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Abstract: A (p,m,n) signed graph S, is a signed graph of order p with m positive
edges and n negative edges. In this paper, we first prove a few basic results on vertex
labelings of paths. We use these results and a sequence of lemmas to obtain a char-
acterization of additively graceful signed paths. We prove that, apart from exactly 4
exceptions, additively graceful signed paths are characterized by the signed paths con-
taining at most one negative section with n < 2. We also establish a characterization of
additively graceful signed cycles. We prove that a (p, m,n) signed cycle S is additively
graceful if and only if one among the following 4 conditions are satisfied, @ n = 0 and
m=0or3 (mod4), @n=1landm=1or2 (mod4), dn=2, m=1or2 (mod 4)
and S contains a single negative section, @ S is the all negative signed cycle on C3.
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1. Introduction

In all our discussions, a graph G shall mean a finite nonempty set of objects called
vertices together with a set of unordered pairs of distinct vertices of G called edges.
The vertex set and the edge set of G are denoted by V(G) and E(G) respectively
whereas their cardinality is denoted by p and g respectively. In this case G is called a
(p,q) graph. All basic terminology of Graph Theory that we shall use, can be found
in Chartrand and Lesniak [3].
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2 Characterizations of additively graceful signed paths and cycles

An injective map from V(G) to Z is called a vertex labeling of G while an edge
labeling is an injective map from E(G) to Z. Although vertices and edges may be
labeled independently, we will be interested in associating with a vertex labeling an
edge labeling as follows. Given a vertex labeling f : V(G) — Z, we obtain the induced
edge labeling f* : E(G) — N by setting f*(uv) to be |f(u) — f(v)|. The edge labels
thus obtained are called induced edge labels.

Observation 1. If f is a vertex labeling in graph G, then for any integer k, the vertex
labeling g = +f + k satisfies f* = g*.

We denote max,cv (q) f(v) by My(G). Then M;(G) — f is called the complementary
labeling of f. Observe that the values of the vertex labels in the complementary
labeling also do not exceed My (G). In our discussions we will say that vertex labels
Iy and Iy are adjacent if there exists adjacent vertices v; and ve such that f(v1) =3
and f(vy) = ly. Similarly we can define adjacent edge labels. We will say that a
vertex or an edge is odd or even if the label assigned to it is so.

Rosa [1] defined the concept of a S-valuation and Golomb [4] subsequently called it
graceful labeling.

Definition 1. Let G be a (p, q) graph. A graceful labeling of G is an injection f : V(G) —
{0,1,...,q} such that when each edge uv is assigned the label f*(uv) = |f(u) — f(v)|, the
resulting edge labels are all distinct. A graph which admits such a labeling is called a graceful
graph.

Hegde [5] introduced the concept of additively graceful graphs. He gave a lower bound
on the number of edges of such graphs and characterized additively graceful complete
graphs. Building on this work, J. Pereira et al. [6], generalized the concept by defining
additively graceful signed graphs. A (p,m,n) signed graph S is a (p, ¢) graph in which
certain m edges are specified as positive and a certain n edges are specified as negative.
We denote the sets of positive and negative edges in S by ET and E~ respectively
and the corresponding edge induced subgraphs by (E™) and (E~). A component of
(E7) is called a negative section in S while a positive section in S is a component of
(ET). In diagrams of signed graphs we will use a solid line to represent a positive
edge while a dashed line shall represent a negative edge.

O RO O—O

Figure 1. Signed graph S with 2 negative sections and 1 positive section.
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Definition 2. Let S = (V, E) be a (p, m,n)-signed graph. An additively graceful labeling
of S is an injective mapping f: V — {0,1,...,m+ [@]} with the induced edge function
defined as f*(uv) = f(u) + f(v) ,¥V wv € E~ and f*(wv) = |f(u) — f(v)| ,V wv € ET;
satisfying {f*(uwv) :wv € B~} = {1,2,...,n} and {f*(w) : wv € ET} = {1,2,...,m}. The
signed graph which admits such a labeling is called an additively graceful signed graph.

In this paper we prove a few basic results on vertex labelings of paths. We use these
results along with Theorem 8 as building blocks to construct additively graceful
labelings of signed paths, which lead to a characterization of additively graceful
signed paths. We subsequently establish a characterization of additively graceful
signed cycles.

We state below a few results from the literature on graceful graphs followed
by two theorems obtained in [6], which we will use.

Theorem 2. [4] Suppose f : V(G) — Z is a vertex labeling of a graph G and suppose
the induced edge labels on each edge uv are given by f*(uwv) = |f(u) — f(v)| then, the sum of
edge labels around any circuit in G is even.

Theorem 3. [1, 4] If G is a graceful eulerian graph of size q, then ¢ =0 or 3 (mod 4).
Theorem 4. [1, 4] The cycle Cy is graceful if and only if p =0 or 3 (mod 4).
Theorem 5. [1, 4] Fvery non-trivial path is graceful.

Theorem 6. [6] If a signed graph S is additively graceful, then the sum of all edge labels
of any circuit C in S is even.

Theorem 7. [6] If a (p,m,n) eulerian signed graph is additively graceful then m?* 4 n? +
m+n=0 (mod 4).

While constructing labelings on graphs we can often reduce the problem at hand
to that of finding a graceful labeling with some additional conditions. Working on
m-representations and a-labelings Cattell [2] gained the following control on graceful
labelings of paths.

Theorem 8. [2] Given a path P, and any vertex v in P,, there exists a graceful labeling of
P, in which v has label i, for any i € {0,1,...,p— 1}, whenever at least one of the following
conditions is met:

® D is even,
e p=>5o0r9 (mod 12),

e v is in the larger of the two partite sets of vertices,
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oi;ép—gl.

It follows immediately from Theorem 8 that for any ¢ € {0,1,...,p — 1}, a graceful
labeling of path P, can be obtained such that label 7 is assigned to an end vertex, a
fact which we will use in Sections 2 and 3.

2. Some Basic Results

Throughout this paper, for a signed graph S, with a vertex labeling f, we will
use the notation f(wq,ws,...,wk) to denote the ordered tuple of vertex labels
(f(wr), f(wa),..., f(wy)) where wy,ws,...,w; are some distinct vertices in S. In
particular for the path S = v, v2,..., vy, with a vertex labeling f, we will use the
notation f(S) to denote the ordered tuple of vertex labels (f(v1), f(v2),..., f(vp)).
The following are a couple of very basic observations, but we state them here since
they will be used repeatedly in our discussions. Observation 9 follows directly from
the definition of graceful graph and additively graceful signed graph.

Observation 9. If a graph G is graceful then as a signed graph with n = 0 it is an
additively graceful signed graph.

The converse of Observation 9 may not hold since the definition of additively graceful
signed graph with n = 0 allows m + 1 to be a vertex label. Also since 0 4+ 1 and
0+ 2 are the only ways in which 1 and 2 can be expressed as the sum of two distinct,
non-negative integers, we obtain Observation 10.

Observation 10. In an additively graceful labeling of a signed graph S having two or
more negative edges, the negative edges labeled 1 and 2 must be adjacent to the vertex
labeled 0.

We now prove that there is a natural bijective correspondence between signed graphs
with exactly one negative edge, which admit an additively graceful labeling and a
particular sub-class of signed graphs with exactly two negative edges, which admit an
additively graceful labeling. This means that if we can obtain a characterization of one
of these classes of labeled signed graphs then we immediately have a characterization
of the other.

Theorem 11. A signed graph S, with ezactly one negative edge (a,b) is additively graceful
if and only if the signed graph T, obtained from S by performing an elementary subdivision
of the edge (a,b) into an all negative path (a,c,b) is additively graceful.

Proof.  Suppose S admits an additively graceful labeling f. Then f(a) and f(b) must
be 0 and 1. Now define the required additively graceful labeling g of T" as follows:
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g(v):{o ifv=c.

f(v) +1 otherwise.

Conversely, if T admits an additively graceful labeling g, then by Observation 10,
g(a) and ¢g(b) must be 1 and 2 while g(c¢) = 0. Now obtain the required additively
graceful labeling f of S by defining f(v) = g(v) — 1, V v € V(95). O

The next result in this section is about graphs rather than signed graphs but is
essential to our proof of the characterization of additively graceful signed paths in
Section 3. Besides the ability to fix a particular vertex label as in Theorem 8 we may
want to avoid a particular vertex label. Theorem 12 allows us to do so in certain
cases.

Theorem 12. For each i = 0,1,2,p — 2,p — 1, except for (p,i) = (4,2), the path Pp,
p > 3 admits a vertex labeling f : V(P,) — R,,, where R, = {0,1,...,p} — {i}, satisfying,

1. f(B(P)) = {1,2,...,p—1}.

2. The smallest vertex label is assigned to an end vertex.

Proof. Let P, =wvy,vs,...,vp with p > 3.

Case 1. 1 =0.

By Theorem 8, P, admits a graceful labeling g with g(v1) = 0. Define f(v;) = g(v;)+1
for j =1,2,...,p. It can be easily verified that f(V(P,)) = Rg and conditions (1)
and (2) are satisfied.

Case 2. i =1.

By applying Theorem 8 to P,_; = v1,v2,...,Vp—1, We can get a graceful labeling
g:V(Pp—1) = {0,1,...,p—2} such that g(v,_1) = p—3. Now define f : V(P,) — R}
by, f(vp) = 0 and f(v;) = g(v;) +2 for j =1,2...,p— 1. It can be easily verified
that f(V(P,)) = R, and conditions (1) and (2) are satisfied.

Case 3. 1 = 2.

We first show that the result is impossible for the case (p,i) = (4,2). Suppose Py
with i = 2, admits a vertex labeling with codomain R = {0, 1, 3,4} and satisfying
condition (1). The vertex labels 1 and 3 must be adjacent to obtain edge label 2.
We cannot have adjacent vertex labels 0 and 4 as it would result in an edge label 4.
Hence one among the vertex labels 0 and 4, must be adjacent to 3 and the other to
1. In either case we would obtain repeated edge labels, violating condition (1) and
hence giving a contradiction.

Now consider P,, p # 4. We prove the result by induction on p. For the cases
p=3,5,6,7,8 and 10, the required labeling f(P,) is given by (0, 1, 3), (0, 3, 1, 5, 4),
(0,4, 1,6,5,3),(0,6,1,5,3,4,7), (0,7, 1,6, 3, 5, 4, 8 and (0, 9, 1, 8, 3, 7, 10,



6 Characterizations of additively graceful signed paths and cycles

4, 6, 5) respectively. Now assume that the result is true for a path with p vertices
and consider the path P,i ¢ = v1,v2,...,Vp46. By the induction hypothesis, the
subpath P, = v1,v2,...,v, has a labeling f : V(P,) — Rf) satisfying conditions (1)
and (2). Without loss of generality assume f(v,) = 0. Define h : V(Pyy6) = R34
by h(Vpt1,Vpt2s---5Vpt6) = (P +5,5,p+6,1,p +4,0) and h(v;) = f(v;) + 3 for
j=1,2,...,p. It can be easily verified that h has range Rf, 16 and satisfies conditions
(1) and (2).

Case 4. i =p—2.

We have seen that (p,7) = (4,p — 2) is an exception. For P,, p # 4, we again proceed
by induction on p. For the cases p = 3,5,6,7,8 and 10, the required labeling f(P,) is
given by (0,2, 3), (0, 1,5, 2, 4), (0,1, 6,2, 5,3), (0, 3,4,2,6,1,7), (0,4, 3,5 2,7, 1,
8) and (0, 5, 6, 4, 7, 3,9, 2, 10, 1) respectively. Now assume that the result is true for
a path with p vertices and consider path P, ¢ = v1,v2,...,Vp4+6. By the induction
hypothesis, the subpath P, = wvq,vs,...,v, has a labeling f : V(B,) — Rg_z
satisfying conditions (1) and (2). Without loss of generality assume f(v,) = 0.
Define h : V(Ppi6) — Rgig by h(Vpt1,Vpt2s---sVpt6) = (P+5,2,p+6,1,p+ 1,0)
and h(vj) = f(v;) +3 for j =1,2,...,p. It can be easily verified that h indeed has
range Rﬁig and satisfies conditions (1) and (2).

Case 5. i=p—1.

Here again we proceed by induction on p. For the cases p = 3,4, ...,8 the required
labeling f(P,) is given by (0, 1, 3), (0, 1, 4, 2), (0, 3, 5, 1, 2), (0, 3, 4, 2, 6, 1), (0, 4,
3,5,2,7,1) and (0, 4, 5, 3, 6, 1, 8, 2) respectively. Now assume that the result is
true for a path with p vertices and consider path P,4¢ = v1,v2,...,Vp+6. By the in-
duction hypothesis, the subpath P, = v1,v2,...,v, has a labeling f : V(P,) — Rg’l
satisfying conditions (1) and (2). Without loss of generality assume f(v,) = 0.
Define h : V(Ppys) — Rgig by h(vpy1,Upy2,...,Upre) = (p+4,1,p+6,2,p+ 2,0)
and h(vj) = f(v;) +3 for j =1,2,...,p. It can be easily verified that h indeed has
range RZIZ and satisfies conditions (1) and (2). O

Corollary 1. For eachi=0,1,2,p—2,p—1, except for (p,i) = (4,2), the path Py, p > 3
admits a vertex labeling f : V(P,) = R,,, where R, ={0,1,...,p} — {i} satisfying,

1. f(B(P)) = {1,2,...,p— 1}.

2. The largest vertex label is assigned to an end vertez.

Proof. By Theorem 8, P, admits a graceful labeling g with g(v1) = 0. Define
f(v;) = p—g(vy) for j =1,2,...,p. It can be verified that f(V(P,)) = RS and
conditions (1) and (2) are satisfied. This proves the case i = 0.

The cases i = 1,2, p—2 and p—1 are obtained by taking the complementary labelings
of cases i =p—1,p — 2,2 and 1 respectively, in Theorem 12. O
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The technique of proof used to establish the case i = 1 in Theorem 12 can be modified
to obtain Theorem 13.

Theorem 13. For0 < s < p, the path Ppt1 admits a vertex labeling f : V(Ppt1) — RE*’_SS],
where Rz[}_ﬂ ={0,1+s,2+s,...,p+ s}, satisfying,

1. f*(E(Ppt1)) =1{1,2,...,p}.

2. One of the end vertices is labeled 0.

Proof. Let Pyy1 = v1,02,...,0p+1 and observe that 0 < (p —1—s) < p—1. By
Theorem 8, the subpath P, = vq,v9,...,v, has a graceful labeling g : V(P,) —
{0,1,...,p — 1} such that g(v,) = p—1—s. Define f : V(Pys1) — REJ’FSS] by
f(vpt1) =0 and f(v;) = g(v;)+s+1for j=1,2,...,p. It can be easily verified that
f(V(Ppi1)) = Llf's] and conditions (1) and (2) are satisfied. O

3. Characterization of Additively Graceful Signed Paths

In this section, we characterize additively graceful signed paths. We first identify
a class of signed paths, which are the only ones capable of admitting an additively
graceful labeling. Of these, we show that exactly 4 signed paths do not admit an
additively graceful labeling.

Lemma 1. If a signed path S with n negative edges is additively graceful, then n < 2 and
S has at most one negative section.

Proof. Let S be a (p,m,n) additively graceful signed path. If n > 2 then by
Observation 10, the negative edges labeled 1 and 2 must both be incident with the
vertex labeled 0. Further 0+3 and 142 are the only ways in which 3 can be expressed
as the sum of two distinct, non-negative integers. Both of these are not possible in
S, hence n < 2. Again using Observation 10, we conclude that S has at most one
negative section. O

In general, additively graceful signed graphs may have more than one negative section,
as seen in Figure 2.

Lemma 2. Every signed path S, with no negative edges is an additively graceful signed
graph.

Proof. The result follows from Observation 9. O

Lemma 3. The signed path S = ui,v1,v2,...,v,, ¥ > 1 with one negative edge (u1,v1)
is an additively graceful signed graph.
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Figure 2. An additively graceful signed graph with two negative sections

Proof. By Theorem 8, P, = v1,vs,...,v, admits a graceful labeling g : V(P.) —
{0,1,...,7 — 1} such that g(vy) = 0. Let f : V(S) — {0,1,...,r} be defined by
f(u1) =0 and f(v;) =g(v;)+1for j =1,2,...,r. It can be easily verified that f is

an additively graceful labeling of S. O
Lemma 4. Let P, = vi,va,...,vp.The following four signed paths are not additively
graceful.

The signed path on Py with one negative edge (v2,v3). (3.1)
The signed path on Ps with one negative edge (v3,v4). (3.2)
The signed path on Ps with two negative edges (v2,v3) and (v3,v4). (3.3)
The signed path on P; with two negative edges (vs,va) and (va,vs). (3.4)

; O ;
)

Path (3.1) Path (3.2) Path (3.3 Path (3.4)

Figure 3. The signed paths in 4 which are not additively graceful.

Proof. As a consequence of Theorem 11, it suffices to prove the theorem for paths
(3.1) and (3.2) only.
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Suppose f is an additively graceful labeling of the signed path Theorem (3.1) and
f* is the induced edge labeling. Without loss of generality assume f(vy) = 0 and
flus) = 1. If f(v1) = 2, then f*(vi,v2) = f*(vs,v4), giving a contradiction. If
f(v1) =3, then f*(v1,v2) = 3, which is again a contradiction.

Now suppose f is an additively graceful labeling of the signed path (3.2) and f* is
the induced edge labeling. Without loss of generality , assume that f(v3) = 0 and
f(va) = 1. Now the edge label 4 can only be obtained as |4 — 0] or |5 — 1].

Case 1. If f(vg) = 4 then f(vs) # 5. Also f(v1) cannot be 5 because this
would cause f*(vi,ve) = f*(vs,vs) = 1. Hence vertex label 5 can only be as-
signed to vg. Now no matter how vertex labels 2 and 3 are assigned, we get
f*(v1,v2) = f*(v4, v5), thus giving a contradiction.

Case 2. If f(vs) = 5, then f(vs) # 4. Also f(vg) cannot be 4 because this
would cause f*(vi,v2) = f*(vs,v5) = 1. Hence vertex label 4 can only be as-
signed to v;. Now no matter how vertex labels 2 and 3 are assigned, we get
f*(va,v3) = f*(vs,v6), thus giving a contradiction. O

Lemma 5. Forr > 3, the signed path S = w2, u1,v1,v2,...,v, with one negative edge
(u1,v1) is an additively graceful signed graph.

Proof. By Theorem 12, P. = v1,vs,...,v, has a labeling g : V(P.) — R.~! such
that the induced edge labels are 1,2,...,7 — 1 and g(v1) = 0. Define f : V(S) —
{0,1,...,7r+ 1} by f(u1) =0, f(uz) =r and f(v;) =g(v;) +1for j=1,2,...,r. It
can be easily verified that f is an additively graceful labeling. O

Observe that the case r = 1 in Lemma 5 has been proved in Lemma 3 while the case
r = 2 has been shown to not admit an additively graceful labeling in Lemma 4.

Lemma 6. Forr > 4, the signed path S = us,us, u1,v1,vs2, ...,V with one negative edge
(u1,v1) is an additively graceful signed graph.

Proof. Case 1. r = 4.
The labeling f(S5) = (4,5,0,1,3,6,2) is an additively graceful labeling of S.

Case 2. r >b. By Theorem 12, P._o = w3,v4,...,0v. has a labeling
g : V(P_3) — R;:g’ such that the induced edge labels are 1,2,...,7r — 3
and g(vs) = 0. Define f : V(S) — {0,1,...,7 + 2} by f(us,uz,ui,v1,v2) =
(2,7,0,1,r+2) and f(v;) = g(v;) +3 for j = 3,4,...,r. It can easily be verified that
f is an additively graceful labeling. O

Lemma 7. Forr > 6, the signed path S = ug, us, . ..,u1,v1,v2, ..., with one negative
edge (u1,v1) is an additively graceful signed graph.
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Proof. By Theorem 8, P,._3 = v4,vs,...,v, has a graceful labeling g : V(P._3) —
{0,1,...,r — 4} such that g(v4) = r — 6. Define f : V(S) — {0,1,...,7 + 5} by
flue,us,...,u1)is (r+4,3,7+3,4,r+2,0), f(vi,v2,v3) is (1,7 +5,2) and f(v;) =
g(vj)+ 5 for j =4,5,...,r. It can be easily verified that f is an additively graceful
labeling. O

Lemma 8. Letl > 4,1 # 6 and let S; denote the signed path va,vi,u1,us,...,u with
one negative edge (vi,u1). Let p > 1+ [L] be a positive integer. There exists a vertex labeling
fPV(S)— L7, where LY ={0,1,..., [é]}u{p— 1,p—2,...,p— L%J}U{pfl}, satisfying,

1. The induced edge labels on the positive edges are p—2,p—3,...,p— (I +1).
2. f{(ur) =0, ff(v1) =1, f(v2) =p—1L

3. fP () = {IZ_I (5 —1) iflis even.

o if | is odd.
Proof. We prove the result by induction on [. For [ = 4,5,9, consider the labelings
f(S1) equal to (p—4,1,0,p—2,2,p—1), (p—5,1,0,p—2,3,p—1,2) and (p—9,1,0,p—
2,3,p—1,2,p—4,5,p—3,4) respectively. It can be easily verified that these labelings
have range L? and satisfy conditions (1), (2), and (3), whenever p > [ + [4] (see
Figure 4).

Figure 4. Labelings for S4, S5 and So

Assume that for some [ € N, there exists a labeling flp/ :V(S) — Llp/ satisfying
conditions (1), (2) and (3) for every p’ > [+ [L]. Now consider S5 and fix a positive
integer p, such that p > 1+ 3 + [H‘TS] It follows that p > [ + f%l and hence by the
induction hypothesis, there exists a vertex labeling f/’ : V(S;) — L7 for the subsigned
path S; of S;13 satisfying (1), (2) and (3).
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Now define ff, 5 : V(Siy3) — L7 5 as follows; f, 5(v1) = 1, f,5(v2) = p—(I+3) and,

7 (u;) ifi=1,2,...,1
. s
If [ is even, fzp-s-s(ui): 2 l . N
p—(3+1) ifi=101+2.
flp(ui) ifi=1,2,...,1
-1 i
— (&Y -2 ifi=1+1.
If [ is odd, flp+3(ui): ]z) 1( : ) . N

p— (5 -1 ifi=1+3.

It can be verified that f/ 5 indeed has range L7, ; and satisfies conditions (1), (2) and
(3). Tllustrations of this labeling are provided in Figure 5. O

p—(+4)

UZ
T ’Ul

p—(l+4)

,UQ

[ is odd

Figure 5.

Theorem 14 (Characterization of additively graceful signed paths). A
signed path S with n negative edges is additively graceful if and only if n < 2 and S has at
most one negative section, except that the four signed paths (3.1), (3.2), (3.3) and (5.4) are
not additively graceful.
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Proof. By Lemma 1, if S is additively graceful then n < 2 and S has at most one
negative section. To prove the converse, we first observe that by Lemma 2, a signed
path with no negative edges is additively graceful.

Now consider the signed path S = w;,u;_1,...,u1,v1,0s,...,v, With one negative
edge (u1,v1). Without loss of generality assume [ < r. By Lemmas 3, 5, 6 and 7,
S is additively graceful for [ = 1,2,3 and 6 respectively. Now suppose | > 4 and
1 #6. Let p=1+r. It follows that + > 4 and p > | + fé] By Theorem 8, the
path P._1 = vg,v3,...,v, admits a graceful labeling g : V(P-_1) — {0,1,...,r — 2}
such that g(ve) =r — (f%l +1). For S; = uj,ui—1,...,u1,v1, v, consider the labeling
Il V(S;) — LY provided by Lemma 8. Define f : V(S) — {0,1,...,p — 1} by
fw) = fP(w) for w € Sy and f(v;) = g(v;) + ([§]1 + 1) for j =2,3,...,r. One can
readily verify that f is an additively graceful labeling of S.

Hence we have proved that apart from signed paths (3.1) and (3.2), all signed paths
with one negative edge are additively graceful. Using Theorem 11, we conclude that
apart from signed paths (3.3) and (3.4), all signed paths with two adjacent negative
edges are additively graceful. O

4. Additively Graceful Signed Cycles

In this section we obtain a characterization of signed cycles which admit an additively
graceful labeling. We shall refer to a (p,m,n) signed graph on the cycle C, as a
(p,m,n) signed cycle. By an all negative signed graph we shall mean a signed graph,
all of whose edges are negative. Observation 15 follows directly from the labelings
given in Figure 6.

Observation 15. Every (3,m,n) signed cycle is additively graceful.

Lemma 9. Forp >4, if a (p,m,n) signed cycle S is additively graceful then n < 2 and
S has at most one negative section.

Proof. For p >4, let S bea (p,m,n) additively graceful signed cycle. If n > 2 then
by Observation 10 the edges labeled 1 and 2 are incident with the vertex labeled 0.
Now the negative edge labeled 3 must be incident with vertices labeled 0 and 3 or
vertices labeled 1 and 2, which contradicts the fact that S is a cycle or that p > 4
respectively. Hence n < 2 and S has at most one negative section. O

Lemma 10. The (p, m,n) signed cycle S with n = 0 is additively graceful if and only if
p=0 or3 (mod 4).

Proof. Let S be a (p,m,0) signed cycle. If p =0 or 3 (mod 4) then by Theorem 4
and Observation 9 it follows that S is additively graceful. Conversely, if p = 1 or 2
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All negative signed cycle on Cs

Figure 6. All the additively graceful signed graphs on C3 and C4

(mod 4) then 1424 -- -+ p, which is equal to £(p+ 1) is odd. Hence using Theorem
2, we conclude that S is not additively graceful. O

Lemma 11. For m =1 or2 (mod 4), the path Pny1 admits a labeling f : V(Pmy1) —
{0,1,...,m+1} such that f*(E(Pm+1)) =4{1,2,...,m}, where f*(uwv) = |f(u)—f(v)| V uv €
E(Pmt1). Moreover this labeling can be chosen such that the end vertices receive labels 0
and 1.

Proof. Case 1. m = 4k + 1 where k is a non-negative integer.
Let Pm,+1 = Qaop, b(),al, bl, N Y ) ka. If k£ = 0, take f(PQ) = (O, 1), as the required
vertex labeling of P. If k > 1, then define f: V(P,11) — {0,1,...,m + 1} by,

0 ifi=0.
a; ) = 4.1
flas) {2k+2—|—i if 1 <14 <2k. (4.1)

(4.2)

2k+2—4 if0<¢<k.
f(bi)Z{

2k+1—4 ifk+1<i<2k.
Case 2. m = 4k + 2 where k is a non-negative integer.

Consider Pm+1 = ao,bl,al,bg,ag,...,b2k+1,a2k+1 and define f : V(Pm_,_l) —
{0,1,...,m+ 1} by,

0 ifi =0.
a;) = 4.3
flas) {2k+2—z’ if1 <i<2k+1. (43)

£(b) = Me+1+4i ifl1<i<k+1.
2%k 424 ifk+2<i<2k+1.
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It can be easily verified that the labelings in Equations (4.1), (4.2), (4.3) and (4.4),
which are illustrated in Figure 7, satisfy the required conditions. O

Figure 7.

Remark 1. It is worth noting that there exists equally elegant, alternate labelings to
Equations (4.1), (4.2), (4.3) and (4.4), which work just as well to prove Lemma 11. These
are given in Equations (4.5), (4.6), (4.7) and (4.8) respectively.

Case 1. m = 4k + 1 where k > 0.

0 ifi=0.
fla) =2k +1+i if1<i<k. (4.5)
2k+2+44 iftk+1<4i<2k.
f(b;)) =2k +1— 4 where 0 < i < 2k. (4.6)

Case 2. m = 4k + 2 where k > 0.

0 ifi=0.
fla))=42k+3—i if1<i<k+1 (4.7)
%k+2—i ifk+2<i<2k+1

f(b;) =2k +2+4 ¢ where 1 <7 <2k + 1. (4.8)

Lemma 12. The (p,m,n) signed cycle S with n = 1 or 2, is additively graceful if and
only if m=1 or 2 (mod 4) and S has a single negative section.
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Proof. Forn =1 or 2, let S be an additively graceful signed cycle. In either case,
by Theorem 7, it follows that (m? +m) =2 (mod 4) and hence m = 1 or 2 (mod 4).
Using Observation 10, we can conclude that, S has a single negative section.
Conversely, suppose S is a (p,m,n) signed graph with a single negative section
with n =1 or 2 and m =1 or 2 (mod 4). Consider the path P, with the vertex
labeling f provided by Lemma 11.

Case 1. If n=1.
Connect the end vertices of P41 by a negative edge to obtain S. Now f itself is an
additively graceful labeling of S.

Case 2. If n = 2.

Insert a vertex w and connect it to the end vertices of P11 using two negative
edges, to obtain S. Now define g : V(S) — {0,1,...,m + 2} by g(v) = f(v) + 1 for
v € V(Pp+1) and g(w) = 0. It can be easily verified that ¢ is an additively graceful
labeling of S. O

Figure 8. Additively graceful labelings of signed cycles with m =5 and 10

Theorem 16 follows directly from Observation 15 and Lemmas 9, 10 and 12.

Theorem 16 (Characterization of additively graceful signed cycles). A
signed cycle S with m positive and n negative edges, is additively graceful if and only if one
among the following 4 conditions is satisfied,
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1. n=0 and m =0 or 3 (mod 4).
2.n=1andm=1 or2 (mod4).
3. n=2,m=1or2 (mod 4) and S contains a single negative section.

4. S is the all negative signed cycle on Cs.
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