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1. Introduction

Let G = (V(G), E(G)) be a tree with the vertex set V(G) and the edge set E(G).
The order of G refers to the number of its vertices. The open neighborhood of a
vertex v is the set N(v) = {u € V(G) | ww € E(G)} and the closed neighborhood
of v is the set N[v] = N(v) U {v}. The degree of a vertex v € V is d(v) = |[N(v)|.
The maximum degree of G is represented by A. A leaf is a vertex of degree 1
and a support vertexr is a vertex adjacent to a leaf. For any two distinct vertices
u and v, the number of edges in a shortest path connecting them is called their
distance and is represented by d(u,v). The diameter of G, denoted by diam(G), is
the greatest distance between two vertices of G. A diametral path is the shortest
path between two vertices u and v with d(u,v) = diam(G). We write P, and
Sp for the path and the star of order n, respectively. The double star DS, , is
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2 Extremal Zagreb indices of a tree with given double Roman domination number

a tree obtained from S, 11 and Sy41 by connecting the center of S, 11 with that of S¢41.

In mathematical chemistry, topological indices are numerical values that are invariant
under graph isomorphism and are used to describe the physicochemical structures of
molecules. Among the topological indices based on vertex degree, the first and second
Zagreb indices have garnered considerable interest. These indices were first introduced
in 1972 by Gutman and Trinajsti¢ [10] and they have a good correlation with certain
chemical properties. For an arbitrary graph G, they are defined by the following
formulas:

My (G) = ZUEV@ d2(u) = ZWGE@ d(u) +d(w) , My(G)= ZWGE@ d(u)d(v)

A considerable amount of research has been conducted on the Zagreb indices. Some
results for the Zagreb indices can be found in [6, 9, 13] and the references therein.

A double Roman dominating function (shortlyy, DRDF ) on a graph G is a function
f:V(G) — {0,1,2,3} having the property that if f(u) = 0, then the vertex u has
at least two neighbors assigned 2 under f or one neighbor w with f(w) = 3, and
if f(u) = 1, then the vertex u must have at least one neighbor w with f(w) > 2.
The minimum weight, w(f) = >, cy(r) f(v), of double Roman dominating functions
on T is defined as the double Roman domination number, of T and is denoted by
Yar(T). A double Roman dominating function with weight v4r(T) is referred to as
a vgr-function (see [1] and [5]) .

Recently, the relationship between topological indices of trees and types of their dom-
inating sets has been studied. For example, in papers [7, 12], the connection between
Zagreb indices and the domination number of trees has been explored. Additionally,
in papers [2-4, 8], bounds for Zagreb indices of trees have been derived using the
Roman domination number. In this paper, upper and lower bounds for the Zagreb
indices of a tree are provided by using its double Roman domination number.

2. Preliminaries
We start this section by stating the Zagreb indices and the double Roman domination

number of P,,’s which will be useful in proving the results of the article. Calculating
the mentioned parameter and indices is straightforward.

Lemma 1. Letn > 2 be an integer number. Then M1(P,) = 4n—6 and M2(P,) = 4n—38.
Lemma 2. [1, Proposition 1] Let n be a positive integer number. Then

_ n n=0 (mOd 3)
’YdR(Pn)*{nJrl n=1,2 (mod 3)



M. Habibi, A. Alidadi 3

The following upper bound for the double Roman domination number of a tree (an
arbitrary graph) in terms of its order and its maximum degree was stated in [11].

Lemma 3. [11, Theorem 3] Let G be a graph of order n and mazimum degree A. Then
var(G) < 2n—2A + 1
Lemma 4. LetT be a tree of order n and u is a leaf in T. Then
Yar(T — u) < var(T) < yar(T —u) + 2.
Proof. The proof is straightforward. O

Definition 1. The graph S, x is a graph of order n, that has one vertex of degree n—k—1,
k vertices of degree 2 and n — k — 1 vertices of degree 1. In other words, the graph Sy, j is
obtained from the star S, by adding k pendant edges to some its leaves (see Figure 1).

Figure 1. S,

3. Upper bound for Zagrab indices of trees with given double
Roman domination number

In this section, we provide upper bounds for the first and the second Zagreb indices
of trees in terms of their double Roman domination number. First, we assume that
~var is an odd number. According to Lemma 3, A < n — WRT_l As a first result,
we consider trees with the double Roman domination number v4z and the maximum
degree A =n — WRT_I

Theorem 1. Let T be a tree of order n and with the double Roman domination number

Yar- If var is an odd number and A =n — %”3_1, then T = Sn,7d52*3 and so

21

1
My (T) =n’ - (yar — 2)n + Z’YgR‘f"YdR_ T
2 7var+1 3 T
g "tRleRT g

MQ(T) =n
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Proof. Let v be a vertex of degree A and f: V(T) — {0,1,2,3} be a function with
the rule f(v) =3, f(N(v)) =0 and f(V(T)\ N[v]) = 2. Therefore

w(f)=3+2n-A-1)=3+2M 871 1) = 5p

and hence f is a ygg-function. Next, we claim that every neighbor of v has degree
at most 2. To the contrary, suppose there exists € N(v) with d(z) > 3. Clearly,
the function g : V(T) — {0,1,2,3} defined by g(x) = 3, g(N(z) —v) = 0 and
g(z) = f(z) otherwise, is a DRDF of T with w(g) = w(f)+3 —2(d(z) — 1) < w(f), a
contradiction. Also, it can be seen that for every u ¢ N[v], d(u) = 1. This is because
that if there exists some y € V(T') with d(y,v) > 2 and d(y) > 2, then the function
h:V(T) — {0,1,2,3} defined by h(y) = 3, h(N(y)) = 0 and h(z) = f(z) otherwise,
is a DRDF of T with w(h) < w(f) +1—2(d(z) — 1) < w(f), a contradiction. Thus
T =8, with A =n—Fk—1 and consequently n —k —1=n— 7‘“;_1. So k = ”RT%
and hence T = Sn, 2ap=t- This implies that

-1 -3 —1 1 21
My(T) = (n— 74R2 )2+4(7dR2 )+(n—’MRT):n2—('ydR—Q)n—&—Z'deR—l—'ydR—I;
— -1 — -1
MQ(T):WR2 3 ><(n—%m2 )><2+WRT3><2><1+(n—'y,1R+2)><(n—WRT)><1
_p2_Yartl 3 T
- L)
and we are done. O

In the following theorem, we state an upper bound for the Zagreb indices of trees in
term of 4, in the case v4gr is an odd number.

Theorem 2. Let T be a tree of order n and with the double Roman domination number
Yar- If var is an odd number, then

1 21
M(T) < n® — (var —2)n + Z’YgR + Yir — T

2 7var+1 3

Mx(T)<n 5 n+§7dR—

53
and each equality holds if only if T = Sn Yap=3 -
’ 2

Proof.  We proceed the proof by induction on diam(T). If diam(T) = 1, then
T = P, = Sy and whenever diam(T) = 2, then T = S,, & S, 0. Therefore by
Theorem 1 the result is clearly established. Now, assume that the theorem holds for
all graphs with diameter less than d and consider T as a tree with diameter d. If
A=n-— “’#‘71, then by Theorem 1 the result holds. Therefore, let A < n — W‘“?Tfl
and P :xjx9--- 2441 be a diametrical path in 7. We consider the following cases.
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Case 1. If d(z3) > 4, then x5 has at least three leaves. Therefore, it can be shown
that in this case v4r(T’) = v4r(T) where T/ = T\ {x1}. Thus by the induction
hypothesis we have:

Ml(T) = Ml(T/) + Qd(l‘g)

1 21
<(m—12%=(var —2)(n — 1)+ —Vig + Yar — — + 2d(z2)

4 4
1 21 un—1
=n®— (yar —2)n + Z%%R TR~ 2(n — ’YRT) + 2d(x2)
1
<n®—(yar —2)n+ Z%%R YR —

and

My(T) = My(T") + Zyewﬂ d(y) —1

Yar + 1 3 7
<(n—1)2_ e T~ e _ - 1) — _
<(n-1) 5 (n 1)+27dR 2+2(" 1) §y¢N[I2]d(y) 1
1 7 1
gn2—%n+gm—§—2n+1+%+z(n—1)—(n—1—d(x2))_1
2 7Yart+1 3 7 Yar — 1
—n?_ S L gy Z TR T Ny
n 5t 5ar =5 —(n 5 ) T d(2)
2 Jartl 3 T
<n 2 7L+2’YdR 5"

Case 2. If d(z2) = 3, then v4r(T) — 1 < var(T") < var(T).
Subcase 2-1. If v4r(T") = v4r(T), then similar to Case 1, one can see that the
desired inequalities hold strictly.

Subcase 2-2. If v4r(T") = v4r(T) — 1, then

M(T) = My(T') + 6

1 21
S(n—1)2—(%”?,—3)(”—1)"‘1(7(112—1)24‘(%11{—1)—?"'6
1 21 Yar — 1 9
— 12— (yar — 2)n + -2 — 2 (- ~ 6.
n” — (var — 2)n + 1R +Ydr 1 (n 9 ) 1 +

On the other hand, n — ”RT_l >A>3. Thusn — '“RT_l > 4 and hence

21

1 2
7Yar+Yar =

M(T) < n? — (yar — 2)n + 1
Also, by a computer computation one can see that for every tree T of order at most
7, the stated bound for M5(T) in the theorem is established. Now, let n > 8. We
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have:

My(T) = M(T) + Y d(y) 1

3 7
§(n—1)2—WTR(n—1)+§(’YdR—1)—§+(3+d(m3)+1+1)—1
o Yar+1 3 7 n . Yqr 3
=n?— iR — = —2n+ 14—+ 18 2 d(xs) +4
n 5Nt gvar — 5 — 2+ l4 g+ 5+ (x3) +
1 3 7 -1 1
ZHQ—%TH‘?MR—5—(n—WRT)+d($3)_§n+4
2_'7dR+1 § _Z
<n 5 7’L+2’YdR 5"

Case 3. Let d(z2) = 2. If vqr(T) < yar(T") + 2, then similar to Case 1 and Subcase
2-2, it can be shown that the desired inequalities strictly hold. So, let y4r(T) =
Yar(T") + 2. Then

My(T) = My(T') + 4
21

< (0= 1) = (ar ~ )0~ 1)+ §(ar =27 + (an — 2) = o7 +4

1
=n*— (yar — 2)n+ 7Vig + Var —

4 4

Furthermore, by the induction hypothesis, equality holds if and only if 7V =
Sn_L R If o is a leaf of T' with distance 2 from the central vertex of 77,
then v4r(T) = yar(T’) + 1 and we showed that in this case the inequality is strict.
Therefore x5 is one of the leaves of T” that adjacent to the central vertex of 7" and

consequently 7' =5 +,5-3. Also,
T2

Mp(T) = My(T') + 3 - d(y) =1

<=1 = 8L 1) 4 D n - 2) L+ 2+ d(ws) +1) 1

2
1 3 7 -1
=n’ - LR;_ n+ YR = 5~ (n— LRQ ) + d(z3)
2 VdR +1 § _ z
<n 2 n -+ 27dR 5
and the results follow. O

Now, we consider trees with an even double Roman domination number. Let v be
a vertex of T' with d(v) = A. Since v4r is even, there exists leaf v € V(T') with
d(u,v) > 3. So, the function f : V(T) — {0,1,2,3} defined by f(u) = f(v) = 3,
f(N(@)) = f(N(u)) = 0 and f(z) = 0 otherwise, is a DRDF of T with w(f) =
6+ 2(n—A—3) =2n—2A. Tt concludes that v4r < 2n — 2A and consequently
A<n— WTR In the following, we examine trees with A = n — '“TR and compute their
Zagreb indices.
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Theorem 3. Let T be a tree of order n and with the double Roman domination number
vVar- If var is an even number and A(T) =n — 14 then T is one of the following trees:

Sn—3,—R—’Yd276 @PB ’ Sn—3,J—’Yd2'76 @P,?, ’ Sn—4,J—.Yd278 @P4

v,T2 v,T3 v,Z3

In particular, in the first case we have

1 3
My(T) =n® = (yar — 1)n + 1’731% + 5YdR — 2

M (T) = n? — WTR(n —3)—n;

and in the second case

1 3
Ml(T) = n2 — (’YdR — 1)n + Z’}/iR + §'YdR —4

Mp(T) = n® = L (n—8) —n — (n - 222);

and in the last case

1 3
My(T) =n® — (yar — 1)n + Z’YﬁR + 5var — 2

MQ(T):n2—WTR(n—3)—n—(n—WTR)+3.

Proof. Let v € V(T) be a vertex of degree A. First note that if all other vertices
of T are adjacent to v, then T = S,, and v4r(T) = 3, a contradiction. We prove the
theorem in the following cases.

Case 1. The eccentricity of v (i.e. the maximum distance of v and other vertices in
T) is equal to 2. So, there exists a vertex = in the neighborhood of v with d(z) > 3.
Because otherwise, T' = S,, , and v4r is odd. In this case, we define f : V(T) —
{0,1,2,3} with the rule f(v) = f(z) =3, f(N(v) —{z}) = f(N(z) — {v}) = 0 and
f(u) = 2 otherwise. Therefore, f is a DRDF with

w(f)=3+3+2n—(A+1+4+d(zx)—1)]=2n—2A—-2d(z)+6

:Qn—Q(n—WTR)—2d(x)+6:’yd3—2d(:c)+6§’yd3

It concludes that d(z) = 3. Additionally, if there are two vertices x and y with
d(xz) = d(y) = 3, then by defining the function g : V(T) — {0,1,2,3} with g(v) =

9(x) = g(y) =3, g(N(v) —{=z,y}) = g(N(z) —{v}) = g(N(y) —{v}) = 0 and g(z) = 2
otherwise, we obtain a DRDF with

w(g) =3+3+3+2n—A=5)=2n—-2A—-1=4r—1,
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which is also a contradiction. Thus, Sn7377d§—6 @v,m Ps.

——
n—"Ydr +2

Figure 2. s van—6 Bz, Ps
T ™

Hence

6
Ml(T):(n—WTR)2+9+4><WRT—F(H—WTR—FD

1 3
=n?— (yar — L)n+ ZVﬁR + 3VdR = 2;

My(T) = 3+3+3(n = 1) + (yar = 6)(n = 252) + (ar — 6) + (n — yar +2) (n — 25
3
2—WTR(n—S)—n:nQ—(1+W7R)n+§7dR

Case 2. The eccentricity of v is equal to 3.
Subcase 2-1. If d(u) < 2 for any u € V(T) — {v}, then T is isomorphic to the
following tree.

Figure 3. The eccentricity of v is equal to 3.

Consider f : V(T) — {0,1,2,3} with the rule f(v) =3, f(N(v)) =0 and f(V(T) —
N[v]) = 2. Clearly, f is a DRDF with w(T) =3+ 2(n — A — 1) = y4r + 1. Another
labeling for the vertices of T" is shown in Figure 3. If we denote the function generating
this labeling by g, then g is a DRDF with w(g) = w(f) — k, where k is the number
of leaves of T' that the distance of them and v is equal to 3. Thus £ = 1 and so

~
TS, e @y, Po
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Figure 4. Snfs,ﬁ’d}%76 GBU,IS_ Py

So, we have

M(T) = (0= 272 4 g (MR (- 27

1 3
=n>— (yar — 1)n + =Vig + =Var — 4

4 2
MZ(T):2+4+2(n—W7R)+(WR—6)(n—W7R)+(7dR—6)+(n—WTR)(n—wRJrQ)
:nQ—%(n—S)—n—(n—WTR)
3
=n? = 2+ 1)+ 2yur = n? — (1+ L)n + Zqur — (n - 220,

Subcase 2-2. If d(z) > 3 for some z € V(T) — {v}, then we claim that = €
N(v). To the contrary suppose d(z,v) = 2. Clearly, the function g with the rule
g(v) = g(x) =3, g(N(v)) = g(N(z)) = 0 and g(z) = 2 otherwise, is a DRDF with
w(g) = 6+2[n— (A+d(z)+1)] = yar — 2d(z) + 4 < 74r, a contradiction. So
x € N(v) and the claim is proven. On the other hand, the function f that mentioned
in Case 1 is a DRDF with w(f) = v4r — 2d(z) 4+ 6. It concludes that d(x) = 3 and f
is a ygr-function. Furthermore, x is a support vertex. Because otherwise there will
be a DRDF with the weight w(f) — 1, a contradiction. Also, similar to the mentioned
argument in Case 1, one can see that just one neighbor of v has degree 3. Finally,
if there exists some y € V(T') such that d(y,v) = d(y) = 2 and f(y) = 2, then by
changing the labels of y and its only adjacent leaf in f from 2 to 3 and 0 respectively,
we obtain the DRDF with the weight v4z — 1 and this is a contradiction. Therefore

~J
T= Sn,4”‘de+_8 @v,x;; P4'

Ydr—8
2

Figure 5. Sn,4dd}§*8 EBWE3 Py
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So, we have

—6
Ml(T):(n—WTR)2+9+4(WR2 )+(n—7dTR+1)

1 3
=n?—(yr —Ln + Z’Ygz?, + %R =%

MQ(T):3+2+6+3(n—%)—F(WR—@(”—%)‘F(WR_S)"'("_WR—'—?’)M_%)
:n2—%(n—4)—2n+3
3
:n2—(2+W7R) +2wR+3:n2—(1+w73)"+§7dR‘("_%TRH?"

Case 3. The eccentricity of v is grater than 3. In this case, there exists a vertex x in
T with d(z) > 2 and d(z,v) = 3. So, by assigning 3 to « and v, zero to neighbors of
x and v, and 2 to other vertices of T', we get a DRDF with the wight v45 + 2 — 2d(z),
which is a contradiction. O

Here, we state an upper bound for the Zagreb indices of trees in term of v4g, in the
case Yqg is an even number.

Theorem 4. Let T be a tree of order n and with the double Roman domination number
Yar- If var is an even number, then

1 3
My(T) < n® = n(yar — 1) + Z’YﬁR + 574 — 2

3
Ma(T) <n®— (1+ %ZTR)n + San.
The equalities hold for T € {S . ~vip-6 D, ., 5,5, , an-8 D, ., Pat and T =
s 3 »T n—4, % s T

Sn_s,”dg’G D, ., s, respectively.

Proof. 'We proceed the proof by induction on diam(T). First note that v, is odd
whenever diam(T') < 2. Now, let diam(T) = 3. So, T = DS, 4 and consequently
~v(T) = 6 (Note that due to y4r being even, ¢ > 2). It concludes that

1 3

My(DS, ) — [n* = (yar — Dn+ Z%%R + 57ar — 2] =4p+4q—2pg—8<0
3

M5(DSpq) — [n* — (1 + WTR)H + 5%3] =2p+2¢—pg—4<0

and each equality holds if and only if T' = DS, 2 = S,_30 @U’m P;. Next, assume
that the theorem holds for all graphs with diameter less than d and and consider T
as a tree with diameter d > 4. If A = n — WT'R, then by Theorem 3 the result holds.
Therefore, let A < n — 2% 0105 ---vg41 be a diametral path in 7" and 7" =T\ {v1 }.
We consider the following cases:
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Case 1. If v4r(T) = var(T"), then by the induction hypothesis we have:

Ml(T) = Ml(T/) + Qd(’Ug)

1 3
<(n—=12%=(yar —1)(n—1)+ =72z + var — 2 + 2d(vy)

4 2
1 3
=n®— (yar — L)n + 1’73]{ + 5YdR 2—-2(n— WTR) + 2d(vq)

1

3
4733 + =VdRr — 2,

<n®—(yar — Dn+ 5

and

Mo(T) = Ma(T)+ 3, A0 =1

<-1- 1+ m-1)+ S am+2n—1)— D oy 40— 1

2

3
<o = (14 2500+ Sran+ 2+ 20— 1) = (0 =1 - d(w) — 1

3
=n? — (1+ 2y Sar — (n— Y28 4 d(vy)

2 2 2

3

<n?—(1+ 7dTR)nJr 5 VR

Case 2. If y4r(T) = var(T") + 1, then by the induction hypothesis we have:

Ml(T) = Ml(T/) + Qd(Ug)
< (=17 = (an ~ 2)(n — 1)+ {r — P+ 5 (ar — 1) — 2+ 2d(w2)

1 3 9
=n® = (yar — 1)n + 17§R+ 57YaR —2—(n— MTR) ~1 + 2d(vq)

1 3
< 77,2 — ("}/dR — 1)71 + Z’yﬁR + §’YdR — 2.

Also, n — 242 > d(vy) + 1. Hence (n — 242) + 2 — 2d(vsy) > 12 — d(v2). On the other

hand, v4r(T) = var(T") + 1 implies that d(vs) < 3. So,

1 3
My(T) < n® = (yar — 1)n + 17313 + 57VdR — 2.

Also, by a computer computation one can see that for every tree T of order at most
7, the stated bound for M3(T") in the theorem is established. Now, let n > 8. We
have:
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My(T) = My(T') + > d(u) —1

u€N[vz]
{ 3 (d(v2)—1)-times
< (n—l)z—(l—i-%lRT)(n—1)—0—5(%11?,—1)+(d(v2)+d(v3)+ 1+--4+1)-1

3 n

== (1 2+ Soan — (0 — T2+ d(wg) — 5+ 2d(e2) — 2
3

< 7’L2 — (1 + L;R)n + §7dR-

Case 3. If v4r(T) = var(T’) + 2, then d(ve) = 2 and so

My (T) = My(T") + 4
1 3
<(n=1)?=(wr —-3)(n—1)+ 7 ar — 2)% + 3(rar—2) —2+4
1 3

=n® = (yar — \n+ E’Ycle +5%ar — 2
Furthermore, by the induction hypothesis, equality holds if and only if either
T — Sn7477d,§_s D, ., Ps or Snis"ydRz—lO @D, ., P+- By considering the equation
rYdR(T) = ’)/dR(T/) + 27 i7" = Sn—4,77dﬁ2"78 @v,mz P3’ then T' = S’n—?nim’”;"i6 @v,:m P3

or TV = Sn74,“1§‘8 @wca P, and if TV = Snisv'ydRZ—lO @U,xs Py, then T =
So_a, tag =8 ®D., ., P1. Also,

My(T) = My(T") + ZUEN[W] d(u) —1

<=1 = (4 P22 0 1) 4D (an — 2) + (24 () + 1) — 1

2
3
= n? = (L+ 280 + Syar — (n = 255) + d(vs)
3
<’ = L+ Zn+ Squn
2 2
and the proof is complete. O

4. Lower bound for the Zagrab indices of trees with given
double Roman domination number

In this section, we provide lower bounds for the Zagreb indices of trees using their
double Roman domination number.

Theorem 5. Let T be a tree of order n and with the double Roman domination number
Yar. Then Mi(T) > 5n — vqr — 6 and Ma(T) > 5n — yar — 8. The first equality holds if
only if T = Psy, and the second equality holds if and only if T = S4 or T = Psy,.
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Proof. First note that the results hold for T'= P,,, by Lemmas 1 and 2. Moreover,
if any two arbitrary leaves of T have distance 2, then T'= S,, and therefore

Mi(Sy)=(n—-124+n-1)=n*~n>5n—-3—-6=>5n—09.

Because, (n —3)? = n? —6n+9 > 0 and the equality holds if and only if n = 3 if and
only if T'= Ps. Also,

My(S,)=(n—-12=n>—-2n+1>5n-3—-8=>5n—11.

Because, n2 — Tn + 12 > 0 for n > 3 and the equality holds if and only if n = 3,4
if and only if T = P3 or T = S4. Now, we assume T 2 P,,S,, and consider two
arbitrary leaves u and v in V(T') with d(u,v) > 3. We proceed the proof by induction
on n. Assume that P : u = x129 -z = v is a unique path from u to v. We consider
the following three cases.

Case 1. d(z3) > 3. Let T =T — {u}. Since v4r(T") < v4r(T), we have

M\(T) = My(T") + 2d(a2)
>5(n —1) = var(T’) — 6 4 2d(x2)
>5n —y4r(T) — 6 + 2d(z2) — 5
> 5n — y4r(T) — 6.

Also,

My(T) = Ma(T')+d(22)+ Y weney) N(@2) = d(@2)+d(23)+D  weney N(72) > 34241 = 6.

wWHT| wH#T1,T3

It concludes that

Ms(T) > Mz(T") +6 > 5(n — 1) = var(T") — 8 +6 > 5n — var(T) — 8.

Case 2. d(x3) = 2 and d(x3) > 3. Suppose T” is the connected component of T'
resulting from removing zox3 which contains z3. Therefore, we have:

My(T) = My(T") + d*(x3) — (d(w3) — 1)? +4+1
= M(T") + 2d(z3) + 4
> 5(n —2) —yar(T") — 6 + 2d(x3) + 4
> 51 —7ar(T) — 6+ 2d(x3) — 6 (Sinceyar(T") < var(T))
> 5n —v4r(T) — 6,
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and the equality holds if T = P,,_a, 3|n — 2, d(x3) = 3 and v4r(T") = var(T). But,
it is not hard to check that vgr(Pn—o EBy,z Py) # var(P,—2) for all non-leaf vertices
of P,,_s. Therefore, in this case as well, equality does not hold.

Also,

My(T) = Ma(T") + Y wewiey) dw) + 2d(w3) +2 < (1+1) +6+2=10

WHTo

and hence
My(T) > Ma(T") 4+ 10 > 5(n — 2) — var(T") — 8 + 10 = 5n — v4r(T) — 8.

Moreover, if the equality holds, then d(z3) = 3 and N(z3) = {x2,z4,y} with d(x4) =
dly) = 1. So, T = DS51 and hence My(T) = 14 > 12 = 5n — y4r(T) — 8, a
contradiction.

Case 3. Let k > 4 be the smallest index such that d(zj) > 3 and T” be the connected
component of T resulting from removing zy_;x; which contains z;. We have:

My(T) = My(T") + d?(z1,) — (d(zx) — 1)? +4(k —2) + 1
My (T") + 2d(zg) + 4k — 8

1
>5(n—k+1)—var(T') — 6+ 2d(xy) + 4k — 8.

On the other hand, v4r(T') > var(T")+7var (Pr—2) and hence y4r(T") < var(T)—k+2,
by Lemma 2. So,

M, (T/) > bn — 'ydR(T) — 6+ Qd(l‘k) )
> 5n — y4r(T) — 6.

Also,

My(T) = Ma(T") + Y " wewiep) d(w) +2d(zi) +4(k — 2) +2

WHTR -1
>5(mn—k+1)— (var(T) —k+2) — 8+ 2d(zx) + 4k — 6
=5n—v4r(T) — 8+ 2d(z1) — 3
> 5n —var(T) — 8

and the results follow. O
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5. Conclusion

The Zagreb indices - which introduced by Ivan Gutman and Nenad Trinajsti¢ in
1972 - are a pair of parameters used in mathematical chemistry, specifically in the
study of chemical compounds represented as graphs. They are calculated based on
the degrees of vertices (number of connections) in a molecular graph. This paper is
devoted to the investigation of relationship between the first and the second Zagreb
indices and double Roman domination number of any arbitrary tree. More precisely,
we establish upper and lower bounds of the first and the second Zagreb indices of
trees in terms of their orders and double Roman domination numbers, and all the
tree attaining the equality case are characterized.
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