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1. Introduction

In graph theory, graph labeling is one of the best-studied [2]. Lucky edge labeling
was studied by many authors, for instance, see [4]. Also, Mirka Miller [3] gave proof
for calculating the D-Lucky labeling of a graph. Further, the estimation of D-Lucky
edge labeling and proof given by Rajini Ram et.al. see [4]. The concept of a human
chain, circular human chain, and strong and weak human chain graph was explained
by many authors, for instance, see [1, 5]. Here, we have determined the proper D-
Lucky edge number of a human chain, circular human chain, and strong and weak
human chain graphs.
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2 Proper D-lucky edge labeling of human chain graphs

Definition 1. A human chain graph HC is obtained by a path u1,us,...usn+1, n € N
joining a cycle of length m and Y-tree, a connected graph that contains no cycle Y;,41,m > 3
to each ug; for 1 <4 < n. The vertices of the cycle and Y-tree are vi,v2,...vm—1)» and
w1, W2, . . . Wmn respectively.

The vertex and edge sets of HC' as follows:

V(HC) = {us,vj,wr :1<2n+1,1<j< (m—1)n,1 <k <mn}and |V|=2mn+n+1
EHC) = {wuipr 1 < i <02nF U {u2iWi(io1)415 U2iV(m—1)i5 U2iV(m—1)(i—1)+1;
WmiW(mi—2)5 1 <1< ’I’L} U {wmi+jw(mi+j+1);U(m_l)i+j1}(m_1)i+j+1,0 <i<n-—11<j<
m — 2} and |E| = 2mn + 2n.

Definition 2. A circular human chain graph CHC is obtained from a cycle u1, uz, . . . u2n,
n > 2 by joining a cycle of length m and Y- tree, a connected graph that contains no cy-
cle Yin41, m > 3 to each ug;, 1 < ¢ < n. The vertices of the cycle and Y-tree Y,,+1 are
V1,02, .+ Uim—1)n and w1, w2, ... Wmn respectively. The vertex and edge sets of CHC,, n, is
V(CHC) = {up,vj,wr : 1 < 4 < 2n,1 < j < (m — 1)n,1l < k <
mn} with |V| = 2mn + n and E(CHC) = {wui1 : 1 < i < 2n — 1} U
{uruzn} U {u2iWim(i—1)4+15 U26V(m—1)i} U2iV(m—1)(i—1)+1; WmiW(mi—2) : 1 < i < n} U
{wm¢+jw(m,—+j+1);U(m,l)iﬂ-v(m,i)ﬂqu: 0<i<n-— 1, 1< J <m — 2} and

|E| = 2mn + 2n.

Definition 3. The Strong human chain graph SHC, n > 1, and m > 3 is obtained
from Human chain graph by joining wm: and wp4ny—1 @ 1 < 4 < n — 1 with com-
mon vertices in Y-tree. The vertices of SHC,, . are ui,uz,...,U2nt1, V1,02, ... y V(im—1)n;
W1, W2, . .., Wim—1)n+1 and edges of SHC are

{ui,wip: 1 <4 < 20} U {u2iWim(i—1)41; Y2iV(m—1)i; U2iV(m—1)(i—1)+1 : 1 < @ < n}p U
{Vm-1)itjVm-1)itj+1 : 0 < i <n—1,1 < j < m— 2} U{Wnmi—m+jWmi—m+j+1 : 1 <
i<n,1<j<m=3U{wm-1)it1Wim-1)itm-1:1 <3 <n—1} U{wm_1wm_2}.

Definition 4. A Weak human chain graph WHC n > 1,m > 3 is obtained
from a path wui,usz,...uns+1 by joining the cycle of length m and Y-tree(Yin+1) to
each u; : 1 < ¢ < n. The vertices and edges of WHC as follows V(WHC) =
{ui,u2, .. Uny1,01,02,. .. Vmo1yn, Wi, W2, . .. Wmn} and

EWHC) = {ui,uit1 : 1 <10 < n} U {eiWm(i—1)415 YiV(m—1)(i—1)4+1; YiV(m—1); : 1 <
V’L} U {v<m,1)i+jv(m,1)i+j+1 0< i< n— 1} U {wmiﬂwmiﬂﬂ :0<i<n—-1,1<
m— 2} U{wmiwmi—2 : 1 <i<n}.

ININ

Definition 5. Ifl: V(G) — N is a vertex labeling of a graph G, then the labeling of an
edge wv € E(G) is l(wv) = l(u) + I(v) + d(u) + d(v), where d(u) and d(v) are the degrees
and [(u) and [(v) are the labeling of vertices u and v respectively. This labeling is called D-
Lucky edge labeling if every pair of adjacent edges are distinct. The D-Lucky edge number
is denoted by naie(G), is the least positive integer k for which the graph G has D-Lucky
edge labeling with the labels {1,2,3,...,k}. A D-Lucky edge labeling is called proper if
I(u) # l(v) for every pair of adjacent vertices u and v. The proper D-Lucky edge number of
a graph G is denoted by 71,41 (G), is the least positive integer k for which G has a proper
D-Lucky edge labeling with the labels {1,2,...,k}.



G. Rajini Ram, et al. 3

2. Main Results

4, n=1
Theorem 1. Form >4, npaic(HC) =45, n=2
6, n

Proof. According to the D-Lucky edge concept, let G be any graph, let z € V(G)
be adjacent to the same degree vertices y1,¥o,...Yn, then the vertices y1,vy2,...Yn
must required distinct n labels. Also, according to the proper D-Lucky edge concept,
let x € V(G) be adjacent to the same degree vertices y1,ya, ... yn, then the vertices
Y1, Y2, - - - Yo Must require distinct labels to each other and also distinct to the common
vertex x. So n + 1 distinct labels are needed. In the Human chain graph, for 1 <i <
n, the vertices uj, Uop+41, Wmi, Wmi—1 are l-degree, the vertices w,,;—o are 3-degree,
ug; are b-degree vertices. The remaining vertices are 2 degrees. Then N(ug;) =
{u2i—1, U241, Win(i—1) 41, Vm—1)(i—1)+1, Vm—1)i }. We consider three cases.
Case (i) n = 1.
In this case, the vertices are wui,ug, uz, w1, W2, ..., Wy, V1,02, ..,Vm—1). We can
observe that N(ug) = {u1,us,w1,v1,V4m—1)}. Among these vertices wi,v1, v(y,—1)
are 2-degree vertices. Therefore I(v1) # l(vm—1) # (w1) # l(u2). Let l(vy) = 1,
l(vm—1) =3, l(w1) =4, and I(uz) = 2. The 1-degree vertices u; and ug are adjacent
to ug. Therefore [(uy) # l(uz) # l(ug). Already l(ug) = 2. Sol(uy) = 1 and I(ug) = 3.
Clearly, we need npac(HC) > 4. Now,
2,3,1,2,3,1...,2,4,1, for m =0 (mod 3)
l(v2, .. Vm—2)) = 12,3,1,2,3,1,...,1,2, form=1 (mod 3)
2,3,1,2,3,1,...,2,4, for m =2 (mod 3).

The other vertices of ws,ws, ..., w,,_3 are in the sequence 1, 2, 3, 1, 2, 3, .... For
1,2,4, for m =0 (mod 3)
the remaining vertices set [(Wm—2, Wim—1,...,Wm) =< 2,1,3, form =1 (mod 3)

3,1,4, for m =2 (mod 3).
In this case, all the vertices in the graph can be labeled within 4 labels and so the
Proper D-Lucky edge labeling number requires at most 4.
Case (ii) n =2.
In this case, the vertices are uy, ug, . .. Us, W1, W2, - . . Wiy Wit 1y« « - s W, V1, V2, -+« 5 Uy
Um+1s Um+25 - - - > V2(m—1)- Lhe vertex ug is adjacent to 4 number of 2-degree vertices
V1,Vm—1,us, and wy. Therefore [(vy) # l(vm—1) # l(us) # l(wy) # I(uz). So let
l(vy) = 1, lu2) = 2, l(vm-1) = 3, l(us) = 4, l(wy) = 5. Similarly the vertex uy,
is adjacent to 4 number of 2-degree vertices v, Vm—2,us, and w,,y1. Therefore
Wua) # l(vm) # Uvagm-1)) # Uwmtr) # Uuz). So let l(ug) = 1, l(vm) = 2,
l(va(m—-1) = 3, l(uz) = 4, l(wm41) = 5. Clearly, we need npqe(HC) > 5. Now, let us
allocate the labels of vertices as follows
Let Z(Ul) = 1, l(u5) = 2,
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2,3,1,2,3,1...2,4,1, for m =0 (mod 3)
l(v2,v3. .. V(m-2)) = 4 2,3,1,2,3,1,...1,2,  for m =1 (mod 3)
2,3,1,2,3,1,...,2,4, for m =2 (mod 3),
1,3,2,1,3,2...1,4,2, if for m =0 (mod 3)
(Vmt1, Umt2 -+ - V2m—a, V2m—3) = 1,3,2,1,3,2,...1,3,2, if for m=1 (mod 3)
1,3,2,1,3,2,...,4,1, if for m =2 (mod 3)
The vertices wog, ws, . .. w,,_3 are in the sequence 1, 2, 3, 1, 2, 3, .... Also, the vertices
W42, Win+3, - - - Wam—3 are in the sequence 1,2,3,1,2,3,.... For the remaining set
of vertices set
1,2,4, for m =0 (mod 3)
l(wm_Q,wm_l,...wm) :l(wgm_g,wgm_l,...wgm) = 2’173, formE 1 (mod 3)
3,1,4, for m =2 (mod 3)
respectively. However, in this case, the minimum label required for proper D-Lucky
edge labeling number is 5. Clearly, npq(HC) =5 when n = 2.
Case (iii). n > 3.
In this case, the vertices are wuj,us...Usp,Usp41, W1, W2, ... Wy Wing1,s - - - Winn,
V1,02, -+ Uy Umg 1, Un(m—1)42> - - - V2(m—1)- Among these vertices set I(u;) = 1,
l(ugn+1) = 1 for odd n and l(ugp+1) = 2 for even n. The vertices ug;, 2 <i<n-—1
have 5 adjacent same 2-degree vertices. The vertices [N(ug)], 2 < ¢ < n—1
required a minimum number of 6 distinct labels {1,2,3,4,5,6}. Clearly, we need
Npdie(HC) > 6. Let the labeling pattern be as follows. The vertices ug,uy . .. Uz,
are labeled in the sequence 2,1,2,1. The vertices ug, us...us,_1 are labeled in the
sequence 4,5,4,5.... The vertices wy,(i—1)424; for 1 <i<mnand 0 < j <m -5, are
labeled in the sequence 1,2,3,1,2,3.... For 1 <i < n set
1,2,4, for m =0 (mod 3)
HWim—2,Wim—1,Wim) =% 2,1,3, form =1 (mod 3)
3,1,4, for m =2 (mod 3).
Let l(w1) = l(wWmm-1)+1) = 5 l(Wimg1) = 6 for 1 < 7 < n — 2, l(uy) = 1,
i=2,4,6,...and l(ug;) =2,7=1,3,5,7.... For the remaining vertices, the labeling
pattern is divided into two cases.
For i = 2,4,6,... and 7 = 1,2,...m — 3, the labeling pattern as follows:
Hvgn-1)@-1)+1) = 2, {vn-1);) = 3, and
1,3,2,1,3,2,...1,4,2, if form =0 (mod 3)
l(v(nz—l)(i—l)—i-j—‘rl): 1,3,2,1,3,2,...1,372 ifform=1 (I'IlOd 3)
1,3,2,1,3,2,...,4,1  if for m =2 (mod 3).

For i = 1,3,5,... and 7 = 1,2,...m — 3, the labeling pattern as follows:
Hwm-1y(i-1)+1) = 1, {vm-1)i) = 3, and
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2,3,1,2,3,1,...2,4,1, form=0 (mod 3)
Lm—1)(i-1)+j+1) = 2,3,1,2,3,1,...1,2  form =1 (mod 3)
2,3,1,2,3,1,...,2,4, for m =2 (mod 3).
Clearly, we required proper D-Lucky edge labeling number is n,q.(HC) = 6. Hence,

the Proper D-Lucky edge labeling number of the Human chain graph if m > 4, is
Npate(HC) =4 if n=1, npae(HC) =5 if n =2 and npq.(HC) =6 if n > 3. O

Example 1. Proper D-Lucky edge labeled Human chain graph for n = 5,m = 4 and
k = 4 is shown in Figure 1.

(1) enn (2) c1a

(1 (2 (1
10 Ci2 3 C15
10 12 1 11 1 12 10 11

1)p1 9 (2) Pz 13 (4)ps 12 (1) Pa 13 (5)ps 14 (2) Ps 13 (4)pr 12 (1) Ps 13 (5)py 14 (2) P 9 (1) pu

Figure 1. ’r]pdle(HC) =6

Theorem 2. For m > 4, the Proper D-Lucky edge labeling of strong Human chain graph
is Npate (SHC) =5 for n =2 and npaie(SHC) = 6 for n > 3.

Proof. Let (SHC) be the strong human chain graph. For our convenience,
let us take A = {uy,ug,...usnr1,m € N}, B = {v1,02,...9m-1)n}, C =
{wi,wa, ... Wim—1)ns1}. We consider two cases.
Case (i) n=2.
In this case, the vertices u1,ua, ... us, W1, Wa ... Wy -+ - Win—1)n+1, V1, V25 - - - U, Um415
Um+2,---V2(m—1)- Lhe vertex ug, is adjacent to 4 number of 2-degree vertices
V1,Vm—1,u3, and wy. Therefore [(vy) # l(vm—1) # l(us) # l(wy) # I(uz). So let
l(vy)) = 1, Huz) = 2, Wvm-1) = 3, l(uz) = 4, I(w1) = 5. Similarly the vertex
uy is adjacent to 4 numbers of 2-degree vertices v, Uym—2, us, and wy,4+1. There-
fore l(us) # U(vm) # W(Va@m-1)) # lwmy1) # U(uz). So let l(ug) = 1, l(vy) = 2,
l(va(m—1)) = 3, l(uz) = 4, l(wmy1) = 5. Clearly, we need 1,qc(SHC) > 5. Now, let
us allocate the labels of vertices as follows
Let [(uy) = 1,1(us) = 2,
2,3,1,2,3,1,...2,4,1, for m =0 (mod 3)
l(v2,v3 ... V(m-2)) = { 2,3,1,2,3,1,...1,2 for m =1 (mod 3)
2,3,1,2,3,1,...,2,4,  for m =2 (mod 3),
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1,3,2,1,3,2,...1,4,2, if for m =0 (mod 3)
H(Vm41,Vm42 - - - V2am—a,V2m—3) =1 1,3,2,1,3,2,...1,3,2 if for m=1 (mod 3)

1,3,2,1,3,2,...,4,1 if for m =2 (mod 3)
The vertices wo, w3, . .. w,,_3 are labeled in the sequence 1,2,3,1,2,3,.... Also, the
vertices W42, Wm+3, - - - Wim—1)n—1 are labeled in the sequence 1,2,3,1,2,3,.... The
remaining vertices are labeled in the following pattern: if m =0 (mod 3), l(w,,) = 3,
Hwm-1) = 2, {wmn—2) = 1, (Wn— )n+1) =1, (wym-1)) = 4; if m =1 (mod 3), ex-
cept m # 4, l(wy) = 1, (wm—1) = 1, {wm—2) = 2, (wm-1)n+1) = 1, (Wam-1)) =4

if m = 2 (mod 3), except m # 5, l(wy) = 2, (wp-1) = 1, l(wn_2) = 3,
Hwim—1ynt+1) = 1, Hwam-1)) = 4; if m =4, l(wp) = 2, (wn-1) = 2, (wn—2) =1,
Hwim—1ynt1) = 1, Hwam—1)) = 3; and if m = 5, l(wy) = 4, (wn_1) = 1,
l(wm—Q) =2, l( mfl)n+1) 1, l(w2(mfl)) =3.

Case (ii) n > 3.

In this case, the vertices are ui,us ... Uzn, U2n+1, V1,2, - - - Uy Um1, Un(m—1)425 - - - 5

Va(m—1)s Wi, + - s Wiy Win 1, - - - Win, V1. Among these vertices, [(u1) = 1, l(ugn41) = 1

for odd n and I(u2,+1) = 2 for even n. The vertices ug;, 2 < ¢ < n—1 have 5 numbers

of adjacent same 2-degree vertices. The vertices [N(ug;)], 2 < i < n — 1 required

minimum number of 6 distinct labels {1,2,3,4,5,6}. Clearly, we need npq.(SHC) >

6. The vertices us,uy...us, are labeled in the sequence 2,1,2,1... The vertices

u3, us ... uzp—1 are labeled in the sequence 4,5,4,5... The vertices wy,(i—1)42+s

1<i<mnand0<j<m—>5 are labeled in the sequence 1,2,3,1,2,3...

Let (w1) = l(wmn-1)41) = 5 l(Wimy1) = 6, 1 < i < n — 2. For the remaining

vertices, the labeling format is given below:

if m =0 (mod 3), l(wm) = 3, (wm—1) = 2, {wm—2) = 1, {wym-1);) = 4 for 1 <

1 < L%J, l(w(m,l)(zlqu)) =1forl1 <i< Ln;lJ’ l(wgi(m,1)+1) =5forl1 <i< I_%J,

Hw(m)(2ip1y—2i) =3 for 1 < i < |25

if m =1 (mod 3), l(wm) = 1, wm—1) =1, {wm—2) = 2, (wym-1);) = 4 for 1

1 < L%J, l(w(m—l)(2i+l)) =2forl1 <:< L glJ, l(wgi(m_1)+1) =5forl1 <:i< Lg

Hwimy2i41)—2i) = 1 for 1 <i < [251;

if m =2 (mod 3), l(wm) = 2, (wm—1) =1, {wm_—2) = 3, (wym-1);) = 4 for 1

1 < L%J, l(IU(m_l)(QH_l)) =3forl1 <:< Ln;lJv l(in(m_l)_H) =b5forl1 << Lg

l(w(m)(2i+1)—2i) =2 for 1 < ) < LnT_lJ

Let I(ug;) = 1 for even i and I(ug;) = 2 for odd .

For the remaining vertices the labeling pattern divided into two cases.

Fori=2,4,6,...and j = 1,2,...m — 3, l(V(m-1)(i—=1)+1) = 2, [(Vm—1)i) = 3,
1,3,2,1,3,2,...1,4,2, if for m =0 (mod 3)

Z(U(m—l)(i—l)—i-j—i-l) =14¢1,3,21,3,2,...1,3,2 ifform=1 (mod 3)
1,3,2,1,3,2,...,4,1  if for m =2 (mod 3)

S =
I_I/\

T IA

For i = 1,3,5, ... and j = 1,2, oo — 3, l(v(m—l)(i—1)+1) = 1, l(v(m—l)i) = 3,



G. Rajini Ram, et al. 7

2,3,1,2,3,1,...2,4,1, form =0 (mod 3)
LWm—1y(i-1)+j+1) = 2,3,1,2,3,1,...1,2  form =1 (mod 3)
2,3,1,2,3,1,...,2,4, for m=2 (mod 3)
Clearly, we required proper D-Lucky edge labeling number is npq.(SHC) = 6.

Thus, we conclude that the Proper D-Lucky edge labeling number of Strong Human
chain graph if m > 4, is npaie (SHC) = 5 for n = 2 and npqic (SHC) =6 forn > 3. O

Example 2. Proper D-Lucky edge labeled Strong Human chain graph for n = 2,m =
5,k = 5, is shown in Figure 2.

(2)c2 10 (4)c3 (1yce 10 (5)cr
7 1 7 2
c1 Cq Cs C8
(1) (3) (2) 3)
10 2 10 1

Figure 2. 7,41(SHC) =5

Theorem 3. Forn > 3, nyae(CHC) =5 for m =3 and npaie(CHC) = 6 for m > 4.

Proof. From the structure of circular human chain graph CHC', we notice that

u1, Uz, - - ., uzp be the vertices of cycle Cap, v1,v2,. .., V(m—1), be the vertices of cycle
and wy,ws, ..., Wk, be the vertices of Y-tree.
Case (i) m = 3.

Here the maximum degree vertices of CHC' are ug; for 1 <+i <n. That is d(ug;) =5
for 1 <4 < n. Here N(uz;) = {U2i—1,U2i41, Win(i—1)4+1> V(m—1)(i—1)+1, Vm—1)i : 1 <
i < n}. These vertices {ug;—1,U2i41,V(m—1)(i—1)+1,Vm—1)is 1 < i < n} are same 2
degrees. That is d(ugi—1) = d(u2iy1) = d(V(m-1)(i-1)+1) = d(Vm-1);). Therefore
Hugi—1) # luzip1) # WWm-1)-1)+1) # (V@m-1)). So Proper D-Lucky edge
labeling number for these 4 vertices together with wo; required 5 distinct labels.
Let it be {1,2,3,4,5}. Clearly, we have n,qe(CHC) > 5. Define the labeling
pattern as follows: I(u;) = 5, l(uz,) = 1 for even n and I(us,) = 3 for odd n,

4,5,4,5,...,5,4, if nis even
Z(U37U5...U2n_1) = . .
4,5,4,5,...,4,2, if nis odd,
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2,1,2,1,...,2,1, ifniseven
Z(U,Q,U4...u2n) =

2,1,2,1,...,1,3, ifnis odd,

1,2,3, ifi=1,3,5,...,n—1 and n is even
1,2,3, ifi=1,3,5,...,n—2 and if n is odd,
51,2, ifi=2,4,6,...,n and n is even
51,2, ifi=2,4,6,...,n—1and if n is odd,
1, fori=1,3,5,...,n and n is odd

1, fori=1,3,5,...,n—1 and n is even,

HWim—2,Wim—1, Wim) = {
l(wimf2awimflvwim) = {

lv1) = 1, l{v(m-1)(i=1)41) = {

[0ty r1y51) = {2, for i =2,4,6,...,n — 3 and n is odd
1, fori=2,4,6,...,n and n is even,
3, fort=1,2,3,...,n—1and n is odd
3, fori=1,2,3,...,n and n is even.
If n is odd, set [(v(m—1)5)) = 4 and {(V(m—1)(i=1)41) = 5, for i = n — 1. The above
pattern shows that n,q.(CHC) = 5.

l(vm-1)()) =

Case (ii) m > 4.
Here the maximum degree vertices of CHC' are ug;, 1 < i < n. That is d(ug;) = 5 for
1 <id<nand N(ug) = {U2i—1,U2i4+1, Win(i—1)+1, Vim—1)(i—1)+1, Vm—1)i : 1 <1 < n}.
These vertices {ugi—1,U2i41, V(m—1)(i—=1)+1> V(m—1)is Wm(i—1)+1 : 1 < @ < n} are the
same 2 degrees. That is d(uzi—1) = d(u2iy1) = d(V(m-1)(i=1)+1) = A(V(m-1)i) =
d(Wp(i—1)41). Therefore l(uzi—1) # Hu2iy1) # [(Vm-1)(—1)+1) # [(Vm-1)i) #
l(Wy(i—1)4+1)- So Proper D-Lucky edge labeling number for these 5 vertices together
with ug; required 6 distinct labels. Let it be {1,2,3,4,5,6}. Hence npq.(CHC) > 6.
Define the labeling pattern as follows.
l(u1) = 6, l(uzy) = 1 for even n and l(ugy,) = 3 for odd n,
; _]4,5,4,5,...4, ifniseven
(3,05 - tzn—1) = 45.4.5,...5 ifnisodd,
I 2,1,2,1,...2,1 if nis even
(2, ta o) =00 o 1 18 ifns odd.
The vertices Wy, (;—1)42+; for 1 <i <nand 0 < j < m—>5, are labeled in the sequence
1,2,3,1,2,3. ...

1,2,4 for m =0 (mod 3)
For 1 <i < n, l(Wim—2, Wim—1,Wim) = § 2,1,3 form =1 (mod 3)

3,1,4 for m =2 (mod 3).
Let (w1) = 5, (W (n—1)4+1) = 4if n is odd, l(wm(n—1)4+1) = 5 if n is even, l(wim11) =
6,1 <i<n-—2,and

1, fori=1,3,5,...n and n is odd
l(v1) =1, l(v(m—l)(i—l)—H) = {

1, fori=1,3,5,...n—1 and n is even,
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2, fori=2,4,6,...n—1 and n is odd
H(Vim—1)(i—1)+1) = )

{3, fori=1,2,3,...n—1 and n is odd

for i = 2,4,6,...n and n is even,

)

lvm— i)) —
(m-19) 3, fori=1,2,3,...n and n is even.

If n is odd and i = n, l(v(m—1)u)) = 2. Let [(uz;) = 1 for even 7 and I(uz;) = 2 for
odd ¢. For the remaining vertices the labeling pattern divided into two cases.
For:=2,4,6,...and j =1,2,...m — 3,

1,3,2,1,3,2...,1,4,2 if for m =0 (mod 3)
H(Vem-1)(i-1)4541) = $ 1,3,2,1,3,2,...,1,3,2 iffor m =1 (mod 3)
1,3,2,1,3,2,...4,1  iffor m=2 (mod 3),
l(vim=-1)(i=1)+1) = 1, l(v(m-1);) = 3, and for i = 1,3,5,... and j = 1,2,...m — 3
2,3,1,2,3,1...,2,4,1 form =0 (mod 3)
Lm—1y(i-1)+5+1) = 2,3,1,2,3,1,...,1,2  form=1 (mod 3)
2,3,1,2,3,1,...2,4 for m =2 (mod 3).

It follows that npa(CHC) = 6 and the proof is complete.

O

Example 3. Proper D-Lucky edge labeled Circular Human chain graph for n = 3,m =
3,k = 3, is shown in Figure 3

Figure 3. Npdle(CHC) = 5

Theorem 4. Forn > 3, npaie(WHC) =3 for m = 3 and npaie(WHC) =4 for m > 4.

Proof. Let WHC be a weak human chain graph. Let the vertices W HC are as fol-
lows: A = {uy,us,...tpr1,n € N}, B={v1,v2,...0m-1}, C = {wy,wa, ... wpm_1}.
Case (i) m = 3.

From the structure of WHC, the degree of vertices us,us,...,u, are same. Also,
for i = 1,2,...n — 1, the vertices u; and u;y; are adjacent to each other. Since
us and us are adjacent, l(us) # l(ug). Similarly, up to w,—1, u, are adjacent
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l(us) # l(ug),...,l(up—1) # l(u,). The labeling of the vertices us,us, ... u,41 are
in the sequence 2,3,1,2,3,1,..., l(v2) =2, l(v1) =1, I(u1) =3,

1) = {3, i#0 (mod 3)
2, =0 (mod 3),

U(0m2ys) = {1, i £ 1 (mod 3)
2, i=1 (mod 3),

Kwominy) = {2, i#1 (mod 3)
1, i=1 (mod 3),

W(wims1) = 1 for ¢ = 1,4,7,10 and l(wim+1) = 2 for ¢ = 0,2,5,8. Hence
Npate(WHC') = 3 for m = 3.

Case (ii) m > 3.

In this case, the vertices are uy, us .. . Upy1, W1, W, - . . Wiy Wint1, - - - Winny U1, V2, « . - U,
Um+1s---Un(m—1)- Lhe vertices u;y1, 1 <4 < n — 1 have 3 adjacent same 2-degree
vertices. The vertices in N(u;yq1) for, 1 < i < n — 1 required a minimum
number of 4 distinct labels {1,2,3,4}. Hence npu.(WHC) > 4. Let the

labeling pattern as follows. Let I(u,i1) = 1; the vertices wus,us...u, are la-

beled in the sequence 2,3,4,...; l(u1) = 3; Wn(i—1)42+45 for 1 < i < n and

0 < j < m — b, are labeled in the sequence 1,2,3,1,2,3...; for 1 < i < n,
1,2,4, form =0 (mod 3)

W Wim—2, Wim—1, Wim) = 4 2,1,3, form =1 (mod 3)

3,1,4 for m =2 (mod 3).

Let l(w1) = {Wmn-1)4+1) = 5, {(Wim41) =6 for 1 <i <n —2.

3, fori=0 (mod 3)
Let l(ugq1)) = 44, fori=1 (mod 3)

2, for i =2 (mod 3),
l(ug;) =1 fori=2,4,6... and l(ug;) = 2,4 =1,3,5.... For the remaining vertices,
the labeling pattern divided into two cases.
Fori=2,4,6,...and j =1,2,...m — 3, [(V(m-1)(i—=1)+1) = 2, [(V(m—1);) = 3 and
1,3,2,1,3,2...,1,4,2 form =0 (mod 3)
WWm-1)i-1)1i+1) = $1,3,2,1,3,2,...,1,3,2 form =1 (mod 3)
1,3,2,1,3,2,...,4,1 for m =2 (mod 3)
Fori=1,3,5,...and j = 1,2,...m — 3, l(V(m—1)(i—1)+1) = 1, {(V(m—1);) = 3 and
2,3,1,2,3,1...,2,4,1 for m=0 (mod 3)
HVim=-1)(i—1)+j+1) = 4 2,3,1,2,3,1,...,1,2  form=1 (mod 3)
2,3,1,2,3,1,...,2,4 for m =2 (mod 3).
Thus 7pae(WHC) = 4 for m > 4. O

Example 4. Proper D-Lucky edge labeled Weak Human chain graph for n = 5,m =
6,k = 6, is shown in Figure 4.
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Figure 4. 7npa1.(WHC) = 4

3. Conclusion

This paper determines the proper D-lucky edge numbers for human chain graphs,
circular human chain graphs, strong human chain graphs, and weak human chain
graphs.
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