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Abstract: The neighbourhood corona G * H of two graphs G and H is obtained
by taking one copy of G and |V(G)| copies of H and making all the neighbours of
the it vertex of G adjacent with all the vertices in the " copy of H. In this paper
we describe the distance eigenvalues and corresponding eigenvectors of G x H in terms
of the adjacency spectrum of G and H when G is a regular triangle-free graph with
diameter 2 and H is regular. Several constructions are proposed using line graphs,
iterated line graphs, double graphs, strong double graphs and complement graphs to
obtain infinitely many distance non-cospectral pairs of distance equienergetic graphs
and non-isomorphic pairs of distance cospectral graphs. Also we obtain the distance
Laplacian spectrum of G x H in terms of the distance Laplacian spectrum of G and
Laplacian spectrum of H when G is a transmission regular triangle-free graph with
diameter 2. Further we find the distance signless Laplacian spectrum of G x H in terms
of the distance signless Laplacian spectrum of G and signless Laplacian spectrum of H
when G is a transmission regular triangle-free graph with diameter 2 and H is regular.
We also construct infinitely many non-isomorphic pairs of distance Laplacian cospectral
graphs and distance signless Laplacian cospectral graphs.
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2 Distance spectra of neighbourhood corona of graphs

1. Introduction

Distance spectra and distance energy have been a keen area of research in spectral
graph theory for many years. Studies on distance spectra gained increased fascination
starting in 1971, when Graham and Pollack discovered a connection between the
number of negative eigenvalues of the distance matrix and the addressing problem
in data communication systems. Additionally, they proved that the determinant
of the distance matrix of a tree is independent of its structure and solely relies on
the number of vertices[6]. A lot of studies can be seen in literature based on the
relationship between distance eigenvalues and graph structures and parameters. The
studies on distance energy started in 2008. A wide variety of results on distance
spectra and distance energy are available in the surveys [2, 14].

In this paper we only consider undirected graphs that are both simple and finite.
Since we deal with different matrices associated with a graph we use the follow-
ing notion for uniformity. Let M be a square matrix associated with G. The
eigenvalues of M are the M-eigenvalues and the collection of all M-eigenvalues
is the M-spectrum of G, denoted by Specy(G). Two graphs G and G’ are M-
cospectral if Speca(G) = Specm(G'). If A (G), A2(G), ..., \:(G) are distinct M-

eigenvalues of G with multiplicities mq, ma, ..., m;, then we write Specp(G) =
{A(@)™, (A2(G))™2, -, (Ae(G))™ }
Let G be a graph on n vertices uq, ..., u,. Let d(u;) denote the degree of u;. We write

u; ~ uj if u; is adjacent to uj, and u; ~ u; otherwise. The adjacency matrix A(G)
of G is an n x n matrix whose (¢, j)-th element is 1, if u; and u; are adjacent; and 0,
otherwise. The A-eigenvalues are denoted by p1(G) > p2(G) > ... > p,(G). For all
connected graphs G, p1(G) > p2(G). For an r-regular graph G, pi(G) = r. We say
that G is regular of degree r if G is r-regular. We denote the number of positive and
negative A-eigenvalues of G by n*(G) and n~(G) respectively.

The Laplacian matrix and signless Laplacian matrix of G are defined respectively
by Z(G) = Dg — A(G) and 2(G) = Dg + A(G), where D¢ is an n x n diagonal
matrix defined by Dg = Diag (d(uz)) The Z-eigenvalues and 2-eigenvalues of G
are denoted respectively by 71 (G) > 12(G) > ... > n,(G) = 0 and §,(G) > 62(G) >
... > 6,(@G). For basic results on A-spectrum, .Z-spectrum and 2-spectrum refer [4].
The distance between vertices u; and u; in a connected graph G, denoted by
dg(ui,uj), is the length of a shortest path from w; to w;. If G is disconnected
and u; and w; belong to different components of G, then dg(u;,u;) is defined to
be co. The diameter Diam(G), of G is the largest distance between any pair of
distinct vertices in G. The distance matrix of a graph G, denoted by 2(G), is an
n X n matrix, whose (i, j)-th element is dg(u;, u;). Z-eigenvalues of G are denoted
by p1(G) = p2(G) = ... = pn(G).

The transmission Tr(u;) of a vertex w; in G is defined by Tr(u;) = Z?zl da (i, uy).
The transmission matrix is an n x n diagonal matrix defined by Tr(G) =
Diag(Tr(u;)). G is s-transmission regular if Tr(u;) = s for all i = 1,...,n. The
distance Laplacian matrix and distance signless Laplacian matrix of G are defined
by 2% (G) = Tr(G) — 2(G) and 22(G) = Tr(G) + 2(G) respectively[1]. 2<-
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eigenvalues and Z?-eigenvalues are denoted by pf (G) > p5 (G)
and p2(G) > p(G) > ... > p2(G) respectively.
The energy [7] £(G) of a graph G is defined as

£(G) = Zmi(G)L (1.1)

Two non-isomorphic graphs with the same energy are called equienergetic. More
results on graph energy can be seen in [8, 13].
The distance energy [12] is defined analogous to the graph energy (1.1) as

DE(G) = Z 10i(G). (1.2)

Two non-isomorphic graphs G and G’ are distance equienergetic (Z-equienergetic) if
DE(G) = DE(G'). Clearly Z-cospectral graphs are Z-equienergetic. So it is interest-
ing to find Z-equienergetic graphs that are Z-non-cospectral.

The line graph of G, denoted by L(G), is the graph whose vertices are the edges
of G and two vertices of L(G) are adjacent if the corresponding edges in G have a
common vertex. If G is an r-regular graph on n vertices then L(G) is a (2r — 2)-
regular graph on nr/2 vertices. The m?" iterated line graph L™(G), m > 0, is defined
by L™(G) = L(L™Y(G)), where L1(G) = L(G) and L°(G) = G [3, 9]. If G is regular
then L™(G) is regular for all m > 0. Let L™(G), m > 1, be ry,-regular and of order
Ny,. Then n,, = Tm—1 " Tm—1 and r,, = 2r,,_1 — 2, where ng = n and ro = r. It can
be deduced that

m—1
_n i, oitl
o = 5 H(Zr 20+ 1 9) (1.3)
=0
and
Ty = 2™ — 2MFL L9, (1.4)

Graph operations have a pivotal role in graph theory since they are useful to produce
graphs with specific structures. Corona[5] is a well-known operation which produces
graphs with a specific pattern. Neighbourhood corona, a variant of corona, of two
graphs G and H is denoted by G« H and is obtained by taking one copy of G and
n copies of H and making all the neighbours of the i" vertex of G' adjacent with all
the vertices in the i*" copy of H[11]. Various spectra of neighbourhood corona have
been studied in [11, 15, 16].

There exists infinite number of regular graphs with diameter 2. Complete bipartite
graphs K, , n > 2, are well-known class of graphs with these properties. A graph
is called triangle-free if it contains no induced subgraph isomorphic to C3. In this
paper we describe the Z- eigenvalues and corresponding eigenvectors of G * H in
terms of the A-spectrum of G and H when G is a regular triangle-free graph with
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diameter 2 and H is regular. We construct infinitely many Z-non-cospectral pairs of
P-equienergetic graphs and non-isomorphic pairs of Z-cospectral graphs. We obtain
the 2% -spectrum of G« H in terms of the 2% -spectrum of G and Z-spectrum of
H when G is a transmission regular triangle-free graph with diameter 2 and H is
arbitrary. We also find the 22-spectrum of G * H in terms of the 22-spectrum of
G and 2-spectrum of H when G is a transmission regular triangle-free graph with
diameter 2 and H is regular. Finally we construct infinitely many non-isomorphic
pairs of cospectral graphs with respect to 2 and 2% matrices.

We denote the n x 1 vector with all the entries as 1(respectively, 0) by 1,,(respectively,
0,,) and the n x 1 vector in which the i-th entry is 1 and all other entries are 0 by e;.
A square matrix of appropriate order in which all the entries are 1 is denoted by J.

2. Preliminaries

The following definitions and results will be used in the subsequent sections.

Theorem 1. [4] Let G be an r-regular graph of order n with Speca(G) =
{r, p2(G), ..., un(G)}. Then the complement G has the A-eigenvalues n —r — 1, —(u;(G) +
1),i=2,...,n.

Theorem 2. [4] Let G be an r-regular graph of order n with Speca(G) =
{r,u2(G), ..., un(G)}. Then the A-eigenvalues of L(G) are 2r — 2, u;(G)+r—2,i=2,...,n
(r—2)
5

and —2 with multiplicity n

Theorem 3. [19] Let G be a reqular graph of degree r > 3. Then for m > 2, all the
negative eigenvalues of L™ (G) are equal to —2.

Theorem 4. [19] Let G be an r-regular graph of order n and degree r > 3. Then for
m > 2, 5(Lm(G)) = 4nm%, where n., and T are as defined in equations (1.3) and
(1.4).

Definition 1. [17] The double graph D2(G) of a graph G is the graph obtained by taking
two copies of G say GG1 and G2 and joining each vertex w1 in GG1 to the neighbours of the
corresponding vertex ug in Ga.

Definition 2. [18] The strong double graph D3(G) of a graph G is the graph obtained
from D2(G) by joining each vertex ui in G to the corresponding vertex us in Ga.

If G is an r-regular graph then Dy(G) and Dj(G) are regular of degrees 2r and 2r+1
respectively.

Theorem 5. [17] Let G be a graph with Speca(G) = {11 (G),...,un(G)}. Then the
A-eigenvalues of D2(G) are 2u1(G), . .., 2un(G) and 0 with multiplicity n.
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Theorem 6. [18] Let G be a graph with Speca(G) = {p1(G),...,un(G)}. Then the
A-eigenvalues of D3(G) are 2u1(G) + 1,...,2un(G) + 1 and —1 with multiplicity n.

3. Distance spectrum of G x H

Definition 3. [11] The neighbourhood corona G x H of two graphs G and H is defined as
a graph obtained by taking one copy of G and |V(G)| copies of H and then joining all the
neighbours of the i*" vertex of G to all the vertices in the i*" copy of H.

Let G be a connected (n,m) graph, n > 2, and H be a (p,q) graph. Then G x H
is a graph of order n(p + 1) and size m(2p + 1) + ng. Let V(G) = {u1,...,u,} and
V(H) = {v1,...,v,} be the vertex sets of G and H respectively. For i =1,...,n, let
vgi), ey vz(,i) denote the vertices of the i*" copy of H in G % H, such that v;i) is the
copy of vj in H for each j = 1,...,p. Denote V; = {v;l),...,vj(")} forj=1,...,p.
Then V(G)U VL U... UV, is a partition of V(G  H).

Let P = (pi;) and Q = (¢;;) be matrices of order a x b and ¢ x d respectively. The
Kronecker product[10] P ® @ is of order ac x bd defined by P ® Q = (p;;@). If k
is any scalar, (kP) ® Q = P ® (kQ) = k(P ® Q). For matrices Pi, Py,@Q1 and @2,
(PLRQ1)(P®Q2) = (P1P)®(Q1Q2), provided the products P; P> and Q1@ exist.
With respect to the above mentioned partition of V(G * H), the distance between
vertices in G x H are described in four cases as follows.

Case (1): For u;,u; € V(G), dawr(u;, uj) = da(us, uj).

Case (2): For u; € V(G) and v, € V(H),

2, fora=1,...,pandi=1,...,n

dGxn (Ui,véi))
dasH (ui,v,(lk)) =dg(ui,ux), fori#k, anda=1,...,p.

Case (3): For v, vy, € V(H), where a,b € {1,...,p} and for i =1,...,n,

d (U(i) v(i)) _ { 1, ifvg ~vp in H
GrH \Ta T 2, if vy = vy in H.
Case (4): For vy, vy € V(H), where a,b € {1,...,p} and for i, k €
{1,...,n}, where i # k,
de(uiyug) + 1, if u; ~ ug and have a common
neighbour in G

daer (v,(f), vék)> =< dg(u,ux) + 2, if u; ~ up and have no common
neighbour in G
de(ui,ug), if u; ~ uy in G.

From the distance relations described above, we can see that if Diam(G) is d then
Diam(G x H) can be d, d + 1 or d 4+ 2. From the first case, it follows that the
(V(@),V(G)) block matrix in 2(GxH) is Z(G). Case (2) implies that the (V(G),V;)
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block matrices, for j =1,...,p, in Z(G*H) is Z(G) + 2I. If G does not contain any
triangle, then cases (3) and (4) imply that all the (V;, V;) block matrices in Z(Gx H),
where 7,7 = 1,...,p, are in the form 2(G) + 2A(G) + tI,,, where

0, ifi=j
t=4q 1, if v; is adjacent to v; in H

2, if v; is not adjacent to v; in H.
Therefore, if G is a connected triangle-free graph then the distance matrix of G x H
can be written as

p

1, @ (2(G) + 21) D' (3.1)

PG+ H) = [ 2(G) 172 (2(G) + 21)} ’

where

D =, ®(@(G) + 2A(G))+(2(J —1)— A(H))@ I,

and lg denotes the transpose of 1,.
Now, let G be a graph of diameter at most 2 such that any two adjacent vertices have
a common neighbour. Then the distance matrix of G x H is as follows.

2(G) 1] ©(2(G) +2I)

G+ H) = [1p ©(2(G)+20) Ty ©2T 1)+ ~ 1)~ A(H)® IJ G

Remark 1. If G is any connected graph with at least two vertices then GV K, V Ky, V
«+-VKp,,p>1landn; >1fori=1,...,p, where V denotes the join operation and is taken
from left to right, is a family of graphs with diameter at most 2 such that any two adjacent
vertices have a common neighbour. It can be seen that complete graph K,,n > 3, complete
split graphs except Ks, wheel graphs and fan graphs are subclasses of this family.

Figure 1. Neighbourhood corona
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Remark 2. There exist graphs of diameter two with triangles that do not satisfy the
condition required for equation (3.2). For example, K3[P,, where O denotes the Carte-
sian product operator, is a graph of diameter 2 containing triangles, but lacking the above
property.

We illustrate the formation of the matrix 2(G x H) in the following examples.

Example 1. Consider the graph G = Cs with V(G) = {1,2,3,4,5,6} and H = P> with
V(H) = {u,v}, shown in Figure 1. u”) and v\9) represents the vertices of P in the j* copy
for j =1,2,3,4,5,6. Then the distance matrix of Cs x P» is

123456lu® 0@ u® 4@ 4® 4O LD L@ LB LD LB) 6
1012321/ 2 1 2 3 2 1/2 1 2 3 2 1-7
211012321 2 1 2 3 2|1 2 1 2 3 2
31210123/ 2 1 2 1 2 3|2 1 2 1 2 3
413210123 2 1 2 1 2|3 2 1 2 1 2
51232101/ 2 3 2 1 2 1]2 3 2 1 2 1
6112321001 2 3 2 1 2|1 2 3 2 1 2
«P212321{0 3 2 3 2 3|1 3 2 3 2 3
u?l121232/3 0o 3 2 3 2|3 1 3 2 3 2

PCexPy)=uP 2121232 3 0 3 2 3|2 3 1 3 2 3
u®|321212/3 2 3 0 3 2|3 2 3 1 3 2
u®[232121/2 3 2 3 0 3|2 3 2 3 1 3
u®l123212/3 2 3 2 3 0|3 2 3 2 3 1
+P212321]1 3 2 3 2 3]0 3 2 3 2 3
v@121232/3 1 3 2 3 23 0 3 2 3 2
v®l212123/2 3 1 3 2 3|2 3 0 3 2 3
v™Wl321212/3 2 3 1 3 23 2 3 0 3 2
v®|232121]2 3 2 3 1 3|2 3 2 3 0 3
v90123212/3 2 3 2 3 1|3 2 3 2 3 0/

1 2 u
11

1 3 w
G H

Figure 2. Illustration of G « H when G is a graph with triangle
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Example 2. Figure 2 shows graphs G, H and G x H, where G is a complete split graph.
The distance matrix of G x H is

1923 4lu® w@ u® 4@ [p®D @ LG LD [WD L@ WG LH®
101112 1 1 12 1 1 1|2 1 1 117
2(1012/1 2 1 2|1 2 1 2|1 2 1 2
3{t101/1 1 2 1|1 1 2 1]1 1 2 1
41121001 2 1 2|1 2 1 2|1 2 1 2
21110 2 2 211 2 2 212 2 2 2
u?l1212/2 0 2 22 1 2 2|2 2 2 2
uPl1121]2 2 0 212 2 1 2|2 2 2 2

2GxH)y=u?|[1212/2 2 2 02 2 2 1|2 2 2 2
oOf2111]1 2 2 270 2 2 211 2 2 2
o@l1212/2 1 2 2|12 0 2 2|2 1 2 2
o®l112112 2 1 2|2 2 0 2|2 2 1 2
o®M|1212/2 2 2 1|2 2 2 o0]2 2 2 1
w2111 2 2 2 21 2 2 210 2 2 2
wPl1212/2 2 2 2|12 1 2 2]2 0 2 2
w®1121/2 2 2 212 2 1 2|2 2 o0 2
w®l1212/2 2 2 2|2 2 2 1|2 2 2 0.

The following result gives n(p — 1) Z-eigenvalues of Gx H, which depends only on H.

Theorem 7. Let G be a connected graph of order n, which is either triangle-free or of
diameter at most 2 such that any two adjacent vertices have a common neighbour in G. Let
H be a k-regular graph of order p with A-eigenvalues k > p2(H) > ... > pp(H). Then
—(pj(H) + 2) is a D-eigenvalue of G* H for j =2,...,p, each with multiplicity n.

Proof. Let w; be an eigenvector corresponding to u;(H),j = 2,...,p, that are
orthogonal to 1,. Fori=1,...,n,

@(G*H)[ On ]:—(ﬂj(H)H)[ On }

w; & e; w; @ e;

0, ) .
This implies that for each j = 2,...,p, { LU 2e ] ,i=1,... ,n} form a collection of
j Qe
n linearly independent eigenvectors of 2(G x H) corresponding to the Z-eigenvalue
—(uj(H) +2). O

The next theorem describes completely the Z-spectrum of G * H in terms of A-
spectrum of G and H when both G and H are regular.

Theorem 8. Let G be an r-reqular triangle-free graph of order n with diameter 2 and H
be a k-regular graph of order p. Letr > p2(G) > ... > pun(G) and k > p2(H) > ... > pp(H)
be the A-eigenvalues of G and H respectively. Then the Z-spectrum of G x H consists of the
following.



K.D. Arathy, K. Pravas 9

(a) %(p(2n+r)+2n—(r+k+4):t\/(p(2n+r)—2n+r—k)2+4p(2n—r)2)

(b) %((p —Dui(G) —k -4+ \/((p—l- Dpi(G) — k)2 +4pui(G)2>, i = 2,...,n, provided
1i(G) # 0 for each i.

(c¢) =2 and —(k +2) if 0 € Speca(G).

(d) 7(2 + ,uj(H)), j=2,...,p, each with multiplicity n.

Proof. Since Diam/(G) is 2, we have 2(G) = 2(J — I) — A(G). Then equation (3.1)
implies that

C[20-1)-AG) 1l e (2] - AG))
(G * H) = {117 (2] — A(G)) D’ } ) (3:3)
where
D' =J, ®<2(J -+ A(G))+(2(J —1) - A(H)>® I,.
Let t1 and oy be scalars such that
PG+ H) [lzg"l n] — oy Lf@}"l J . (3.4)

Note that 1,, is an eigenvector of G corresponding to r and 1, is an eigenvector of H
corresponding to k. Then from equation (3.4) we have

t1(2n —2—71r)+p(2n—r) = anty (3.5)

and
h@n—r)+p2n+1)—2—k=a;. (3.6)

Solving equations (3.5) and (3.6) we get

p(2n — 1)
ar—(2n—2-r)

t, = , provided «ay #2n—2—r.

And in this case we obtain (a).

The case a3 = 2n — 2 — r is never possible since this leads to p(2n —r) = 0.

Now, let z; be an eigenvector of G corresponding to p;(G),i = 2,...,n, that are
orthogonal to 1,,. Also, let 5 and ag be scalars such that

toz; toz;
(G +H) [1 2@;] = [1 2@;] . (3.7)
14 1 P 7
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This implies

ta(2 4 1i(Q)) + ppi(G) = —asty (3.8)
and
(p — tz)ﬂi(G) —k—-2= 9. (39)
Equation (3.8) gives
to = Li(G), provided ag # —(2 + pi(G)).

g + 2+ p1;(G)

Then from equation (3.9) we get

02 = 5 (0= D(6) k= 12 /(o4 V1)~ 1) + (G
Now, as = —(2+ 1;(G)) = p;(G) = 0. Hence we have (b).

If 0 is an A-eigenvalue of G with multiplicity m then there exists m linearly inde-

pendent eigenvectors z;1, ..., 2zjm corresponding to 0. For each j =1,...,m consider
X; = {Zﬂ] and Y; = { On } It can be seen that 2(G x H)X; = —2X; and
0 1 Zij
pn p & Zij

2(G*H)Y; = —(k+2)Y;. Thus (c) follows. Finally, (d) follows from theorem 7. [

Remark 3. If the graph G in theorem 8 is s-transmission regular then the Z-eigenvalues
(a) and (b) of Gx H can be expressed in terms of Z-eigenvalues of G since p1(G) = 2n—s—2
and ,LLZ(G) = —(2 + pn—i+2)7 = 2, e, N

3.1. Distance equienergetic graphs

In this section we construct infinitely many pairs of Z-non-cospectral and 2-
equienergetic graphs.

Theorem 9. Let G be an r-reqular triangle-free graph on n vertices with diameter 2 and
let H and H' be two A-non-cospectral k-reqular graphs on p vertices. Then for all m > 1,
G*L™(H) and G*L™(H') form a pair of 9-non-cospectral and 9P-equienergetic graphs.

Proof.  The iterated line graph L™ (H), m > 1, is of order

m—1

[]@k—27"" +2).
1=0

_r
p"n - 2m

Case 1: m =1
By theorems 2 and 8, the P-eigenvalues of G x L(H) are the following.

2
(a) 5(2’“(2n+r)+2n—r—2k—2i\/<”2k(2n+7") —2n+r—2k+2) +2pk(2n—r)2>
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(b) 2((@’“— >ui(G)—2k—2i\J ((1’2’“+1>ui(G)—2k+2>2+2pk,ui(G)2>,

i=2,...,n, provided u;(G) # 0 for each i

(¢) —2 and —2k if 0 € Speca(G)

(d) —(u(H)+ k), 5 =2,...,p, each with multiplicity n
: e np(k—2)

(e) 0 with multiplicity 25—,

Similarly we obtain the 2-eigenvalues of G x L(H’). Note that the Z-spectra differ
only in the Z-eigenvalues given by (d).
Consider

niwuj(mw)

I
t?

) since p;(H) > —k for j=2,...,p

The same argument can be applied for the Z-eigenvalues —(u;(H') +k),j =2,...,p
of GxL(H'). Then by equation (1.2), it follows that DE(G*L(H)) = DE(G+L ( ))
Case 2: m > 2

The m-fold application of theorem 2 gives the A-eigenvalues of L™ (H), m > 2, as
listed below.

M.](H>+(2nl_1)(k_2)’ j:17"')p7
(2™ — 2)k — 2(2™ — 1), Pk =2) s :

2
(2m—2i)k—2(2 —21+1) R; times, i=2,...,m, (3.10)

where H 2JI<:—2H'1 +2).

By theorem 8 and using equations (1.3) and (1.4), Specy(G L™ (H)) consists of the
following.

(a) ;<(2n+r)pm+2n—r—6—2m(k—2)i

\/((2n )P — 20 47 — 2 — 27 (k — 2))° + 4p,, (20 — 2)2>

(b) é((pm —Dpi(G) —2"(k—2) -6+

\/( (P + 1) (@) — (2mk — 2m+1 4 2))% 4 4pmﬂi(G)2> :

i=2,...,n, provided u;(G) # 0 for each ¢
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(c) =2 and —(2™(k — 2) +4), if 0 € Speca(G)

(d) —(j(H)+k+ (2™ =2)(k—2)),j=2,...,p, each repeated n times
(e) —(2™ —2)(k —2), "2E=2) times

(f) —(2™ — 2%)(k — 2), nR; times, i = 2,...,m.

In the same way we obtain Specy(G+L"™(H’)). The two Z-spectra differ only in the
set of Z-eigenvalues given in (d). Since there exists no graphs H and H' as in the
assertion of the theorem for k = 0 and 1 we let k > 2. Therefore,

nZ’—(uj(H)+k+(2m 2)(k —2)) ’—nz H)+k+ (2™ —2)(k—2))

=n((p—1)(2"k — 2" +4) — pk).

We can apply the same arguments to the Z-eigenvalues — (u;(H') + k + (2™ — 2) (k —
2)),j=2,...,pof GxL™(H’). Then the result follows by equation (1.2). O

Theorem 10. Let G be an r-reqular triangle-free graph of order n with diameter 2 and H
and H' be two A-non-cospectral k-regular graphs of order p. Then GxL™(H) and GxL™(H’),
m > 1, form a pair of P-non-cospectral and P-equienergetic graphs if p,(H), p,(H') >
2mFl 1 — (2™ — 1)k.

Proof. Case 1: m=1
From theorems 1, 2 and 8, we obtain the Z-eigenvalues of G * L(H) as follows.

(a) 2(”2(2n+r—1)+2n—7’+2k¢ 5+

\/(%(2n+r— 1)—2n+r+2k— 1)2+2pk(2n—r)2>

< ”2—’“ 1i(G)— B +2k— Si\/(( +1)MZ(G)—”2k+2k—1)2+2pkui(G)2>’
= M, prov1ded wi(G) # 0 for each i

(¢) —2 and —%’f + 2k — 3 if 0 € Speca(G)

(d) pj(H)+k—3,j7=2,...,p, each with multiplicity n

M.

(e) —3 with multiplicity

Similarly we get the Z-eigenvalues of G'x L(H'). Note that the two Z-spectra differ
only in the set of Z-cigenvalues given by (d).
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If pp(H) >3 —k, then p;(H)+k—-3>0for j=2,...,p
P
.'.n2|uj(H)—|—k—3’ =n(k(p—2)—3p+3)

—nZ]u] ) +k =3

Then, by equation (1.2), it follows that DE(G « L(H)) = DE(G * L(H')).

Case 2: m > 2

From the A-eigenvalues of L™ (H), m > 2, given by (3.10) and using theorems 1 and
8, the P-eigenvalues of G x L™ (H) are as follows.

(a) é((2n+r)pm+2n—r—pm+2m(k;—2)—1i

\/((211 )P — 20 4 7 — i+ 27 (k — 2) +3)° + dp,, (20 — 7‘)2>

(b) é((pm—1)ui(G)—pm+2m(k—2)—1i

\/( (P + 1) 111(G) = pm + 27 (k —2) +3)° + 4pmui(G)2>,
i=2,...,n, provided u;(G) # 0 for each i
(¢) =2 and —(pm — 2™(k —2) — 1), if 0 € Speca(G)

)
(d) pj(H)+ (2™ — 1)k —2m*t1 41, j =2,...,p, each repeated n times
) (2m = 2)k — 2mH1 1, PEZ2) e

)

(e) (
(f) (2™ —29)(k — 2) — 3, nR; times, i=2,...,m

Similarly we obtain the Specy (G +L™(H')). Note that the two Z-spectra differ only
in the set of Z-eigenvalues given by (d). Now, if u,(H) > 2™t —1— (2™ — 1)k then
wi(H) 4+ (2™ — 1)k — 2™+t +1 >0 for j = 2,...,p. Therefore,

"Ep: | (H) + (27 = 1)k — 2"+ 1| =n§p: (i (H) + (2™ — 1)k — 2T +1)
: 2

=n <p((2m 1k —2"" 1) —2™(k—2) — 1)

p
=n Y |pi(H') + (2™ = 1)k — 2" + 1]

Then, by equation (1.2), it follows that DE(G « L™ (H)) = DE(G = L™ (H')). O
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Theorem 11. Let G be an r-regular triangle-free graph on n wvertices with diameter 2
and H and H' be k-reqular graphs on p vertices that are A-non-cospectral and equienergetic.
Then GxD3(H) and GxD3(H') form a pair of Z-non-cospectral and Z-equienergetic graphs.

Proof. By theorems 1, 6 and 8, the Z-eigenvalues of G x D} (H) are as follows.

(a) é<2p(2n+r)+2n—r—2p+2k—2:|:

\/(2p(2n +r)—2n+r—2p+2k+ 2)2 + 8p(2n — r)2)

< 2p—1) s (G 2p+2k—2j:\/<(2p + 1) i (G) — 2p + 2k + 2)2 + 8pui(G)2>7
= n, provided u;(G) # 0 for each i

(¢) —2 and —2(p — k) if 0 € Speca(G)

(d) 2p;(H), j =2,...,p, each with multiplicity n

(e) —2 with multiplicity np.

The above Z-spectrum differs from Specy (G * D;(H’)) only in the set of Z-
eigenvalues given by (d). Now,

nz:|2,u7 |—2nZ|uJ )| =2n(E(H) — k).

Then the result follows since E(H) = E(H'). O

Theorem 12. Let G be an r-reqular triangle-free graph on n wvertices with diameter 2.
Let H and H' be k-regular graphs on p vertices that are A-non-cospectral and equienergetic
such that n™(H) —n~ (H) =d=n"(H') —n"(H'). Then G H and G H' form a pair of
9D -non-cospectral and PD-equienergetic graphs provided |p;(H)|, |u; (H')| > 1 forj=2,...,p

Proof. By theorems 1 and 8 the Specq (G x H) consists of the following.

(a) %(p(2n+r)+2n—r—p+k—3:l:

\/(p(2n+r)—2n+r—p+k+1)2+4p(2n—r)2>

(b) é((p— Dpi(G) —p+k -3+ \/((p+ 1) i(G) —p+k+1)° +4pui(G)2>,
i=2,...,n, provided u;(G) # 0 for each i

(¢) —2and —(p — k+ 1) if 0 € Speca(G)

(d) pj(H) =1, j =2,...,p, each with multiplicity n.
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For j =2,...,p,

_ Sl (H)[ =1, if p;(H) >0
== {|Mj(H) +1, if pi(H) <0

sy g (H) =1 =n()_ |ui(H) = 1] = (k= 1))
j=2 j=1

:n( > () =1)+ Y <M<H>'“)‘k“>

;i (H)>0 pj (H)<0
=n(EH)-d-k+1).

The same arguments can be applied for the Z-eigenvalues of G x H’. Then the result
follows from equation (1.2). O

(3 48

H, H,

Figure 3. Two non-isomorphic 3-regular graphs of order 8

Example 3. Let G = K33 and Hy and Hz be the graphs as shown in figure 3.
Then Speca(G) = {3,04,73}, Speca(H1) = {3,\/5,1,(71)4,7\/5} and Speca(H2) =
{3,1,(v2 = 1)?,-1,(-1 — v2)*’}. Let H = L%(Hy) and H' = L?(Hz). Then
Speca(H) = {10,7 + V5,8,6*,7 — /5,422 (=2)**} and Speca(H') = {10,8% (6 +
V2)2,6,(6 — v2)%,4%,2'%,(=2)"}. It can be seen that £(H) = 192 = &(H') and
nt(H)—n" (H) = —24 =n"(H') —n~ (H'). Also |u;j(H)|,|u;(H)] > 1 for j =2,...,72.
We have Specp(G » H) = {512 + /260857,512 — /260857, —139 + 2v/5062, —139 —
2v/5062, (—2)*, (—63)*, (6 — v/5)°,5%*, 7%, (6 +/5)®,3%*,17%,(—3)***} and Specp(G+ H') =
{512 + V/260857,512 — /260857, —139 + 2v/5062, —139 — 2v/5062, (—2)*, (—63)*,(5 —
V2)'2, 5%, (54+/2)12, 712,374 17, (—3)*% }. It is obtained that DE(GxH) = 2526+4v/5062 =
DE(Gx H').

Theorem 13. Let G be an r-regular triangle-free graph on n wvertices with diameter 2.
Let H and H' be k-reqular graphs on p vertices that are A-non-cospectral and equienergetic



16 Distance spectra of neighbourhood corona of graphs

such that n™(H) —n~ (H) =d =nt(H') —n~ (H'). Then G D3(H) and G x D3(H') form
a pair of P-non-cospectral and P-equienergetic graphs provided |u;(H)|, |u; (H')| > % for
71=2,...,p.

Proof. By theorems 6 and 8 Specqy (G = D3 (H)) consists of the following.

(a) é(2p(2n+r)+2nr2k5:l: \/(2p(2n +r)—2n+r—2k— 1)2 + 8p(2n — r)2)

(b) ;((2p — Dpi(G) —2k -5+ \/<(2p + 1) i (G) — 2k — 1)2 + 8p,ui(G)2)7
i=2,...,n, provided u;(G) # 0 for each ¢

(c¢) —2 and —(2k + 3) if 0 € Speca(G)

(d) —(2p;(H) +3),j=2,...,p, each with multiplicity n

(e) —1 with multiplicity np.

Similarly we obtain Specy (G x D5(H')).
For j =2,..., p,

3
= s 1) +3)| =2 + 3
_ {2(uj(H)I+§), i () > 0
2|y ()| = 3), if oy (H) < 0
p
sy | = (2ui(H) +3)| = n(2E(H) + 3d — (2k + 3)).
j=2
Then the result follows from equation (1.2). O
H, H,

Figure 4. Two non-isomorphic 4-regular graphs of order 8

Example 4. Let G = K33 and H; and Hs be the graphs as shown in fig-
ure 4. Then Speca(Hi) = {4,2,03,(—2)3} and Speca(H2) = {4,06,—4}. Let
H = L*(Hi) and H' = L?(Hz). Then Speca(H) = {10,8,6% 4% 2% (—2)**} and
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Speca(H') = {10,6° 2% (-2)*}. It can be seen that £(H) = 128 = &(H') and
n*( ) — ’( ) = —16 = n'(H n’(H’)- Also |u;(H)|, \ug(H’)I > 5 for
j = 2,...,48. Then Specn(G x Dj( {712 + 3v/56089, 712 — 3v/56089, —155 +
60\/,—155 - 60\/( 2)* (=2 ) (— 19) (—15)"%, (=11)"%, (=7)*%, 1'%, (-1)*%*}
and Specp(G * D3(H')) {712 + 3v/56089, 712 — 3v/56089, —155 + 60\f7,7155 -
60v/7, (—2)%, (—23)%, (— 15)36( 7)%4, 1192 (—1)**%}. We get DE(G * D3(H)) =

2922 4 120v/7 = DE(G D3 (H')).

Theorem 14. Let G be an r-reqular triangle-free graph on m vertices with diameter 2
and H and H' be k-regular graphs on p vertices that are A-non-cospectral and equienergetic
such that n™(H) —n~ (H) =d=n"(H') —n~ (H'). Then G % D2(H) and G x D2(H') form
a pair of P-non-cospectral and P-equienergetic graphs provided |u;(H)|,|pj(H')] > 1 for
J=2,...,p

Proof. By theorems 5 and 8 the Specy (G * D2(H)) consists of the following.

(a) é(Qp(2n—|—r)+2n—7‘—2k—4:l: \/(2p(2n+r) —2n+7‘—2k)2 +8p(2n—r)2)

0) 3 (20 = D(6) — 20~ 1 /(2 + D1(6) ~20)7 + 8 ).
i=2,...,n, provided u;(G) # 0 for each i

(¢) —2 and —2(k+1) if 0 € Speca(G)

(d) —2(p;(H)+1), j =2,...,p, each with multiplicity n

(e) —2 with multiplicity np.

Similarly we obtain the Specy (G * Da(H')). For j =2,...,p

_ g (H)[+ 1, if p;(H) >0
s (H) 1] = {|Mj(H) -1, if p;(H)<0

nz | —2(uj(H) +1)| = 2n(E(H) +d — (k +1)).

Then the result follows from equation (1.2). O
Example 5. Let G = Ks3 and H; and H> be the graphs as shown
in Figure 5. Then Speca(H1) = {4,1*,(-1)*,—4} and Speca(H:) =
{4 102 V-1 —v5-1 V19+2v/17-1 —/1942vT7-1 /19-2v/17-1 —/19-2/T7—1

y T by ) 2 2 ) 2 ) 2 ) 2 ’ 2
Let H = L?(Hi) and H' = L*(Hz). Then Speca(H) = {10,7* 52", (-2)"}
and Speca(H')=110,62, \/19+22\ﬁ+11’ \/19722\ﬁ+11’5’ 112\/5’ 11_2\/5’ 7\/19+§m+11’

w’f(ﬂ(—ﬂw}. It can be seen that E(H) = 160 = &(H') and
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H, H,

Figure 5. Two non-isomorphic 4-regular graphs of order 10

nt(H) —n (H) = —20 = nT(H) — n (H'). Also |u;j(H)|,|u;(H)| > 1 for
j =2,...,60. Then Specp(G * D2(H)) = {%85 + £/3175321, 125 — 1./3175321, =53 +
1151009, =28¢ - 1V151009, (—22)*, (—2)%%*, (—-16)**, (—12)**, (—6)°°, 2240}
and Specp(G x Di2(H')) = {@ + 33175321, 485 — 1./3175321, =38+

1V/151009, =281 —  1/151009, (—22)%,(=2)*%, ( — 13 — V19+2V17)%( — 13 —
19 — 2V17)°, (=14)12, (=12)5, (=13 + V/5)%, (~13 = V/5)%, (= 13+ /19 + 2V17)°, (— 13+
19 — 2V/17)°, (=6)°°, 2240}. We get DE(GxD2(H)) = 4149++/151009 = DE(Gx Do (H')).

Theorem 15. Let G be an r-regular triangle-free graph on n vertices with diameter 2.
Let H and H' be k-regular graphs on p vertices that are A-non-cospectral and equienergetic
such that n™(H) —n~ (H) =d=n"(H') —n" (H'). Then G % D2(H) and G « D2(H') form
a pair of P-non-cospectral and P-equienergetic graphs provided |u;(H)|, |u; (H')| > % for
7=2,...,p.

Proof. By theorems 1, 5 and 8 Specy (G x D2(H)) consists of the following.

(a) ;(2p(2n+r)+2n—r—2p+2k—3i

\/(2p(2n +r)—2n+r—2p+2k+ 1)2 + 8p(2n — r)z)

0) 3((20=1)m(©) ~ 2+ 23 /(204 D(6) — 29+ 26+ 1) + 816 ),
i=2,...,n, provided u;(G) # 0 for each i

(¢) —2 and —(2p — 2k + 1) if 0 € Speca(G)
(d) 2u;(H) —1, j =2,...,p, each with multiplicity n

(e) —1 with multiplicity np.
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In the same way we obtain Specqy (G * Da(H')). Now, for j =2,...,p,

|2,Ufj(H) 71| _ {2(|MJ(H>: - §>7 %f :uj(H) >0
'.nzp:\2uj(H)—1| =n(28(H) —d —2k+1).

The result then follows from equation (1.2). O

Hl H2

Figure 6. Two non-isomorphic 3-regular graphs of order 10

Example 6. Let G = K33 and H; and H> be the graphs as shown in ﬁgure

6.
Then Speca(H1) = {3(\/@)2( 32“5)2( 32“5)2< 3}

2 2
and Speca(Ho) = 3, (%) ,1,(\/5273) 7(1 f — }
Let H = L*(H:) and H’ = Hy). Then SpecA =
2
{10’<7+ /3+2\/5> <7+ /3 ) ( /3= ) ( / 3+ \/§> 48, 215 _ }
and Speca(H') = {10,(152‘/5) (1““[) (15 ‘f) (“*2‘/5) 45,215 (— }
It can be seen that E(H) = 240 = S(H) and nt(H) — n (H) = -30 =
nt(H) — n~(H'). Also |p;(H)|, |uj(H)] > 1 for j = 2,...,90. Then
SpecD(G * DQ(H)) = {1273 + 6v/44926,1273 — 644926, —350 + 9/1541, —350 —
12 12 12
9v/1541, (—2)*, (—161)%, (13+2 S%ﬁ) ,(13+2 %) ,(1372 *ﬁ)
12
(1372 %) ,736,(3)90,(5)360,(1)540} and Specp (G * D2(H')) = {1273 +

61/44926, 1273 — 61/44926, —350 + 9v/1541, —350 — 9v/1541, (—2)*, (—161)*, (14 + \/5)12
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(15)%, (10 +v5) "2, (14 = v5)*, (10 = vB) ', (1), (3)*°, (—5)°, (—1)540}. We  get
DE(G * Da(H)) = 6684 + 181541 = DE(G x D2 (H')).

Remark 4. There are well-known families of graphs satisfying the eigenvalue constraints
in theorems 12 to 15. For, if H; and H2 are any two regular, non-cospectral graphs of order
p and degree k > 3, then it follows from theorems 3 and 4 that the iterated line graphs
H =L"(H,) and H = L™(H3), for m > 3, form a pair of graphs satisfying the eigenvalue
constraints in theorems 12 to 15.

Remark 5. The eigenvalue constraints in theorems 12 to 15 can be relaxed. For example,
in theorem 12, K33 and C300P, do not satisfy the eigenvalue constraints. But for any
regular triangle-free graph G of diameter 2, G x K33 and G x C3[0P> are Z-non-cospectral
and Z-equienergetic graphs.

3.2. Distance cospectral graphs

In this section we construct infinitely many non-isomorphic pairs of Z-cospectral
graphs using theorem 8.

Theorem 16. Let G be a reqular triangle-free graph with diameter 2 and let H and H' be
two non-isomorphic k-regqular A-cospectral graphs of order p. Then G x H and G« H' form
a pair of non-isomorphic 9 -cospectral graphs.

Corollary 1. Let G be a reqular triangle-free graph with diameter 2 and let H and H’
be two non-isomorphic k-reqular A-cospectral graphs of order p. Then

(a) GxL™(H) and GxL™(H'), m > 1, form a pair of non-isomorphic 9-cospectral graphs.
(b) G D2(H) and G x D2(H') form a pair of non-isomorphic 2-cospectral graphs.

(¢) Gx D3(H) and G % D3(H') form a pair of non-isomorphic 9-cospectral graphs.

(d) Gx H and G * H' form a pair of non-isomorphic 9-cospectral graphs.

4. Distance Laplacian spectrum of G x H

With respect to the labeling of the vertex set of G x H, described in section 3, the
distance Laplacian matrix of G x H, when G is a connected triangle-free graph, can
be written as

(4.1)

9% (G x H) = [93(63) +pTr(G) +2pI 17 © —(2(G) + 21)}

1, ® —(2(G) +2I) DY
where

DY =7, ® H2(G) + 2.A( )) (p+1)Tr(G)+2[+2pDG)
+(2p1 2] — L(H ) In
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The following result gives n(p — 1) 27 -eigenvalues of G « H when G is a connected
triangle-free graph and H is arbitrary.

Theorem 17. Let G be a connected triangle-free graph with V(G) = {u1,...,un} and
H be a graph of order p with £-eigenvalues m(H) > n2(H) > ... > np(H) = 0. Then
(p+ 1)Tr(u;) + 2p(5(ui) + 1)—6» 2 —n;(H) are 27 -eigenvalues of G« H, fori=1,...,n and
j=1...,p—1.

Proof. Clearly 1, is an eigenvector of Z(H) corresponding to 7n,(H) = 0. Let
fi,..., fp—1 be eigenvectors of Z(H) corresponding to 71 (H),...,np,—1(H) respec-
tively, that are orthogonal to 1,,. Then fori=1,...,nand j=1,...,p—1,

2% (G + H) [fj(gei] - ((p DT () + 20fd(w) +)+2 - nj(H)) {fj‘gej .

O

In the next theorem we obtain the Specy« (G x H) in terms of 2 -eigenvalues of G
and Z-eigenvalues of H when G is a transmission regular triangle-free graph and H
is arbitrary.

Theorem 18. Let G be a s-transmission reqular triangle-free graph of diameter 2 with
9% -eigenvalues pi* (G) > px (G) > ... > p;Z(G) = 0. Let H be a graph of order p with
Z-eigenvalues m(H) > n2(H) > ... > n,(H) = 0. Then the distance Laplacian eigenvalues
of Gx H are the following.

(a) 0, (p+1)(s+2)

(b) ;<p(4n+s+2)+8+2+(1p)piL(G)i

\/6(84-2—471)—s—2+(1+p)pf(Gy+4p€+2—pf(G?>,i: 1,...,n—1,
provided pF(G) # s + 2 for any i
(¢) (p+1)(s+2) and p(4n —s —2) + s +2 if s + 2 € Specgyz (G)

(d) p(dn—s—2)+s+2—n;(H), j=1,...,p—1, each with multiplicity n.

Proof. Clearly G is 2n — s — 2 regular. Let t; and 57 be scalars such that

5 t11, ti11l,
2% (G« H) L 1®1 } =5 [1 1®1 ] (4.2)
p n P n

Note that 1,, is an eigenvector corresponding to the 2 -eigenvalue 0 of G, the Z-
eigenvalue s of G and the A-eigenvalue 2n — 2 — s of G. Therefore, equation (4.2)
implies
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(tr = 1)p(s +2) =11 (4.3)

and
(L —t1)(s +2) = b (4.4)

Solving equations (4.3) and (4.4) we get

p(s+2)
t1 =

= o519 - B provided 31 # p(s+2),

and, in this case we obtain 8 = 0 and (p + 1)(s + 2).

The case 81 = p(s + 2) can be omitted since it implies p = 0 or s = —2, both are
invalid. Hence we have (a).

Let 2; be an eigenvector corresponding to piZ (G), i = 1,...,n—1, that are orthogonal
to 1,,. Let t2 and (2 be scalars such that

& tox; | tox;
s ] sl ] -

Since 2(G) = Tr(G) — 2% (G) and A(G) = 2(J — I) — 2(G), from equation (4.5) we

have

ta (077 (G) +ps +2p) +p (p7 (G) — 5 — 2) = taf3s (4.6)
and
—ta (s +2—p7 (@) +p(An—p7(G)) +s+2=pa. (4.7)

Solving equations (4.6) and (4.7),

p(s +2 - p (G))

ided (@G 2
ng?(G)+ps+2p_ﬂ27 provide ﬂQ#pz ( )+p$+ D,

ty =

and, in this case we get

5, :;<p(4n+s+2)+s+2+(1—p)pzf(G)i

\/Qa(s+2—4n)—s—2+(1+p)p;$(G))2+4 s+2—p;5f(G)>2>.

Now, if By = p7Z (G) + ps + 2p then we get p (G) = s + 2. Hence (b) follows.
If pZ (G) = s + 2 for any 7 then

2% (G~ H) L;Zm] = (p+1)(s+2) [O“ZJ (4.8)
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and
0 0
<z n n
H =p4dn—s—2 2 . 4.

97 (G * )Lp@xl} (p(n s )+s+)[1p®xi] (4.9)
From equations (4.8) and (4.9), we obtain (c).
Finally, (d) follows from theorem 17 since Tr(u;) = s and d(u;) = 2n — 2 — s for
i=1,...,n. O]

Remark 6. In the above theorem the 2% -eigenvalues (b) of G x H can be expressed by
the Z-eigenvalues of G since p;Z(G) =s— pn—i+1(G),i=1,...,n.

As applications of theorem 18 we construct distance Laplacian cospectral graphs in
the following two corollaries.

Corollary 2. Let G be a transmission regular triangle-free graph of diameter 2. Let
H and H' be two non-isomorphic £ -cospectral graphs of the same order. Then G x H and
G x H' form a pair of non-isomorphic 9% —cospectral graphs.

5. Distance signless Laplacian spectrum of G x H

The distance signless Laplacian matrix of G * H, when G is a connected triangle-free
graph, can be written as

(5.1)

P2(G « H) = {QQ(G) +pTr(G) + 2T 17 © (2(G) + 21)}

1, ® (2(G) +2I) DY
where

D% =J, ®(@(G) + 2A(G)>+ I, ®<(p +1)Tr(G) + 21 + QpD(;)}»
((2p — I +2J — Q(H))@ I,.

The following theorem gives n(p — 1) Z2-eigenvalues of G« H when G is connected
triangle-free and H is regular.

Theorem 19. Let G be a connected triangle-free graph with V(G) = {u1,...,un} and H
be a k-regular graph of order p with 2-eigenvalues 2k = 61(H) > §2(H) > ... > 6,(H). Then
(p+1)Tr(wi)+2p(d(uwi)+1)—2—=6;(H), fori=1,...,nandj =2,...,p are P2 -eigenvalues
of Gx H.

Proof. Let go,...,gp be eigenvectors of 2(H) corresponding to d2(H),...,d,(H)
respectively, that are orthogonal to 1,,. Then, fori=1,...,nand j =2,...,p,

22(G « H) |:gj(<)8?lei:| Z((p + 1)Tr(ui) + 2p(d(u;) +1) —2 — 5j(H)) [gj(gei] _
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The next result gives all the 22-eigenvalues of G« H in terms of Z2-eigenvalues of G
and Z-eigenvalues of H when G is connected, triangle-free and transmission regular
and H is regular.

Theorem 20. Let G be a s-transmission regular triangle-free graph of diameter 2 with
22 -eigenvalues 25 = p2(G) > p2(G) > ... > p2(G). Let H be a k-regular graph of
order p with 2-eigenvalues 2k = 61(H) > 62(H) > ... > 0p,(H). Then the distance signless
Laplacian eigenvalues of G = H are the following.

(a) ;(2(41771—]4:) —p(s+2)+3s—2+ \/(gp(s—i-Q) —2(4pn—k)—|—s+2j +4p(s+2)2>

(b) ;((1—p)pf’2(a)+p(4n+s—z)+s+2—z(k+2)i

\/((1 +p)p?(G) + p(s +6 — 4n) —s+2(k+1y +4p(5g(g) _S+2j>7

i=2,...,n, provided p>(G)#s—2 forany i
(e)p(s+2)+s—2 and 4pn —p(s+2)+s—2—2k if s—2 € Specy2(G)
(d)dpn —p(s+2)+s—2—0;(H), j=2,...,p, each with multiplicity n.

Proof. Let t; and v, be scalars such that

2 tl]-n _ tlln
22(G* H) [1,,@ 1n] _— L;}@ Lj . (5.2)

Note that 1,, is an eigenvector corresponding to pi2(G) as well as s, the largest Z-
eigenvalue of G. Then equation (5.2) implies

t1(2s +p(s +2)) +p(s +2) =tim (5.3)

and
t1(s+2)+2p(dn — s —2) — 2k +s—2=". (5.4)

Solving equations (5.3) and (5.4) for ¢; and v; we obtain

o —p(s+2)
YT 25+ p(s+2) —m

, provided 7 # 2s+ p(s+2),

and in this case we obtain (a).
As in the proof of theorem 18, the case y1 = 2s + p(s + 2) can be rejected.

Let y; be an eigenvector corresponding to p;@(G),i = 2,...,n, and is orthogonal to
1,. Let t3 and 2 be scalars such that

12y, t2yi
22(G* H) L Qéjy_] = L gy} . (5.5)
P 7 p i
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Since 2(G) = 22(G) — Tr(G), from equation (5.5) we have

t<pl )+ p(s+ 2) f(pz -5+ 2): tay2 (5.6)
and

tg(p;@(G) -5+ 2)+ r<4n —4— p;@(G))— 20k +2) +5+2 = . (5.7)

Solving for t5 and 7 from equations (5.6) and (5.7) we get

—1fpi (G) — s + 2 5
ty = Z(Pz ( , provided 2(G) +p(s +2).
2= I s 2 P Y2 7# pi (G) +p(s +2)

In this case,

[\D\H

Yo = ((1) (@) +pdn+s—2)+s+2—-2(k+2)t

\/((1 +p)p2(G) +p(s+6—4n) — s+ 2(k + 1))2 + 4;(;;;@(0) —s+ 2)2>

72 = p2(G) + p(s +2) = p2(G) = s — 2. Hence (b) follows.
Now, if p?(G) = s — 2 for any 4 then

22(G « H) [OTJ :(p(5+2)+s_2>[yi]

Opn
and
0,
H = 2 —-2-2
22(G * )[1 5 } (pn p(s+2)+s k){l ®yl]
Hence (c) follows. Since Tr(u;) = s and d(u;) =2n—s—2 fori = 1,...,n, we obtain
(d) from Theorem 19. O

Remark 7. The 2Z-eigenvalues of G x H given in (b) in the above theorem can be
expressed in terms of the P-eigenvalues of G since p2(G) = s+ pi(G),i =1,...,n

Corollary 3. Let G be a transmission regular triangle-free graph of diameter 2. Let H
and H' be two non-isomorphic k-reqular 2-cospectral graphs of the same order. Then Gx H
and G+ H' form a pair of non-isomorphic 9 -cospectral graphs.
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6. Conclusion

The neighbourhood corona of graphs is a variation of the classical corona graph oper-
ation and has been widely studied in areas such as spectral graph theory, domination,
metric dimension, coloring, and more. However, its distance-based spectra have re-
mained largely unexplored. In this work, we have obtained the distance (respectively,
distance Laplacian, distance signless Laplacian) spectra of Gx H, when G is a regular,
triangle-free graph of diameter 2 and H is regular (respectively, arbitrary, regular).
Additionally, we have constructed several distance equienergetic graphs and graphs
that are cospectral with respect to distance, distance Laplacian, and distance signless
Laplacian matrices.

In future work, we intend to investigate the distance-based spectra and related prop-
erties of G H, when G belongs to the class of graphs associated with equation (3.2)
and remark 1. Determining the distance spectra of G x H when G is any connected
triangle-free graph also remains as an open area of research.
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