = (3,3) and it forces Dominator to
play d) = (3,4). Later Staller plays sf = (2,2). Thus Dominator need two more
moves to win the game.

By the above strategy, Dominator needs at least six moves to win the game if his first
move is dj = (3,2). See Figure 2 (m)-(r).

These four cases, together with the symmetrical ones, cover all possibilities for Dom-
inator’s first move. We conclude that v4,5(Z) > 6. O

In [14], the domination number of P,, O P, was established for 1 < m < 4 and all
n > 1. In particular, it was shown that

~(P;0P,) = {3”:4J ,n>1. (3.1)
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Theorem 8. Ifn > 2, then \_%j <ywe(PsOP,) < 471%0(") where

0; 3|n,
on)=4¢-1; n=1 (mod 3),
1, n=2 (mod 3).

Proof. By (3.1), yup(PsOP,) > v(P30P,) = |22 ]. It remains to show that
e(PsOP,) < [4]. It is easy to see that ymp(Ps O P,) = y45(Ps0P,) = 3. For
n > 4 we consider the following cases.

Case 1. n = 3k where k > 1. Then o(n) = 0. Let G be a disjoint union of k copies
of P30 Ps;. By Proposition 1 and Theorem 2, vyp(G) = 4k. Since G is a spanning
subgraph of P30 P,,, Lemma 1 (i) implies yyp(Ps O P,) < 4k = 4?".

Case 2. n =3k + 1 where k > 1. Then o(n) = —1. Let G be a union of k — 1 copies
of P3O0 P; and a copy of P;(0P,;. By Theorem 4, Proposition 1, and Theorem 2,

mwiB(G) < 4(k — 1) + 5. Similar to the proof of Case 1, yyp(PsOP,) < 4k +1 =

4n=1) | 1 _ 4n-1

Case 3.n = 3k + 2 where k > 1. Then o(n) = 1. Let G be a union of k copies of
P;0P5 and a copy of P30 P,. By Proposition 1 and Theorem 2, yvp(G) = 4k + 3.
Similar to the proof of Case 1, ymp(Ps O P,) <4k +3 = @ +3= %.

We conclude that ywp(PsOPR,) < 4"%‘7(") for every n > 2. O

4. Products of complete bipartite graphs

In this section, we consider the MBD game on Cartesian products of complete bipar-
tite graphs. We determine the outcome of the game, the exact MBD-numbers, and
SMBD-numbers over this graph class.

Proposition 3. Ifn>m > 1, then

D;, n=m=10rn,m2>2,
N; n>m=1.

o(Km,n) = {



12 Maker-Breaker domination game on Cartesian products of graphs

/ ’ ’ / / / ! / / ! / /
E ds, ds EA d; A ds EA EA ds s A
@ @ . 2 ® 4  J
U U U U
s | st d I S T B N B N 1 dy
[

[
O
O

a

’ ’ ’
dl Sy d4
o P
’

91 55 92
4

’ ’

Sé dy s,
g

(r)

Figure 2. An illustration for Staller’s strategy in the proof of v{;5(Ps 0 Ps) > 6. Blue and red vertices
denote the moves of Staller and Dominator, respectively, and vertices which are outlined in red
denote possible moves of Dominator.

Proof. 1t is easy to see that Dominator wins the game in his first move on Kj ; in
both games. Thus o(K;,1) =D.

Now consider star K ,, n > 2. In the D-game, Dominator plays the central vertex
and wins the game in his first move. In the S-game, Staller also plays the central
vertex in her first move. No matter where Dominator replies, Staller wins in her next
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move by playing an unplayed leaf. Thus o(K;,) = N.

Next, assume that n > 2 and m > 2. Let X, Y be the bipartition sets of K,, ,. By
Corollary 1, it suffices to show that Dominator can win the S-game. Without loss
of generality, suppose that Staller starts the game by playing a vertex in X. Then
Dominator plays an unplayed vertex in X and dominates all vertices in Y. Then
Dominator plays an unplayed vertex in Y and wins the game. We conclude that
0(Km,n) =D, where n,m > 2. O

One part of Proposition 3 can also be proved by using the result from [7] asserting
that every graph that admits a paring dominating set has outcome D.

By Theorem 3 and Proposition 3, we obtain the outcomes of the MBD game on the
Cartesian product of complete bipartite graphs as follows.

Corollary 2. Let m,m’,n,n’ be positive integers. If n > m > 2 and n’ > m’' > 2, then
(K O Ko nt) = D.

Note that Theorem 3 does not help us to find the outcome of products of two stars.
Moreover, a star K ,, where n > 3 does not admit a nontrivial path cover by Theo-
rem 5. Hence, we need to consider the outcome of products of stars as follows.

Let Z be the graph K1, 0Ky, and V(K1, OK;,,) = {(i,j) : i € [m],j € [n]} U
{(a,j) : j€[n]}U{(i,b): i€ [m]}, where a,b are the central vertices of K ,,, and
K, respectively.

Figure 3. Graph Z =K; ,,OK1 ».

Theorem 9. Ifn >m > 2, then

D; m=n=2,
o(KimOKin)=<N; m=2, n>3, (4.1)
S; n>m>3
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Proof. Assume that n > m > 2 and Z = K, U K;, We consider the following
cases.

Case 1. f m =n =2, then Z = K; ;0K 5 = Ps0P;. By Theorem 6, o(Z) = D.
Case 2. If m = 2 and n > 3, we will show that the first player has a winning strategy
on Z = K; 20K, n > 3 in the D-game and the S-game.

In the D-game, Dominator starts the game by playing (1,b). Then there is a matching
M in G — {(1,b)} such that V(Z)\ V(M) C Ngz[(1,b)]. By Lemma 2, Dominator
wins the game.

In the S-game, Staller plays s} = (1,b) in her first move. After first move d} of
Dominator, we consider the following strategies.

e di = (2,b). Then Staller continues the game by playing s, = (1, 1) that forces
Dominator to play dj = (a,1). Otherwise, Staller can win in the next move. In
each turn, Staller uses the same strategy to play s;,; = (1,i) for each i € [n]
until she plays all the vertices in the layer *(K3 ,), and she will win the game
by playing (a,b) in her last move.

e di # (2,b). Then Staller responds on vertex sj = (2,b). After the second
move of Dominator, there is an unplayed layer of (Kj 2)’ and Staller will play
st = (a, 7). Thus Staller can win the game in her next move.

Thus o(K; 20K ,,) =N, where n > 3.

Case 3. Assume that m = 3 and n = 3. To show that o(Z) = S, by Corollary
1(ii), it suffices to show that Staller has a winning strategy in the D-game when
Z = K, 30K, 3. Consider the following possible cases.

Case 3.1. d; = (a,1). Then there are two unplayed layers (K; 3)? and (K3 3)%. Then
Staller plays s; = (a,2). See Figure 4 (a)-(b).

o If dy # (a,3), then Staller replies so = (a,3). After Dominator plays ds, there
exists ¢ € [3] such that (i,b), (¢,2), (¢,3) are unplayed. Then Staller plays (i,b),
and she will win in her next move by claiming the closed neighborhood of (i, 2)
or (i,3).

o If dy = (a,3), then Staller replies so = (1,2). It forces Dominator to play
ds = (1,b). Then Staller can play all neighbors of (a,2), and she will win the
game.

Case 3.2. d; = (1,b). Then Staller replies s; = (2,b). By symmetry and commu-
tativity, we can see (1,b) as (a,1) and (2,b) as (a,2). Then we can apply the above
strategy which implies the same outcome. See Figure 4 (¢)-(d).

Case 3.3. dy = (1,1). Then Staller plays s; = (2,b). The continuation of the game
Staller applies the same strategy as Case 3.1. See Figure 4 (e).

Case 3.4. d; = (a,b). There are three unplayed layers (K7 3)t, (K1,3)?, and (K7 3)3.
Then Staller plays s; = (a,1) and plays s; = (a,j), where j € {2,3}. After the
third move of Dominator, there exists ¢ € [3] such that (4, b), (¢, 1), (¢, 7) are unplayed.
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Thus Staller plays (i,b) and she will win in her next move by claiming the closed
neighborhood of (,1) or (¢,7). See Figure 4 (f).

Thus Staller has a strategy to win the game on Z which implies that o(Z) = S.
Case 4. m > 3, n > 4. By Corollary 1 (ii), to show that Staller has a winning

52

S1

dy s1 s2 dy do

S2

(d) () ()

Figure 4. An illustration for Staller’s winning strategy in the proof of Theorem 9 Case 3. Blue and red
vertices denote the moves of Staller and Dominator, respectively.

strategy in the D-game on Z that implies o(Z) = S. Since m > 3, after the first move
of Dominator, there are two unplayed layers ‘(K ,,) and ¥ (K} ,,), where i,7 € [m].
Then Staller plays s; = (4, b).

o If dy # (i, 1), then Staller plays so = (i',b). Since n > 4, after the third move
of Dominator, there is an unplayed layer (K ,,)’ where j € [n]. Then Staller
replies s3 = (a,j) and she will win the game in her next turn.

o If dy = (i/,b) but there is i’ € [n],i” ¢ {i,i'} such that the layer ‘(K ,) is
unplayed, then Staller replies s; = (i/,b). In this case, we can apply the above
strategy and Staller can win the game.

o If dy = (i, b) and every layer *(K3 ), i € [n] is played, then it means that (a,b)
is unplayed. Staller replies s3 = (4,1) and Dominator needs to play ds = (b, 1),
otherwise Staller will win in her next turn. For the continuation of the game,
Staller can play all neighbors of (i,b) and she will win the game.
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We conclude that o(K; ,, O Ky ,) =S, where m > 3, n > 4. O
Theorem 10. Ifn > 3, then
yB(PsOK1n) = vsup(PsOKin) =n+2.

Proof. Assume that n > 3 and Z = P;0K; ,. Recall that a,b are the central
vertices of P3 and K ,, respectively.

First, we consider the D-game. We will show that yvp(Z) < n+ 2. Dominator starts
the game by playing (1,b). Then there is a matching M in Z — {(1,b)} such that
V(Z)\ V(M) C Nz[(1,b)] and |M| = n+ 1. By Lemma 2 and Remark 1, Dominator
has a strategy to win the game within n + 2 moves. Thus yyp(Z) < n + 2.

Now we will show that Staller has a strategy ensure that Dominator needs to play at
least n + 2 moves. By symmetry, we consider the following cases.

o If d; = (1,b), then Staller plays s; = (2,1).
e If d; = (a,b), then Staller plays s; = (a,1).
e If d; = (1,1), then Staller plays s; = (2,b).
o If dy = (a,1), then Staller plays s; = (a,b).

In the second turn, Staller selects an unplayed vertex s, in the layer (P3)°. For the
continuation of the game, she will try to play a vertex (a, j) for j € [n] if it is possible,
otherwise she plays an arbitrary unplayed vertex. One can see that Dominator needs
at least two moves to dominate the layers (P3)? and (P3)', and n—1 moves to dominate
the rest of the graph. Thus yyp(Z) > n + 2 and hence yyp(Z) =n + 2.

Next, we consider the S-game. By the proof of Theorem 9 Case 2, Staller has a
strategy to win the game within n 4 2 moves.

It remains to show that 7§ p(Z) > n + 2. Notice that closed neighborhoods in
Z are of size 3, 4, n + 2, and n + 3. By symmetry, it is enough to consider the
following cases. If s} € {(a,b), (a,1),(1,1),(2,b)}, then Dominator plays dj = (1,b).
If s € {(1,b),(2,1)}, then Dominator plays dj = (2,b).

o If (2,b) is unplayed after the second move of Staller, then Dominator plays
dy, = (2,b). For the continuation of the game, when Staller plays (¢, j), where
i € [2],7 € [n] he replies by playing (a, j) if it is possible. Otherwise, he plays
an arbitrary unplayed vertex. If Staller plays (a,j), where j € [n], he replies
by playing (i, j), where ¢ € [2] if it is possible, otherwise he plays an arbitrary
unplayed vertex.

e Assume that Staller occupies (2, ). If (a, j), where j € [n] was played by Staller,
then Dominator plays d), = (2,7). Otherwise, he plays (a,j) such that (i, j),
where i € [2] was played by Staller. For the continuation of the game, when
Staller plays (i, j'), where i’ € [2],j' € [n] he replies by playing (a,j’) if it is
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possible. Otherwise, he plays an arbitrary unplayed vertex. When Staller plays
(a,j"), where j° € [n] and (a,b) is unplayed, then he replies (a,b). If (a,b)
is played by Staller, then he replies by playing (1,j’). Otherwise he plays an
arbitrary unplayed vertex.

By above strategy, Staller cannot claim neither a closed neighborhood of size 3 nor

4. Thus Staller needs to play at least n + 2 moves.
O

Theorem 11. Ifm >n > 3, then

5 n=3,
YsmB (K1,m O K1,n) = { 7

and
Yms(K1,m OK1n) = 4.

Proof. Assume that m > n > 3 and Z = Ky ,,0K;,. Recall that a,b are the
central vertices of K., and K ,, respectively. Observe that every vertex is in the
closed neighborhood of size 3,m + 2,n + 2, and m + n + 1, respectively. We first
consider the D-game.

Case 1. n =3 and now Z = Kl,m DK1,3.

By the proof of Theorem 9 Case 3 and Case 4, Staller has a strategy to win the
D-game within five moves. It implies that ysvp(Z) < 5. It remains to show that
Staller needs to play at least five moves to win the game. Assume Dominator plays
dy = (a,1) in his first move. Assume that Staller plays s in her first move.

e 51 = (a,2). Then Dominator replies by playing do = (a,3). For each turn, if
Staller plays (4, ), then Dominator replies by selecting (4,b) if it is possible,
otherwise he plays (i,2) if it is available or any arbitrary vertex if (4,2) was
played earlier. Thus Staller cannot claim a closed neighborhood of size 3. Hence,
Staller needs to play at least five moves.

e 51 # (a,2). Then Dominator plays ds = (a,2). After the second move of Staller,
if (a,3) is unplayed, then Dominator will play ds = (a, 3). Assume that Staller
already played (a,3). If (i,b), where i € [3] was played by Staller, then he will
play ds = (¢,3). If (¢,3), where i € [3] was played by Staller, then he will play
ds = (i,b). Otherwise, Dominator will play an arbitrary unplayed vertex. Then
he applies this strategy to the continuation of the game. Thus Staller cannot
win the game by claiming a closed neighborhood of size 3. So, she needs to play
at least five moves.
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Therefore, ysmB(Z) > 5. We conclude that ysymp(Z) = 5.

Case 2. n > 4 and now Z = Ky, K1 5.

By Lemma 1, ysmp(Z) > v§up(Z). It remains to show that ysmp(Z) < 4 and
Youp(Z) > 4. We first provide a strategy for Staller to win the D-game in four
moves. After the first move of Dominator, there exists j € [3] such that (a,j) is
unplayed. Then Staller plays (a,j). Similarly, after the second move of Dominator,
there exists j° € [3] such that j° # j and (a,j’) is unplayed. Then Staller plays
(a,7"). Since m > n > 4, after the third move of Dominator, there is (i,b) such that
(i,0),(i,7), (i,5') are unplayed. So, Staller plays (i,b) and she can win the game in
her next move. Thus ysmp(Z) < 4.

For the S-game, we will show that Staller cannot win the game in three moves.
Observe that every vertex is in a closed neighborhood of size 3 except (a,b). By
symmetry, we consider the following cases.

o If s§ = (a,b), then she needs to play at least four moves to claim a closed
neighborhood.

o If 5§ € {(a,1),(1,b)}, then Dominator replies by playing (1,1). Thus Staller
needs to play at least three more moves to claim a closed neighborhood.

o If s§ = (1,1), then Dominator replies by playing (1,a). Thus Staller needs to
play at least three more moves to claim a closed neighborhood.

It implies that v§y5(Z) > 4. Therefore, Yo\ p(Z) = ysms(Z) = 4. O
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