COMMUNICATIONS IN COMBINATORICS AND OPTIMIZATION CCO
Vol. xx, No. x (xxxx), pp. 1-37
https://doi.org/10.22049/cco.2025.30287.2400 COMMUN. ComB. OPTIM.

Research Article

On some topological indices of Mycielskian graph and its
complement

K. Vinothkumar

Department of Mathematics (H&S), Malla Reddy (MR) Deemed to be University,
Medchal-Malkajgiri, Hyderabad, Telangana-500 100, India
vinothskv2011@gmail.com

Received: 21 January 2025; Accepted: 28 March 2025
Published Online: 2 April 2025

Abstract: In this paper, we obtain a formula for the Harary index and hyper-
Wiener index of Mycielskian of G, u(G), and complement of p(G). More precisely, we
determine a formula for the hyper-Wiener index of u(G) in terms of Zagreb indices of
G if the girth of G is greater than 6 and we deduce the result in [M. Azari in Discrete
Math. Algorithms and Appl. 09 (2017) 1750022]. In addition, we find a formula for
the vertex Padmakar-Ivan index of p(G) if the girth of G is greater than 7 and the
complement of u(G).

Keywords: Mycielskian of a graph, Wiener index, vertex Padmakar-Ivan index,
Harary index, hyper-Wiener index, Zagreb indices.

AMS Subject classification: 05C09, 05C12, 05C25

1. Introduction

All graphs considered in this paper are finite, simple, undirected, and connected. Let
G = (V(G), E(G)) be a graph, where V(G) is the vertex set and F(G) is the edge set
of G. For each v € V(G), degree of v in G, denoted by dg(v), is the number of edges
incident with v. For a positive integer ¢, a graph in which every vertex has degree ¢ is
called an ¢-reqular graph. For a positive integer n, K, P,, and C,, denote the complete
graph on n vertices, path of order n, and cycle of length n, respectively. The distance
between u and v in G, denoted by dg(u,v), is the length of a shortest path between
uwand v in G, the open neighbourhood of w in G is Ng(u) = {z € V(G) : ux € E(G)},
the closed neighbourhood of v in G is Ng[u] = {u} U Ng(u). The diameter of a graph
G, diam(G), is defined as maz{dg(u,v) : u,v € V(G)}. The girth of G, denoted by
9(@G), is the length of a shortest cycle in G. For a non-empty subset T of V(G), (T')
denotes the subgraph induced by T. The complement of the graph G, denoted by G¢,
is a graph with V(G¢) = V(G) and E(G°) = {zy : zy € E(G)}.
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2 On some topological indices of Mycielskian graph and its complement

Figure 1. Mycielskian of K3

For u,v € V(QG), define dg(u A v) = |Ng(u) N Ng(v)|. For wv € E(G), define
Ny(w|G) = {x € V(G) : da(u,z) < dg(v,z)} and n,(uwv|G) = |Ny(uv|G)| the
number of vertices of G whose distance to the vertex u is smaller than the distance
to the vertex v in G. A vertex z € V(G) is said to be equidistant from the edge
wv of G if dg(u,x) = dg(v, ), otherwise it is said to be non-equidistant from an
edge uv. Denote Ng(uv) the set of all equidistant vertices from the edge uv, that is,
Ng(uv) = {z € V(G) : dg(u, z) = dg(v,2)}. A graph G is said to be a triangle-free
graph if G does not contain a triangle (that is, a cycle of length 3).

In the mid-20th century, there was a question regarding triangle-free graphs with
arbitrarily large chromatic numbers. Mycielski [18] developed an interesting graph
transformation that answered the above famous question. For a graph G, the My-
cielskian of G is the graph p(G) with vertex set V(u(G)) = V(G) U V'(G) U {u},
where V/(G) = {2/ : x € V(G)} and is disjoint from V(G), and edge set E(u(G)) =
EG)U{zy :zy € E(G)}U{y'u:y € V'}. The vertex 2’ is called the shadow of the
vertex = (and x the shadow of z’) and the vertex w is the root of u(G). For example,
the Mycielskian of K3 is illustrated in Figure 1. We use V' in place of V(G) and E in
place of F(G) when no ambiguity arises. The Mycielskian graph has fascinated graph
theorists a great deal. As their interest, several graph parameters of p(G) have been
studied in the past, see [2, 4, 8]. Note that, if G’ has no isolated vertices, then u(G)
and p°(G) are connected.

A topological index is a molecular descriptor calculated from a molecular graph of a
chemical compound that characterizes its topology. Topological indices are very useful
tools in graph theory and mathematical chemistry. We consider the following well-
known topological indices namely, Wiener index, Harary index, hyper-Wiener index,
vertex Padmakar-Ivan index, and Zagreb indices. Some of the chemical applications
of topological indices are reported in [6, 7, 21, 22, 24].

The Wiener index is one of the significant and oldest topological indices used in
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mathematical chemistry. It was introduced in 1947 by Wiener [24]. For a connected
graph G, the Wiener index of G is the sum of the distance between any two unordered
pairs of vertices of G, that is,

W(G) = Z de(u,v) = % Z de(u,v).

{u,v}CV(G) u,weV(G)

It was used for modeling the shape of organic molecules and for calculating several of
their physico-chemical properties, in particular the boiling points of alkane isomers.
There have been several papers on the Wiener index from the time of its introduction.
Some of the related references are [2, 8]. The Harary indezx of a connected graph G
is the sum of the reciprocal of the distances of any two unordered pair of vertices of
G, that is,

1 1 1
MO= 2 etew 2, 2 T

{u,v}CV(G) u,veV(G) d
uFv

The Harary index of a graph has been introduced independently by Plavsi¢ et al. [21]
and by Ivanciuc et al. [11] in 1993. The hyper- Wiener index is the generalization of the
Wiener index. This index was introduced by Randic [22] in 1993. For a connected
graph G, the hyper-Wiener index of the graph G is one-half of the summation of
distances and square distances over all its unordered vertex pairs u, v, that is,

1 1 1
WW(G) = 3 Z [d@(u, v) + d%(u,v)| = §W(G) + 5 Z dz,(u,v),
{u,v}CV(G) {u,v}CV(G)

where d% (u,v) = (dg(u,v))?. In [15], Khalifeh et al. computed an exact formula for
the hyper-Wiener index of various graph operations. The hyper-Wiener index has
been studied extensively in the past, see some of the references [3, 14, 23]. The vertex
Padmakar-Tvan index of a graph G, denoted by PI,(G), is defined as

PL(G)= > [nu(uo|G)+ny(uv|G)].
uwveE(G)

In other words, PI,(G) is the sum over all edges uv of G the number of vertices which
are non-equidistant from an edge wwv, that is,

PLG) = Y (|V<G>| - |NG(UU)>~

weE(G)

The vertex Padmakar-Ivan index was introduced by Khalifeh et al. [15]. In short, we
use the PI index instead of the vertex Padmakar-Ivan index. Several authors have
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studied the PI index of various classes of graphs. For instance, see [5, 12,13, 16, 17, 20].
The first Zagreb index M;(G) is equal to the sum of squares of the degrees of the
vertices. The second Zagreb index Ma(G) is equal to the sum of the products of
the degrees of pairs of adjacent vertices of the graph G. The Zagreb indices were
introduced by Gutman et al. [10]. They are defined as

Mi(G) = > daw)+de()] = > da),Mx(G)= Y da(w)de(v).

weEE(Q) veV(G) weE(G)

The PI index and Zagreb index are well-studied topological indices, both from a
theoretical point of view and applications, see [9, 19].

This paper is organized as follows. In Section 2, we recall some properties of p(G)
and its complement. Also, we recall the results in [1, 2, 8]. In Section 3, we compute
a formula for the Harary index of the Mycielskian of GG. Using this result, we deduce
aresult in [1]. Moreover, we obtain a formula for the Harary index of the complement
of 4(G). In Section 4, we find a formula for the hyper-Wiener index of Mycielskian of
G. Also, we provide a formula for the hyper-Wiener index of Mycielskian of a graph
with g(G) > 7 in terms of Zagreb indices of G. In Section 5, we determine a formula
for the PI index of the Mycielskian of G if g(G) > 8, and we find a formula for the
PI index of the complement of u(G).

2. Preliminaries

Let us first recall the following observations.

Observation 1. If a € V(u(G)), then

n, for a = u;
dyc)(a) =S dg(x)+1, fora=az €V’;
2dc(z), fora=z€V.

and for any two distinct vertices a and b in u(G),

1, fora=2" € V' b=u;
2, fora=xzeV,b=u;
2, fora=2" eV b=y cV’;
Ao (a,b) = da(z,y), fora=z€eV,b=ye V,da(z,y) <3;
HERS 4, for a,b € V,da(a,b) > 4;
2, fora=xeV,b=2" €V’
da(z,y), fora=zeV b=y eV y #2' ds(x,y) <2;
3, fora=xzeV, b=y €V’ y #2 da(z,y) > 3.

Hence, the diameter of Mycielskian of G is at most 4.
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Observation 2. If a € V(u(G)), then

n, for a = u;
dyeey(a) =4 2n — (dg(z) + 1), fora=21" €V’
2n — 2dg(x), fora=ze€V.

and for any two distinct vertices a,b in u°(G),

fora=2" €V’ b=u;

fora=zeV,b=1y;
fora=a2"eV' b=y €V’
fora=zeV,b=yeV, da(z,y) > 1;
fora=zeV,b=yeV, dg(z,y) =1,
fora=zeV,b=2a';
fora=zeV, b=y eV, y #2',da(z,y) > 1;
fora=zecV, b=y eV’ ,y #2 da(z,y) =1.

d[,LC<G) (CL, b) =

N = = N = = =N

Hence, the diameter of the complement of Mycielskian of G, u¢(G) is 2.
Now, we recall the following Lemma in [8].

Lemma 1 ([8]). Let G be a graph with n vertices and m edges. Then

(i) The number of paths of order two in G is equal to 3 M1(G) —m.

(i) If G is a triangle-free graph, then the number of paths of order three in G is equal to
M>(G) — Mi1(G) + m.

Next, we recall the following results in [1]. Let G be a graph with V(G) =
{x1,22,...,2,} and m edges. For each positive integer k, define

A(G) = {{i,j} C{1,2,...,n} dg(zi,z;) = k}

and
A(G) = {{@',j} C{L2,....n}: dg(zi,z;) > 4}.

Clearly,
A1(G)] = m. (2.1)

If g(G) > 5, part (i) of Lemma 1 yields
1
|[42(G)| = S ML(G) —m, (2.2)
and if g(G) > 7, part (i) of Lemma 1 yields

|A3(G)| = M2(G) — M1 (G) + m. (2.3)
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Therefore,

4] = () = IAi(©)] - 4x(6)] - |46

So if g(G) > 7, by Equations (2.1)—(2.3), we obtain

4@ = (3) = m+ MG - () (2.4

For 1 < k < 3, we define

MP@) = Y |dal@) +dalay),
{i,}€Ak(G)

MP G = > dalzi)de(xy).
{i,j}eAk(G)

Obviously, Ml(l)(G) = M;(G) and M2(1)(G) = M>(G). If G is an {-regular graph with
9(G) > 7, then

¢
|A(G)| = %(z —DF 1<k <3, (2.5)
Hence for 1 < k < 3,
3
M) = (¢ — 1)F1 and MP(@) = %(ﬁ Syt (2.6)

For a positive integer k, p(k, G) is the number of pairs of vertices which are at distance
kin G.

Observation 3. If G is any graph, then |A;x(G)| = p(k, G), for 1 < k < 3 and |A(G)| =
> ok, G).
k>4

Next, we recall the following result proved in [2].

Theorem 4 ([2]). Let G be a connected graph with n vertices and m edges. Then the
Wiener index of the Mycielskian of G is given by

W(w(@)) = 6n> —n —7Tm —4p(2, Q) — p(3,G). (2.7)
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3. Harary index of u(G) and uf(G)

In [1], the authors obtained a formula for the Harary index of u(G) when ¢g(G) > 7.
In this section, we find a formula for the Harary index of Mycielskian of G without
assuming ¢g(G) > 7 and complement of u(G). The proof of the following result is
similar to the one given in [2]. For the sake of completion, we give the proof.

Theorem 5. Let G be a graph with n vertices and m edges. Then the Harary index of
u(@) is given by

H(u(@)) = 214 [m + 310 4 50m + 14p(2, G) + 2p(3, G)]

Proof. By the definition of Harary index of u(G),

1 1 1
Hu@) =2 S — > — (3.1)
2 4 vevtuay e @Y ey W@ (@:Y)
T£Y

For each {z,y} C V(u(G)), we have five cases, namely, 1) 2’ € V'(G), y =
u; 2)x € V(G), y=u; 3) ' € V'(Q), v e VI(G); 4) 2 € V(G), ye V(G); 5) x €
V(G), vy € V(G). Hence, the summation in Equation (3.1) can be divided into five
sums as follows.

1 1

d x
eV’ y=u z€V, y=u ,U 'y eV’ H(G)(

QZd 5+ Z% 32

z,yeV zEV,y €V’ due) (@ Y')

= Zl+22+23+24+25 (say).

It is easy to observe that >, = n, Y., = 2(n), >3 = 2(5) = "24’". Since the
maximum distance of any pair of vertices in V(G) is 4 in u(G), >, = p(1,G) +
1p(2,G) + ip(3,G) + L[(3) — p(1,G) — p(2,G) — p(3,G)]. Note that if 2y € E(G),
then zy’, y2’ € V(u(G)). Also, for every x € V(G), d,q)(z,2") = 2 and for every
z,y € V(G) such that dg(z,y) = 2, we have d,c)(z,vy") = 2,d,c)(y,2") = 2. Thus
S5 =1n+2[p(1,G) + 3p(2,G)| + 1 [n® —n—2p(1,G) - 2p(2,G)].

Then by equation (3.2), the result follows. O

By Equations (2.2) and (2.3) and Observation 3, we deduce the result in [1].

Corollary 1 (Theorem 3.3, [1]). Let G be a graph on n vertices, m edges with
g(G) > 7. Then

$ [5M1(G) + 2M>(G) + 17n” + 31n + 38m)].

H((C) = o
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Proof. By Theorem 5,

1
H(W@)) = o5 1702 4 31n + 50m + 14p(2, G) + 2p(3,G) | .

By Observation 3, p(2,G) = |A2(G)| and p(3,G) = |A3(G)|. By Equations (2.2) and
(2.3), we have p(2,G) = £ M;1(G) —m and p(3, G) = M2(G) — M1(G) +m. Hence the
result. O

Next, we derive a formula for the Harary index of the complement of the Mycielskian
of G. Let us first observe the following.

Observation 6.
2n? —3m, ifi=1,;

e (3.3)
3m+n, if i = 2.

p(i, n(G)) = {

Proposition 1. IfG is graph on n vertices and m edges, then the Wiener index of u°(QG)
is given by
W(u(G)) = 2n° + 2n + 3m. (3.4)

Proof. By the definition of Wiener index of u°(G),

W(u(G)) = S due (@) (3.5)
{z,y}CV (n°(G))

Since the diameter of u°(G) is 2, then

W(/’LC(G)) = Z duC(G') (xvy) + Z duC(G)(xvy)'

{z.yre A (p®(G)) {z.yreA2(p®(G))

By Observation 3,

W(p(G)) = p(1, p°(G))(1) + p(2, n°(G))(2)
= (2n® — 3m)(1) + (3m + n)(2), by Equation (3.3).
Therefore, the result follows. O

By Observation 3, we find a formula for the Harary index of u¢(G).

Theorem 7. Let G be the graph with n vertices and m edges. Then the Harary index of
u(G) is given by

H(uE(G)) = % [4n? + n — 3m]. (3.6)
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Proof.  Note that diameter of p°(G) is 2. Then

Hp @)= S —— 3 !

emrenwe@) W @@Y ) @) W@ @ Y)

By Observation 3,

1

H((6) = 00, (@) (1) + 02O (3

1
= (2n*> = 3m)(1) + (3m +n) (2>, by Equation (3.3).
Hence, the result follows. O

4. Hyper-Wiener index of y(G) and pf(G)

In this section, we determine a formula for the hyper-Wiener index of Mycielskian of
G and complement of u(G).

Theorem 8. If G is a graph with n vertices and m edges, then the hyper- Wiener index
of uw(G) is given by

WW(u(G)) = %[25712 ~ 11n - 38m — 26p(2, G) — 8p(3,G)]. (4.1)
In particular, if g(G) > 7, then the hyper- Wiener index of u(G) is given by
WW(u(@)) = %[257{" — 11n — 20m — 5M1(G) — 8M2(G)]. (4.2)

Proof. By the definition of the hyper-Wiener index of Mycielskian of G,

1 1
WW(u(G)) =5 > due(@y) + 3 > &y (2, y)
{zy}CV(u(G)) {z,y}CV(u(G))

= W)ty Y dgly)

{z.y} SV (u(@))

By Theorem 4,
1 1
WW(u(G)) = 5[6n —n—Tm —4p(2,G) —p(3,G)] + 5 >, digny).

2
{z,y} SV (u(G))
(4.3)
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Then,
Y Ll@y= Y di(@(l"’“) Y dygleu)+
{z,y} SV (u(G)) z’eV’(G) = zeV(G)y=u
1 2 /
9 Z d; (G) Z &, G) z,y) Z d#(c)(%y )-
'y eV (G) z,yeV(G) xGV(G),y’GV/(G)

Using the similar argument as given in Theorem 5, we get

> dg(u,v) = [19n% — 100 — 31m — 22p(2,G) — 7p(3,G)].
{uw}CV(G)

By Equation (4.3),

1
—[6n* —n—Tm —4p(2,G) — p(3,G)]+

WW(u(@)) = 5|

2[19n —10n — 31m — 22p(2,G) — 7p(3,G)].
Hence the result. Next, if g(G) > 7, then by Equations (2.2) and (2.3), we have
|A2(G)| = £ M1(G) — m and |A3(G)| = M2(G) — M1(G) + m. By Observation 3, we

have p(2,G) = |A3(G)| and p(3,G) = |A3(G)|. Therefore the result follows from the
Equation (4.1). O

By Theorem 8 and Equation (2.6), we have the following.

Corollary 2. If G be an L-reqular graph with g(G) > 7, then the hyper- Wiener index of
w(Q@), is given by

WW(u(G)) = % <25n2 - [4@3 4502+ 100+ 11] n> . (4.4)

In particular, if n > 7, WW(u(Cy)) = %(25712 — 83n).
Proof. As g(G) > 7, then by Equation (4.2),
1
WW(u(Q)) = 3 [25n” — 11n — 20m — 5M1(G) — 8Ma(G)].

Since G is an {-regular, then by Equation (2.6), we have Ml(l)(G) = M;(G) = nf?
and MQ(U(G) = My(G) = "743 Therefore,

WW (u(G)) = 1[2571 —11n—20 ( ;) 5(nl?) — 8 <"§3> 1

[\
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Hence the result follows. Next, if G is a cycle of length of n, then we have £ = 2. As
g9(G) > 7, then by Equation (4.4),

WW (u(G)) = % (25n2 ~ [42)? +5(2)* +10(2) + 11] n> .

Hence, the result follows. O

Next, we obtain a formula for the hyper-Wiener index of the complement of the
Mycielskian of G.

Theorem 9. If G is a graph with n vertices and m edges, then the hyper- Wiener index
of u°(G) is given by
WW (u(G)) = 2n* + 3n + 6m. (4.5)

Proof. By the definition of hyper-Wiener index of u¢(G),

. 1
WWEG) =5 Y de@Ey)ty D, dugy)
{z,y}CV(ue(@)) {zy}CV (pe(@)

SAWEEE) s Y Bege).
{z,y} SV (pe(G))

By Proposition 1,

. 1 1
WW(ué(G)) = 3 [2n® + 2n + 3m] + 3 Z dic(G)(;E,y). (4.6)
{zy} SV (n(G))

It is enough to compute the sum Z dic(G) (z,y). Therefore,
{2y} CV (ue(G))

Z dic(a) (z,y) = Z dic(c) (z,y) + Z dic(a) (z,9)

{zy}CV (pe(@) {z,y}eA(ne(G)) {z,yreAz(pe(G))
= [p(1, (@) (1) + [p(2,1(G))] (4), by Observation 6,
= [2n? — 3m](1) + [3m + n](4), by Equation (3.3),
=2n% +4n + 9m.

By Equation (4.6),
c 1 2 1 2
WW(u(Q)) = 5[271 +2n+3m| + 5[271 + 4n + 9m].

Hence, the result follows. O
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Using Theorem 9, we compute the hyper-Wiener index of pu(G) when G is an {-
regular.

Corollary 3. If G is an £-regular graph with n vertices, then the hyper- Wiener index of
ul(Q) is

WW (u°(G)) = 2n* + 3n + 3nd.

Proof.  The result follows from the Equation (4.5). O

As a consequence, we have the following example.
Example 1. The hyper-Wiener index of u°(C),) is given by

WW (1°(Ch)) = 2n° + 9n.

5. PI index of u(G) and uf(G)

In this section, we now compute the PI index of Mycielskian of G with g(G) > 8.
Notations: Let G be a graph. For an edge zy € E(G), denote P = Ng(y) \ {z},

Q = No(Na() \ {2}) \ {y} = Na(P)\ {y} and R = No(Na(Na(y) \ {z}) \
{y}) \ (NG(y) \ {x}) — Ne(Q)\ P. For z € V(G) and 1 < i < diam(G), define
Vol(i,x) = {z € V(G) : dg(z,x) = i}. Clearly, if g(G) > 8, then (Vg(i,z)) is
induced subgraph of G, for 1 < i < diam(G), and P C V5(2,7), Q C V5(3,x) and
R C Vg(4,z). This can be seen in Figure 2. If g(G) > 8, then Vi (1,2) = Ng(x),
Ve(2,2) = Ng (Ng(x)> \{z} = Na(Va (L, 2))\ {z} and V&(3,z) = N (NG(NG(:U))\
{a:}) \N¢(z) = Na(Va(2,2)) \{Na(z)}. For zy € E(G), we use n, and n, to denote
ng(zy|G) and ny(2y|G), respectively.

Observation 10. If g(G) > 8, then for 2y € E(G), |P| =da(y) — 1,

Ql=1-da(y) + > da(w), and (5.1)
IRl =da(y) =1+ > _da(z) — > da(w). (5.2)
ZEQ weP
Hence,
QI+ |R| = da(2). (5.3)

Z2€EQ
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C R=Q\P

\VAAVERVEAVA

(Q P\ {y}

AVERVERVAVA

P = Ng(y)\ {=}

Ve (4,x)

7

Ve (3, 2)

O
L/\_,/

Ve (2,2)

\\_/

N\

Ve(1,2)

e

Figure 2. The sets P, Q, R.

k k
For z € V(G), we can write V(u(GQ)) = {z,2',u} U U Ve(i,z) U U VE (i, ), where
i=1 i=1
V&G, z) = {7 e VI(G) : z € Vg(i,z)}. Also, we define (Ng(z)) = Ni(z) = {7 €
V'(G) : z € Ng(x)}.

Observation 11.  For =z € V(G), Va(l,z) = Ng(z), Va(2,z) = Ng(Na(z)) \ {z},
Va(3,2) = Ng (NG(Ng(:r)) \ {x}) \ Ng(z) and

Ve (1, z)| = da(z), (5.4)

Ve@a)l=[ Y do)] - da(a), (5.5)
teNg(z)

Ve@Ba)|=de(@)+ > da(s)— > da(b). (5.6)

s€Vg(2,x) teENg(x)
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Using these observations, we prove the following result.

5.1. PI index of u(G)

In this subsection, we obtain a formula for the PI index of u(G) when g(G) > 8. If
g(G) is at most 7, then PI(14(G)) becomes a complicated expression that involves
many parameters in G.

Theorem 12. If G is a connected graph on n vertices, m edges with g(G) > 8, then PI
index of u(G) is given by

PI,(u(G)) = 2n° + 6m + 4mn — Z [ Z de(t) |+
abeE(u(G)) LteNg(z)
a=z'eV’
b=u
S [Saet] -aot - 3 aoto]s
abeE(,u,(‘E;)) wePr sEVG(2,x)
a=zeE

b=y eV’

> [dc(m)Jr S odet)+ Y. dg(s)+2dg(z)].

abe E(u(Q)) tENg(x) seEVg(2,7) z€Q
a=z€V
b=yeV

Proof. Let diam(G) = k. By the definition of PI index of u(G),

PLG) = Y [ra(ablu(@)) +m(ablu(G))]- (57)

abeE(u(G))

For an edge ab € E(u(G)), we have three possibilities for a and b, that is, (1) a =
xeV(G),b=y € V'(G); (2) a=2"€eV'(G),b=u; (3) a=z€V(G),b=
y € V(G). Hence, the summation in Equation (5.7) can be divided into three sums
as follows.

PI,(1(G)) = Z [nm + ny/} + Z [nm/ + nu]

abEE(p(G)) abeE(p(G))
a=zeV a=z'eV’
b=y’ eV’ b=u
+ E {nm + ny} . (5.8)
abeE(u(G))
a=x€eV

b=yeVv
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Case 1. ab € E(u(G)) with a = 2 in V(G) and b = ¢’ in V'(QG).
Let A= {2} UVL(2,2)U (Vg(37$) \ Q) and

B=V(uG)\A={z,utu |J Vali,z)u (J ViG2)UQ.
s 55

Then for z € A,

2, ifze{z'}UVL(2,2);

dy(c)(w,2) = dye) (¥, 2) = {3 if z € (Va(3,2)\ Q).

For z € B,

if z = x;

if z=u;
if z € Va(1,2);
if z € VA(1, x);
if z € Vg(2,2);
if z€ @

if z € U Ve (i, x);
4<i<k

3, ifze U Vi, z),

3<i<k

d#(G) (.’L‘, Z) =

R R e U )

and

1, if z = u;

1, if z=wu;

2, if z € Vo (1, z);
Oor2, ifzeVLi(L,2);
duc) (', z) =< Lor3, ifzeVg(2 )

2, if z € @

3, if z € U Ve (i, x);
4<i<k

2, if 2 € U VL (i, x).
3<i<k

Therefore, d,c(z,2) = d,(y', 2), for every z € A and d,-(x, z) # d,-(y', z), for every
z € B. Then

1Bl =2+ (n —1- |VG(3,:U)|> + (n —1- |VG(2755)|) + Q)
=2n—|Ve(2,2)] — |Va(3,2)| + |Q|
=2n+1—-dg(y) + Z de(w) — Z de(s).

weP se€Va(2,z)
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Since ng + ny = |B|, then

Z {nm + ny/} = Z 2n+1—dg(y) + Z dg(w) — Z da(s)

abeE(u(G)) abeE(u(Q)) weP seVa(2,x)
r=x€V, a=zx€V
b=y'eVv’ b=y eV’

As there are 2m edges between V(G) and V'(G), we get

Z {nw + ny/} =4dmn+2m
abeE(u(G))

r=z€V
b=y’ eV’

+ “ZdG(w)}—dG(y)— > dG(S)} (5.9)

abeE(u(Q)) weP s€EVa(2,z)

Case 2. ab € E(u(@)) with a =2’ in V/(G) and b = w.
Let A= {z}UVg(2,z) and B =V (u(G))\ A= {u}U U Va(i,z) UV'(G). Then
1<i<k
i#2
for z € {x} U Vg(2,2), we have d, (7, 2) = 2 = djyg)(u, 2).
For z € B,
if z=ua';

if z=w;
if z € Vo(1,x);
if ze V/(G)\ {2'};

if z € U Ve (i, x),
3<i<k

du(G) (‘T/a Z) =

w N == O

and
if z=2a';

if z = u;

if z € Va(1,2);

if ze V/(G)\ {z'};
if z € U Va(i, x).

3<i<k

d,u(G) (’LL, Z) =

N = NN O =

Therefore, d,, (7', 2) = dy)(u, 2) for every z € A and d,g)(2',2) # dy)(u, 2),
for every z € B. Then
Bl =1+ ((n—1) - [Va(2,2)|) +n

=2n+dg(x) — Z dg(t), by Equation (5.5).
tGNG(x)
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Thus,

Y fen= X [znﬂzg ) dG}
)

abeE(u(Q)) abeE(u(G teNg(x)
a=z'€V’ a=z'eV’
b=u b=u
= > 2+ > dela)
abeE(u(G)) abe E(u(G))
a=z'eV’ a=z'€V’
b=u b=u

-2 ) dal)

abEE(/L(G)) teENg(z)
a=z'eV’
b=u

As there are n edges between V' and {u} and Z dg(z) = Z de(z) =
abe E(u(G)) zeV(G)
a::x:;)EV’(G)

we get -

3 {nz n nu] =’ rom— > Y del). (5.10)

abeE(u(G)) abeE(u(G)) teNg(x)
a=z'eV'(G) a=z'eV'(G)
b=u b=u

Case 3. ab € E(u(G)) with a =z in V(G) and b =y in V(G).

LetAz{u}U(Vg(él,x)\R)U(VG33:\Q) UVsz QV(’;(i,x)

3
and B =V (u(G)\ A= {z,2'} U | Ve(i,z) U U Vi, z) URUQ'.

=1 =1

Clearly, y € Vo(1,2) and y' € V4(1, 2).

For z € A,

4, ifzeVg(4,z)\R;
3, fzeViB,2)\Q;
4, if z 1, T);
du(c)(®,2) = duey (y,2) = ) 59ngVG(Z’m)’
3, ifze U Vi (i, x);

4<i<k

2, ifz=u.
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For z € B,

if z = x;

if z =y;

if z =a;

if z =1/;

if 2 € (Va(L,o)\ {u}) U (VAL )\ {y'});
ifze PUP';

if z € (Va(2,2) \ P) U (Va(2,2) \ P)";

if z € Vg (3, 2);

if z € R;

if z€ @,

d#(C;)(:B7 Z) =

W B WNDND =N = O

and
if z = x;

if z=uy;

if z =2a/;

if z=1y';

if > € (Va(L,)\ {u}) U (Va(L o)\ {y'});

ifze PUP;

if z € (Va(2,2) \ P) U (Va(2,2) \ P)';
or4, ifzeVe(3,z);

if z€e R;

if ze Q.

du(G) (yv Z) =

MCOMOJQP—‘[\DMHO)—‘

Hence, d, ¢ (z,2) = duc) (Y, 2), for every z € A and d,,q)(z, 2) # dye) (v, 2), for
every z € B. Then,

3 2
1Bl =2+ [Va(i, o) + Y [V&(i, )| + R+ 1Q'].
=1 =1
As [Va(1,2)| = dg(x), |[Va(i,z)| = |V4(, )| and |(Ne(z))'| = |[Na(x)|, we have

|B| = 2 + 2dg(x) + 2|Va(2,2)| + [Va(3,2)| + |R| + Q|
=2+dg(r) + Z da(t) + Z dG(5)+ZdG(z)'

teNg(z) se€Va(2,x) z€Q

As there are m edges in G, we have
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Z [nz + ny] =2m+ E {dg(:c) + E da(t) + Z da(s) + E dG(z):| .
abeE(u(G)) abe E(u(G)) teNg(x) seVa(2,z) 2€Q

a=z€V a=z€V

b=yeV b=yeV

(5.11)

Thus by Equations (5.9)—(5.11), we get

PL(u(G)) = dmn+2m+ Y “chw —daly) - Y dG<s>]
abeE(u(G)) weP . seVa(2,x)
a=z€V
b=y’ €V’
+2n?+om— > lz da(t)
abeE(u(G)) LteNg(z) J
a=z'€V’
b=u
+om+ > ldg(l‘)-l— o odet)+ > dg(s)—&-ch;(z)].
abeE(u(Q)) teNg(x) seVa(2,x) 2€Q
a=x€V
b=yeV
Hence, the result follows. O

As a consequence of Theorem 12, we calculate the PI index of u(G) when G is an
l-regular with g(G) > 8. First, we observe the following.

Observation 13. If G is an (-regular with g(G) > 8, then for zy € E(G),
|P|=0—1,|Q| =¢>—20+1 and |Va(2,z)| = £ — ¢. (5.12)

Corollary 4. If G is an {-regular graph on n vertices with g(G) > 8, then the PI index
of w(G) is given by

PL(u(G)) = 2n* (£ + 1) + nt(£* — 20 + 3).

Proof. By Theorem 12,

PIL,(u(G)) = 2n* + 6m + 4mn — Z l Z dg(t)]

abeE(u(G)) LteENg(z)
a=z'€V’
b=u
- [[zddw)}—daw— > dots)
abeE(;L(‘?')) weP seVa(2,z)
a=xe

b=y’ €V’
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+ > [dg(x)Jr Yo det)+ Y dG(s)JerG(z)].

abeE(u(G)) tENg(z) s€Va(2,z) z€Q
a=z€V
bzygV
As dg(v) = ¢, for every v € V(G) and m = %, we have

PI,(u(G)) =202 +6 (f) + 4n (’f) -y l > e]

abeE(u(G)) LteNg(x)
a=z'eV’
b=u

+ Y ] ¥
abeE(u(G)) L weP seVa(2,x)

a=z€V

b=y'eV’
T S e+24
abeE(u(G@)) L teNg(x) seVa(2,x) 2€Q

a=zeV

b=yeV
=202 + 300 +2m20 — Y {|Nc(x)|(£)]

abeE(u(G))
a=z'eV’
b=u

3] - o)
abeE(u(G)) L

a=z€V

b=y’ eV’
+ > e+ INc@)|(0) + [Va(2,2)|(0) + |Q|(€)].
abeE(u(@)) L

a=z€V

b=yeV

By Equation (5.12) in Observation 13, we get

PI(u(G)) = 20% + 3nl + 2020 — Y [z(e)]

abe E(u(G))
a=z'€V’
b=u

o 3 le-u]- e -]
ko |

+ ) [+ @+ [P+ [F-zzu](e)]

abeE(n(G)) L
a=zeV
b=yeV
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=2n% 300+ 2020 — Y m+ 3 lw%eﬂ

abeE(u(G)) abeE(u(G))
a=xz'€V’ a=z€eV
b=u b=y’ €V’
+ Y [2£3—2£2+2£ .
abeE(u(G))
a=z€V
b=yeV

As there are n edges between V' and {u}, there are 2m = nf edges between V and V'
and G has m edges, we get

PIL(u(G)) = 2n* + 3nl + 2n°C — (n) m + (nt) [262 — 20— 431

+ (%g) l2e3 DY Y

Hence, the result follows. O

By Corollary 4, we calculate the PI index of u(G) if G is a cycle of length n > 8.

Example 2. For n > 8, PI index of u(C,,) is given by
PI,(1(Cr)) = 6(n* +n).

5.2. PI index of u°(G)

In this subsection, we find a formula for the PI index of the complement of Mycielskian
of G.

Theorem 14. If G is a graph with n vertices and m edges, then the PI index of comple-
ment of u(G) is given by

PIL,(1°(G)) = 6n* — 6nm + 4M, (G)

+6 Y [do(@) +doy) - do(z A y)]

ab€E(u°(G))
a=z€V(G)
b=yeV(G)

+ Y [2de@) +da(y) - 2d0(z A )
abe E(u°(G))
a=z€V(G)
b=y'eV’(G)
Ay

-2 Z da(z Ay).

abeE(u®(G))

a=z'eV'(G)
b=y eV’ (G)
zyg E(G)



22 On some topological indices of Mycielskian graph and its complement

Proof. By the definition of PI index of u¢(G),

PLGAE) = Y [na(ablu(@) +na(ablp(@))].  (5.13)
abeE(ue(G))

For an edge ab € E(u°(G)), we have six possibilities for a and b, namely, (1) a = u,b =
zeV(G); 2)a=2ze€V(G),b=y € V'(G), withe =y; 3) a=2 € V(G),b=
y e V(Q), withe #y; 4)a=2e€V(G@),b=ycV(G); (5)a=2"€V'(QG),b=
y € V(G), withzy € E(G%; (6)a = o' € V(G),b =y € V'(G), with zy ¢
E(G®). Hence, the summation in Equation (5.13) can be divided into six sums as
follows.

PL,(p(G)) = Z [y + 1z + Z [Ny + Ny ] + Z [Nz + 1]
abeE(°(G)) abeE(p°(G)) abeE(u°(G))
a=u, a=z€V(G) a=z€V(G)
b:ZEV(G) b:y/EV’(G) b:y/EV’(G)
=Y T#Y

+ Z (N2 + ny] + Z [ner +mny| + Z [ + My ] (5.14)

abeE(u°(G)) abeE(u°(G)) abeE(u°(G))
a=z€V(G) a=z'€V'(G) a=z'€V'(G)

b=y€eV(G) b=y cV'(G) b=y'cV'(G)

zy€EE(G°) ry¢E(G)

It is easy to observe that if z,y € V(G), then

[n—2] —dg(z) —da(y) +da(z Ay), if zy € E(G);

. (5.15)
n—dg(z) —da(y) +da(z Ay), if 2y & E(G°).

dge(z ANy) = {
By the definition of first Zagreb index of G¢, M;(G¢), we have

MG = Y [dae(u) +dge(v)] = > dge(v) (5.16)
)

uwweE(G®) veV (Ge

3" (1) —de()]? by [V(G)| = [V(G)| = n,

veV(G)

= Z [(n—1)* 4+ d&(v) — 2(n — L)dg(v)].

veV(G)

As Z dg(v) = 2m and Z d%,(v) = M, (G), we have
veV(G) VeV (G)

My (G®) =n® — 2n% + n — dnm + 4m + M, (G). (5.17)
Case 1. ab € E(u°(G)) with a =w and b =2 € V(G).

Let A = Nge(z) U (V'(G)\Nge[z]) and
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B=V(@(G)\ A= {uz1'}U (V(G)\Ngc [x]) U Nge ().
Then for z € A,

1, if z € Nge(2);

d,e u,z) =d,e T,2) =
ue(@) (1 2) = dye(6) (2) {2, 2 € V/(G)\Nb.[a].

For z € B,
2, if z € Nj(z);
1, ifz€ V(GQ)\ Nge[z];
dyey(u,2) = €0, if 2=
1, ifz=ux;
2, ifz=2a,
and
1, ifze Ni(x);
2, if zeV(G)\ Nge[z];
dyeey(z,2) =1, if 2 = w
0, ifz=ux;
1, ifz=2a"

Therefore, every vertex of A is equidistant from the edge ux, and every vertex in B
is non-equidistant from the edge ux. Then,

Bl =3+ (n— (dge(2) +1)) +dae(z) = n +2.

Therefore,

Z [nu—knm} = Z [n—|—2}.
abeE(u°(Q)) abeE(u°(Q))
a=u a=u

b:xGV,(G) b:xEV,(G)

As there are n edges between V' and {u}, we get

Z [nu + ng;} = Z [n + 2} =n[n+2] =n®+2n. (5.18)

abelg‘(:uJ(G)) abelg(:uJ(G))
b=z€V(G) b=z€V (G)

Case 2. ab€ E(u°(@)) witha=2 € V(G),b=19y' € V'(G) and = = y.

Let A = Nge(y) UNGe(y) U (V(G) \ (Ngely]) and
B=V(E(G)\A={uyy} UV (G)\ Ngelyl.
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For z € A,
1, if 2 € Nge(y) U Nge (y);
due(ey(y,2) = dye(y(y', 2) =
we(@) (Y, 2) = dpuea) (V' 2) {2, if 2 € V(G)\ Ngey].
For z € B,
2, if 2 € V'(GQ)\ N[yl;
p . 2) 1, ifz=u;
c ,Z ==
ue(@HY 0, ifz=uy;
1, ifz=¢v,
and
1, ifzeV'(G)\ Nslyl;
2 if 2 =u;
dueiey (', 2) =4 ’
w(@ %) 1, ifz=y;
0, ifz=4¢"

Therefore, every vertex of A is equidistant from the edge yy’ and every vertex in B
is non-equidistant from the edge yy’. Then

1Bl =3+ (n— [dGc(y)+1]> =34t n—dg(y) —1=2+n—de(y).

Thus,

Z [ny + ny/] Z {2 +n—dge (y)}

abe E(u*(G)) abEE(°(G))

a=z€V(G) a=z€V(G)

b=y’ €V’ (G) b=y €V'(G)

T=y =Y
= > - X detw)
abeE(n°(G)) abeE(u°(G))
a=z€V(G) a=z€V(Q)
b:y;cez‘;’(G) b:y’f:‘;'(G)

As there are n edges between V and V' with yy’ € E(u°(G)) and Z dge(y) =

yeV(G)
2|E(GY)| = 2[(;) —m] =n® —n — 2m, we obtain
Z {ny + ny/} =n[2+n] — [n® —n —2m] = 3n+ 2m. (5.19)
abeE(n°(G))
a=z€V(G)

b=y eV'(G)
=Y
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Case 3. abe E(u°(G)) witha=2 € V(G), b=y € V'(G) and = # y.
Clearly, zy,z'y,yy', z2’ € E(u°(G)). Let

A= (&'} U (e A U (V) [Nar(0) UNG-()] ) U (N o) \ (0'}) and
B = V() \ A= {0/} U (Nau(o)\ [Nawe ) U (0}] )
0 (Mot [Ne (e ) U (o] ) U (V6 \ Nelo]).
For z € A,

B , )1, ifz€Nge(zAy)U (Nge (@) \ {y'}) u {2, y};
dyeay(x,2) = dyey (Y, 2) = {2, if 2 € V(G)\ [Nee(w) U Nee(y)].

For z € B,
1, if z € Nge(2) \ [Nae(z Ay) U{y}];
2, if 2 € Nge(y) \ [Nge(z Ay) U{z}];
2, if ze€ V'(G)\ Nji.|z];
duc(G)(xvz) = . ¢
1, if z=uw;
0, ifz=uxa;
1, ifz=4q,
and
. if 2 € Nge(z) \ [Nge(z Ay) U {y}];
, if 2 € Nee(y) \ [Nae(z Ay) U{z}];

2

1

1, ifzeV/'(G)\N, c[a:],
2, if z=u;
1

0

duC(G’) (ylv Z) =

, ifz=uax;

, ifz=4.

Therefore, every vertex in A is equidistant from the edge zy’ and every vertex in B
is a non-equidistant vertex from the edge xy’. Then

Bl = 3+ [dae(x) - (dae (2 A ) + )] + [dae () — (dge(w A y) +1)]
+ [n— (de-(z) + 1)
=n+dge(y) — 2dge(z N y).
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Therefore,

Z [ng + ny] = Z [n +dge(y) — 2dge(xz A y)]

abe B (G)) abe (e (G))
a=z€V(G) a=z€V(G)
b=y’ eV'(G) b=y'eV'(G)
Ty Ay
= Z n+ Z [dae(y)] — 2 Z |:dG(: (x A y)} .
WEEG(G))  abeB(u(Q)) abe B(u* (G))
a=z€V(G) a=z€V(G) a=z€V(G)
b=y'eV'(G) b=y'eV'(G) b=y eV'(G)
Ty z#yY T#Y

As there are 2((%) — m) edges between V and V' in p(G) with respect to this case
and dge(y) =n — 1 —da(y),

Z [ng +ny] = (nQ,n—Qm) [n] + Z [nf lfdc(y)]

abeE(p°(Q)) abeE(u°(G))
a=z€V(G) a=z€V(G)
b=y’ eV'(GQ) b=y eV'(G)
z#y TFyY
-2 Z [dgc (z A y)]
abe E(1°(G))
a=z€V(G)
b=y eV'(G)
TF#Y
=n®—n?—2mn+ (n2 —n— Qm) [n—1] — Z [dg(y)}
abeE(u°(G))
a=z€V(G)
b=y'eV'(Q)
TF£y
-2 Z [dcc (z A y)} .
abe E(u°(G))
a=z€V(G)
b=y €V'(G)
TF#Y
By Equation (5.15), we have
Z [N +ny] =2n® — 3n® — dmn +n + 2m — Z {dg(y)}
abeE(p(G)) abeE(p(G))
a=z€V(G) a=z€V(G)
b=y’ eV'(G) b=y’ eV'(G)
zFy zEy
—2 Y [n-2-da() — daly) + da(x Ay)]
abeE(p(G))
a=z€V(G)
b=y eV'(G)

T#Y
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=2n% —3n? —4dmn+n+2m — Z [dc(y)]
abe E(p(G))
a=z€V(G)
b=y’ eV'(Q)
zFyY

—2(n*=2m—n)[n—2] + Z [ng(x) +2dg(y) — 2dg(z A y)} .
abe B (G)
a=z€V(G)
b=y eV'(G)
THY

Hence,

Z [ng +ny] =3n? — 3n — 6m + Z {2dG(x) +da(y) — 2dg(z A y)} .

abeB(u°(G)) abeE(uf(G))
a=z€V(G) a=z€V(G)
b=y’ €V’ (G) b=y’ €V’ (G)
Ty TF#Y

(5.20)

Case 4. ab € E(u(G@)) witha=2 € V(G) and b =y € V(G).
By the definition of pu¢(G), zy', 2'y, za’,yy’ € E(u°(G)). Let

A={u,2",y'} UNge(z Ay) UNGe(z Ay) U (V(G) \ [Nge(z) U Ngc(y)])U
(V’(G) \ [NGe(z) U NGe (y)]) and

B = V(a6 \ A = (Nex(0)\ Nax(o 1) ) U (Non )\ NG ) )
(Mo )\ [Necle A U 1)) U (Mo )\ [NE e AU 0],

For z € A,

if z € Nge(z Ay) U NGe(z A y);

if z€e V(Q)\ (NGC($> U NGC(?J))?
if 2 € V/(GQ)\ (Nge(z) UNGe(y));
, ifze{u, 2y}

d/ﬁ(G)(x7 Z) = duc(G)(y7 Z) =

=N N =

For z € B,

=
w
m
2
Q

U {y}];
U {y'}];
U {z}];
U {a'}];

=Q
N
m
X
o

duC(G) (JC, Z) =

= O N N ==

-
w
|
=
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and
2, if 2 € Nge(z) \ [Nae(z Ay) U {y}];
%, if 2 € Nju () \ [N (o A ) U {o/)];
Ao (. 2) = 1, if 2 € Nge(y) \ [Noe(z Ay) U {z}];
K@ 1, ifze NG (y)\ [Noe(z Ay) U {a'}];
1, ifz=u;
0, ifz=uy.

Therefore, every vertex of A is equidistant from the edge xy and every vertex in B is
non-equidistant from the edge xy. Then
1Bl = [dg-(x) — dae (v A y)] + [do-(y) — do=(x A )| + [de () = dae(z ny) — 1]

+ [dGC (y) —dge(x Ny) — 1}
= 2dge(z) + 2dge(y) — 4dge(z A y) — 2.

Therefore
Z [N +ny] = Z [2dGc () + 2dge(y) — ddge(x AN y) — 2}
ab€E(p(G)) ab€E(p(G))
a=zeV(G) a=z€V (G)
b=yeV(G) b=yeV(G)
S {dGc(x) +dge(y) — 2dge(z A y)} - Y @
ab€E(p(G)) ab€E(p(G))
a=z€V(Q) a=z€V(G)
b=yeV(G) b=yeV(G)

As there are [(g) - m} edges in G°, Z [2] = n? —n — 2m. Therefore,

abeE(r*(G))
a=z€V(G)
b=yeV(QG)

Z [ng +ny) =2 Z [dGc (z) + dge(y) — 2dge(z A y)] - [(n2 —n—2m)
abeE(n°(Q)) abeE(u°(G))
a=z€V(G) a=z€V (G)
b=yeV(G) b=yeV(Q)

=n+42m—n?+2 Z [dGc(z’) + dGc(y):| —4 Z dge(z Ny)

abeE(p(G)) abeE(p(G))
a=z€V(G) a=z€V(G)
b=yeV(G) b=yeV(G)
=n+2m—n?+2M;(G) — 4 Z dge(xz Ny), by Equation (5.16).
abeE(p(G))
a=z€V(G)

b=ycV(G)
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By Equations (5.15) and (5.17), we get

Z [nx—|—ny]:n—|—2m—n2+2[n3—2n2+n—4nm+4m+M1(G)}

abeE(p°(GQ))
a=z€eV(G)
b=yeV(G)

—4 Y [p-2-dae) - daly) + da(z Ay)]
abeE(u°(G))

a=z€V(G)

b=yeV(G)

=2n® —5n° +3n+10m — 8mn + 2M (G) =4 > [n—2+
abeE(1°(G))

a=z€V(G)
b=yeV(QG)
1Y [del@) +daly) - de(a ny)]
abe E(n°(G))
a=z€V(G)
b=yeV(G)

1
=2n® — 5n? + 3n + 10m — 8mn + 2M;(G) —4(2[n2 —n— 2m])[n—2]—|—

1Y [dole) +dats) ~ date nn). sinee [5G = | (5) < m].

abe B(1°(G))

a=z€V(G)
b=yeV(G)
Hence,
Z [ne +ny] = n® —n — dmn + 2m + 2M; (G)
abeE(u®(G))
a=z€V(GQ)
b=yeV(G)
+4 > [da(x) +da(y) —da(z Ay)). (5.21)
abeE(p(G))
a=z€V (G)
b=yeV(G)

Case 5. ab € E(u°(@)) witha=2' € V/(G), b=1vy' € V'(G) and xy € E(G°).
Let A = {u,z,y} UNge(z Ay)U (V(G)\ [Nee(z) UNge(y)]) U (V/(G)\ {2,y'}) and

B=V((G)\ A = {z',y/} U (Nccm \ [No-(z Ap) U {y}]) U (NGC )\ [Nae(z A y) U {m}]).
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Then for z € A,

1, if z € Nge(z Ay);
2, ifze (V(G)\ [Nge(z)UNge(y)]);
dye(cy (@', 2) = dyey (¥, 2) =S 1, if 2 € VI(G)\ {2, y'};
2, if z=w;
1, ifz € {x,y}.
For z € B,
1, if 2 € Nge(2) \ [Nge(z Ay) U{y}];
2, if 2z € Nge(y) \ |Nge(z Ay)U{z}|;
duu(G)(w/,Z) = . , [ }
0, ifz=2a
1, ifz=4v,
and
2, if 2 € Nge(z) \ [Nee(z Ay) U {y}];
, 1, if z € Nge(y) \ |Nge(z Ay) U{x}|;
ducey(y',2) = . , M =]
1, if z =2,
0, ifz=y"

Therefore, d,eq)(2',2) = dye)(y',2) for every z € A and d,eq(2',2) #
dye(ey (', 2) for every z € B. Then

IB| =2+ (dGc(x) — [dge(z Ay) + 1]) + (dac(y) = [dge(z Ay) + 1])
= dge(x) + dg-(y) — 2dge(z A y).

Therefore,

abeE(p(Q)) abeE(p(G))

a=z'€V'(G) a=z'eV'(G)

b=y'eV'(Q) b=y'eV'(G)

zyeB(G®) zy€E(G°)
= Y |le@+dam] -2 > deleny)
abeE(p(G)) abeE(p(G))
a=z'€eV'(QG) a=z'eV'(QG)
b=y'eV'(G) b=y'eV'(G)
zyeE(G°) zy€E(G°)

= M (G°) —2 Z dge(z N y), by Equation (5.16).

abeE(p°(Q))

a=z'eV'(G)
b=y eV’ (G)
zyeE(G°)
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By Equations (5.15) and (5.17), we have

Z [nw/ + ny/} =M (G°) -2 Z dge(z ANy)

abeE(p®(G)) abeE(u®(G))

a=z'€V'(Q) a=z'eV'(G)

b=y’ eV'(G) b=y’ eV'(G)

ry€E(G®) ryeE(GY)

:[n3_2n2+n—4nm—|—4m—|—M1(G)]—2 Z {n—Q]

abE B (G))
a=z'eV'(Q)
b=y'eV'(G)
zy€EE(G°)

+2 Z lda(z) + daly) — da(z Ay)].
abeE(p°(Q))
a=z'eV'(G)
b=y’ eV'(G)
zy€EE(G®)

As there are (g) — m edges in G,

Z [nm/—kny/] = [n® — 2n® + n — dnm + dm + M;(G)]

abeE(n(G))
a=z'eV'(G)
b=y €V’ (G)
zye€E(G®)
L
—2[5[ —n—2m]} [n—2}
+2 > da(x) +da(y) — de(z Ay)].
ab€E(u(G))
a=2'€eV'(Q)
b=y'eV’(QG)
zy€EE(G°)
Hence,
Z [nm/ +ny/} :n2fn72nm+M1(G)
ab€E(u°(G))
a=z'eV'(G)
b=y eV'(G)
Tzy€E(G®)
+2 Y [da(@) +da(y) — da(z Ay)). (5.22)
abeE(u°(Q))
a=z'€eV'(G)
b=y'€V’'(G)
ry€E(G)

Case 6. ab € E(u°(G)) with a =2’ € V/(G), b=y € V/(G) and zy ¢ E(G°).
Let A = (ubUN-(2A9) U (VIO [Ne-(0)UNe- () U] ) U (VI (')
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and B =V (u“(G)\A = {z,y,2,y' }U (Ngc ()\Nge (ac/\y)) u (NGC (y)\ Nge (x/\y))
For z € A,

1, if z € Nge(x A y);
2, ifz€V(G)\ [Nge(z) UNge(y) U{z,y};
duC(G)(z/az) - duc(G)(y/vZ) - . , [ ;o ]
L ifzeVI(G)\{z, v}
2, if z=u.
For z € B,

1, if 2 € Nge(z) \ Nge(z Ay);
2, if 2z € Nge(y) \ Nge(z Ay);
0, ifz=ua;

dpecen(2',2) =< ’

ne(@) ) 1, ifz=1y";
1, ifz=u;
2, ifz=y,
and

2, if z € Nge(z) \ Nge(z A y);
1, if 2 € Nge(y) \ Nee(z A y);
1, if z =2a;

de "2)=S" '

we(@) (/%) 0, ifz=41;

2, if z=ux;
1, ifz=y.

/

Therefore, dyec)(2',2) = dye)(y',2z) for every z € A and de(2',2) #
dye(cy (Y, ), for every z € B. Then,

1Bl =4+ [dgc(x) —dge(a A y)} + [dge(y) — dge(z A y)]

=4+ dge(x) + dge(y) — 2dge(z N y).

Therefore,
S wnl= Y [4 + dge (2) + dee(y) — 2dge (z A y)]

abe E(u®(G)) abeE(1°(G))

a=z'€V’'(G) a=z'eV’(G)

b=y’ eV'(G) b=y’ eV’ (G)

zy¢ E(G) 2y E(G°)
= > MW+ DY [de@+de@)]-2 > da(zAy)

abeE(pu(Q)) abeE(u(Q)) abeE(u(Q))
a=z'€V’(G) a=z'€V’'(G) a=z'eV’'(G)
b=y eV’ (G) b=y’ eV'(G) b=y eV’ (G)

zy¢E(G°) zy¢E(G°) TY¢E(G°)
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As [{ab € E(u°(Q)) :a=2a" €e V,b=y € V' ay € E(G)}| = m and dg-(x) =
n—1—dg(x), we have

S eyl =mi Y {(n —1=dg(®)) + (n—1-da(y))
)

abeE(p(Q)) abeE(p(GQ)
a=z'€V’(G) a=z'€V’'(G)
b=y eV'(Q) b=y'eV'(G)
zy¢ E(G°) zy€E(G)
-2 Z dge(z ANy)
abeE(p°(G))
a=z'€V’'(G)
b=y eV’ (G)
Ty E(G°)
=4m+ Z [2n— 2 —dg(z) — da(y)] — 2 Z dge(x A y).
abeE(uc(G)) abeE(u(Q))
a=z'€V’(G) a=z'eV’'(G)
b=y V' (G) b=y'eV'(G)
zyeE(G) zy¢B(G)

By Equation (5.15),

Z [nar +ny] = 4m +m2n — 2] — Z [d(z) + da(y)]
abeE(p(G)) abeE(p°(G))
a=2'eV'(Q) a=z'eV'(G)
b=y eV'(G) b=y eV'(G)
zy¢ E(G°) zycE(G)
-2 Z [n —da(z) — da(y) + da(x Ay)]
abEE G (G))
a=z'eV'(Q)
b=y’ eV'(G)
zy€E(G)
=4m+ m[2n — 2] — Z [da () + da(y)]
abeE(p(G))
a=z'eV'(QG)
b=y eV'(G)
zy€E(G)
-2 Y [nl+2 Y [de(z) +da(y)]
abeE(u°(G)) abeE(n*(G))
a=z'eV'(Q) a=z'€V'(G)
b=y’ €V’ (Q) b=y’ €V’ (G)
zy€E(G) zy€E(G)
-2 Z da(x ANy).
abeE(p® (@)
a=z'eV'(G)
b=y'eV’(QG)

zy€E(G)
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By the definition of the first Zagreb index of G,

Z [nar + ny] = 4m +m[2n — 2] — M1 (G) — 2(m) [n]

abeE(p(G))

a=z'eV'(G)
b=y'eV'(G)
zy¢E(G°)

2@ -2 Y del@ny)
abeE(u®(G))
a=z'€V'(G)
b=y'eV'(G)

zy€E(Q)
Hence,
Z [Nar + Ny ] =2m + My (G) — 2 Z de(z A y). (5.23)
abeE(p(Q)) abeE(p(Q))
a=z'€V'(Q) a=z'eV'(G)
b=y'eV’'(QG) b=y'€V’'(Q)
ry¢ E(G) zy€E(G)

By Equations (5.18)—(5.23) and
> |dal@) +daly) —de@ny)] = Y [de(@) + daly) - da@ Ay)],

abe E(u°(G)) abeE(uf(G))
a=z€V(GQ) a=z'eV’(Q)
b=yeV(G) b=y’ eV’ (G)
Ty€E(G®)
then the result follows. O

As a consequence, we calculate the PT index of ;°(G) when G is an {-regular.

Corollary 5. If G is an {-regular graph on n vertices, then PI index of u°(G) is given by

PL(u*(G)) = [120 + 6]n® — [0+ 9nl —6 > [dG(My)]

abe E(p®(G))
a=z€V(G)
b=yeV(G)
-2 ¥ [d(;(ac A y)] -2 ¥ [dc(x A y)]. (5.24)
abeE(u°(Q@)) abeE(u°(G))
a=zeV(G) a=z'€V’(G)
b=y €V’ (G) b=y'eV'(G)
zFy ryg E(G)

In particular, if G is an £-regular graph on n vertices and triangle-free, then

PI,(u°(G)) = [12¢ + 6]n* — [5¢ + 9]ne.
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Proof. By Theorem 14,

PL,(1°(G)) = 6n° — 6nm +4M (G) +6 > [dc(x) +dg(y) — da(z A y)}

abeE(1(G))
a=z€V(G)
b=yeV(QG)

+ Y [de@ tdal) ~2da@ry)] -2 Y daleny).
abEB(1° (@) abeE(i° (G))
a=z€eV(G) a=z'eV'(G)
b=y’ €V’ (G) b=y’ €V'(G)

vy Y ¢ B(G*)

As dg(v) = ¢, for every v € V(G), m = % and M, (G) = n(?,

PL(45(G)) = 6n% — 6n ("j) +a(ne)+6 Y [m + [0 - da(z A y)}

abeE(p(G))
a=z€V(G)
b=yeV(G)
+ Y [2[£]+[z]—2dg(my)} 2 Y de(xAy)
abeE(n°(G)) abeE(u®(G))
a=zeV(Q) a=z'eV'(G)
b=y eV'(G) b=y’ eV'(G)
z7y zy¢ E(G)
=6n° —3n*+4n>+6 > 20-6 > [da(zAy))
abeE(p°(G)) abe E(p°(G))
a=z€V(G) a=z€V(G)
b=yeV(QG) b=yeV(G)
SO B Y deerwl 2 Y ety
abeE(p°(Q)) abeE(p°(Q)) abeE(p(Q))
a=z€V(G) a=z€V(G) a=z'€V'(G)
b=y €V'(G) b=y €V'(G) b=y’ €V’ (G)
T#Y T#Y zy¢ E(G°)

As G€ has ((’;) — m) edges, there are n? —2m —n edges between V and V' such that
vy’ € E(p(G)) with  # y,

PL(1(G)) = 61 — 3020 + 4nf® + 6 (%W —— 2m]> R0-6 S [da(zAy)]

abeE(u®(G))

a=z€V (G)

b=yeV(G)

+(?=2m-n)30-2 > ldelzAy)]-2 Y [dalzry).

abeBE(p(G)) abeE(u®(GQ))
a=z€V(G) a=z'€V'(G)

b=y €V'(G) b=y'eV’(G)

T#Y zy¢E(G°)

Next, if G is an {-regular with triangle-free, then we have dg(z A y) = 0. The result
follows from Equation 5.24. O
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By Corollary 5, we calculate the PI index of u¢(G) if G is a cycle of length n > 3.

Example 3. For n > 3, PI index of u°(C.,) is given by
PIL,(u(Cy)) = 30n° — 38n.
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