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1. Introduction

Generating functions are central in many fields as algebraic geometry, representation
theory and combinatorics, they provide algebraic ways to encode complex information
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2 Homogeneous symmetric functions and new generating functions

and allow us to extract enumeration results. Over several years, many studies have
been conducted in the field of number sequences and polynomials and their properties
and identities, a lot of these researches are based on getting the generating function
(2, 4, 79, 11, 13, 14, 16, 18, 21].

Also many researchers were interested in k-Mersenne sequences and the sequences
that are derived from their, in particular, In [24] K. Uslu and K.V. Deniz, studied
k-Mersenne numbers. Also, in [12] M. Chelghem and A. Boussayoud defined and
studied k-Mersenne Lucas numbers, and in [22] N. Saba and A. Boussayoud intro-
duced the concept of bivariate Mersenne and bivariate Mersenne Lucas polynomials
for the first time and they gave symmetric functions, explicit formula and d’Ocagne’s
identity of these polynomials, also they use the Binet’s formula to obtain few
well-known identities and furthermore, they investigated some summation formulas.
That’s why we saw their results as a good opportunity to present our work based
on obtaining generating functions for some products of particular numbers and
polynomials as k-Fibonacci and k-Jacobsthal numbers, bivariate complex Fibonacci
polynomials and Chebyshev polynomials with this bivariate polynomials.

2. Definitions and properties

In this section, mentioning symmetric functions and some of their properties is im-
portant and useful. We also present some identities.

It is well-known that a symmetric function of an alphabet A = {a1,a2,as,...} is a
function of the letters which is invariant under the permutation of the letters of A.
That is, a function f(z1,z3,...,2,) in n variables is symmetric if for all permutations
of the index set (1,2,...,n) , the following equality holds

f(xlazQa s 7:Cn) = f(xs(l)axs@)a s 5Is(n))-

Definition 1. [6] Let & and n be two positive integers and let {a1,az,...,an} be the set
of given variables. Then, the elementary symmetric function e (a1, az, ..., ar) is defined by

e;(vn):ek(al,am---,an): Z aita? ...ay, 0<k<n, (2.1)

i14igt...tip=k
with 41,72,...,4, =0V 1.

Proposition 1.  [6] The generating function of the elementary symmetric function is
given by

n

E(z) = Zekzk = H(l + a;z).

k>0 i=1
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Definition 2. [6] Let k and n be two positive integers and let {a1,as,...,a,} be the set

of given variables. Then, the complete symmetric functions hx(a1,az,...,a,) is defined by
hé") = hi(ar,az2,...,a,) = Z ala .. .alr, (2.2)

i1tiz+...+in=k
with il,iz,. . .,in 2 0.

Proposition 2. [6] The generating function of the completes symmetric function is given

by
H(z) = thzk = n;
k>0 H(l —aiz)

i=1

Definition 3. [1] Let n be a positive integer and A = {a1,az2} be a set of given variables,
the symmetric function S,, is defined by

n+l  n+l
Sn(4) = Sn(ar +az) = 22,

with
So(a1 +a2) =1, Si(ar +a2) =a1 +az2, S2(a1 +a2) = a% + aiaz + a§.

Remark 1. [1] We have S, (a1 +a2) =0, for n <0.
Remark 2. Let A = {a1,a2} be an alphabet. We have
Sn(al + (12) = hn(ahag).

Definition 4. [10] For n € N, the Mersenne sequence, denoted by (My)nen, is defined
recursively by

Mn = 3Mn_1 — 2Mn_2 For all n 2 2, M() = 07 M1 =1.
Definition 5. [24] Forn € Nand k > 1, the k-Mersenne sequence, denoted by (M »)nen,
is defined recursively by

Mk,n = 3k'Mk7n_1 — QMkyn_z, For all n 2 2, Mk,O = 0, Mk,1 =1.

The Binet’s formula of k-Mersenne numbers is given by

AT =Xy
A1—A2’

My, =

2 __ — 2_
3k+\/29k 8 and Ay = 3 \/29k 8

where A\ = are the roots of the characteristic equa-

tion of the sequence (My )nen.



4 Homogeneous symmetric functions and new generating functions

Definition 6. [23] For n € N, the Mersenne Lucas sequence, denoted by (mn)nen, is
defined recursively by

Mp = 3Mp—1 —2Mp—2 , Foralln >2, mg=2, m; = 3.

In [23], N. Saba and A. Boussayoud gave the following identities for Mersenne Lucas
numbers.
The Binet’s formula is given by

m, = 2" + 1.
The Negative extension
m_n, = 27

The generating function, the Catalan’s identity and Cassini’s identity are respectively
given by

> " 2-3z2
9(2) fnzzjomnz = 13,127

2 _ on—r, 2 n+2
My Mgy — My, = 27 "y, — 2775,

2 n—1
Mypy—1Mp41 — My, = 2 .

Also, the symmetric function as follows

My, = 25, (A1 + [—A2]) — 3Sh—1(A1 + [—A2]),

with )\1 = 2 and )\2 =1.

Definition 7. [12] For n € N, and k > 1 the k-Mersenne Lucas sequence, denoted by
(Mk,n)nen, is defined recursively by

Min = 3kMp 1 — 2Mp 2, For allm > 2, mpo=2, mi1 = 3k.

Definition 8. [22] Let n > 0 be integer. The recurrence relation of bivariate Mersenne
Lucas polynomials (my(x,y))nen is given by
2, ifn=0
mp(z,y):=4¢ 3y, ifn=1 ,
3ymp—1(z,y) — 2zmn_2(z,y), if n > 2
and it is assumed z # 0 and 9y* — 8z > 0.
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It is remarked that if z =1 and y = k (for y > 1 ) in the above recurrence relation,
we obtain the sequence of k-Mersenne Lucas numbers, that is my (1, k) = my , , when
my(1,1) = m,,, we recover the Mersenne Lucas numbers.

The first few terms of bivariate Mersenne Lucas polynomials are presented by
{2,3y,9y* — 4=, 27y> — 18zy, 81y* — T2xy* + 822, 243y> — 270zy> + 602y, ...} .
From the recurrence relation, the characteristic equation is extracted as follows

A2 —3y\+22 =0,
with characteristic roots
A= VRS g, = eV
So that

A+ X =3y, AXy =2z and A\; — Xy = /92 — 8.

The nth terms of the bivariate Mersenne Lucas polynomials are given in the next
theorem.

Theorem 1. [23] The Binet’s formula for bivariate Mersenne Lucas polynomials is given
by

The negative extension of bivariate Mersenne Lucas polynomials is given by
(m—n(xay))nEN as

Mmoo, ) = 5.

And they gave the generating function and symmetric function for bivariate Mersenne
Lucas polynomials in the following theorems.

Theorem 2. /23] For n € N, the generating function of bivariate Mersenne Lucas
polynomials is given by

oo
9(2) = 3 ma(z,y)2" = i

Theorem 3. [22] Forn € N, the symmetric functions of bivariate Mersenne and bivariate
Mersenne Lucas polynomials are given by

1. Mn(z,y) = Sn-1 (A1 + [=A2]),

2. mn(z,y) = 250 (A1 + [=A2]) = 3ySn—1 (M1 + [-A2]),

. 3y++/9y2—8x 3y—+/9y2 -8z
with \1 = % and Ao = %
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The k-Fibonacci numbers (Fj »)nen were introduced by S. Falcon and A. Plaza in
[15] . They are defined recurrently by

Fon=kFyn_1+ Fyp_ofork>1andn>2,
with Fk70 =1 and Fk71 = k.

The bivariate complex Fibonacci polynomials (Fy,(x,y))nen were defined in [3] as
follows

Fn—i—l(xay) = Zan(xay) +yFn—1(x7y) for n > 17

with Fy(z,y) =0 and Fy(z,y) = 1.
The Binet’s and the explicit formulas of bivariate complex Fibonacci polynomials are
respectively given by

A (zy) AN (z,y)
Folz,y) = 3305t

and

[n—1/2] s ) ]
o S S

Note that A\;(x,y) , A2(z,y) are the roots of the characteristic equation A2 —iz\—y =
0.

Similarly, we define the k-Jacobsthal numbers by mean of the recurrence relation.
For any positive integer k, the k-Jacobsthal sequence say (Jk,n)neN is defined recur-
rently as follows [17, 19, 20].

Jen+1 = kJgn + 2Jg -1, forn >1,

Fo(z,y) =
§j=0

with Jk,O = 0, Jk,l =1.
The Binet’s formula of k-Jacobsthal numbers is given by

A=\
Jo, =1 72
kn )\1 — AQ )
k++/8+ k2 k—+84+ k2
where \; = % and Ay = %, are the roots of the characteristic
equation

A2 — kXA —2=0and \; > \a.

Definition 9. [6] The symmetrizing operator 4% ,, is defined by

5§1a2f(a1) = alff(al) - agf(aQ), vk € N. (23)

a; — a2

Remark 3. If f(a;) = a;, in formula (2.3), we obtain

k+1 k+1
k a —a
5a1a2f(a1) = 1a1 - aj

Remark 4. Let A = {ai,a2} be an alphabet. We have

68 oy (a1) = Si(a1 + az2).
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3. Main results

In this section, we introduce an operator to derive new generating functions of
products of some well-known numbers and polynomials.

The following theorem is the basis for all applications and results that follow.

Theorem 4. Let A, B and C be three alphabets, respectively, {a1,az2,as}, {b1,b2} and
{c1,c2}. Then we have

Y Sn(A)Snsk-1(B)Snsk-1(C)2" =

n=0
( Sn(—A) 36{”2”) (
n=0 n

~ (i &(—A)b&%z”) ( Sn(—A)b ) 3 Su(=A)Snp-1(B)e} 2"
n=0 0
(c1 —c2) [T (1 —abicrz) (1 —absciz) T (1 — ablcgz) 1T (1 — abzaczz) ’

3

18

Sp(—=A)Sn_k_1(B)cyTFz"

Sn(—A) ?c{‘z")
0

3
gk

bYbs

118

3
Il

acA acA acA acA
(3.1)
for all k € Np.
Proof. By applying the operator 6 ., 6, to the series f(bic12) = Z Sp(A)bT el 2",
n=0
we have
88y O, (f(D1012)) = OF ., 684, (ZS ?C?Zn>
n=0
B S (A" — b5y S, (A)byete"
= ok = =
ciC2 bl _ b2
bn+1 _ b;H_k n.n
= 0, <Z Sn(A)Snir-1(B )C?Z")
Z Sp(A)Snyk—1(B)ctz" — 0129 Z Sp(A)Snyr—1(B)c5z"
n=0 n=0

C1 —C2
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> S (A)Snpk—1(B)ef e = > 8, (A)Sppr—1 (B)ey 2"
_ n=0 n=0
- C1 — C2
0o Cn—i—k _ Cn-i—k
= > Su(A)Spir1(B) | F—F— ] 2"
"0 C1 —C2
inf
= ) Su(A)Snsr-1(B)Snik-1(C)2".
n=0
On the other hand, since
fbic12) = ==t —-|
(1) H (1 —abic12)
acA
by _ by
H (1 —abyer2) H (1 —abycy2)
sk 5k, 1 _ ok | aca acA
ez onbe H (1 —abic12) cre by — bs

acA

bk H (1 — abycyz) — b8 H (1 —abie12)

_ 5/€ acA acA
A (b — by) H (1 —abicy2) H (1 —abacrz)
acA acA
Using the fact that
D Su(= Atz =[] (1 - abrer).
n=0 acA

then

> Su(=Aphbyerz" = > S, (—A)bhbycr "

5k 6k 1 o k n=0 n=0
biba

c1Cs - 5(110
e H (1—abici2) 1 (b —bo) H (1 —abic12) H (1 —abycy2)

acA acA acA
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s b7117k _ b;sz
_bl bQ e Sn(—A) W c1z

ae H (1 —abyer2) H (1 —abaer2)

acA acA

—bbE > S (—A)Sn k-1 (B)cpz"
n=0

ae H (1 —abyer2) H (1 —abaei2)

acA a€A

—kBEDE > " Sn(—A) Sk 1(B)c2" cEbEE D S, (—A)Sy k-1 (B)cyz"
n=0 n=0

1
_ n ,
€1 —C2 H (1 —abier2) H (1 —abaer2) H (1 —abyeaz) H (1 — abacaz)
acA acA acA acA
(Z Sn(—A)bgc’fz") <Z Sn(—A)b’fc?z”) > Sn(—A)Sn_k_l(B)cg+kz"
n=0 n=0 n=0
bEbs
- (Z Sn(fA)bgcgz”> (Z Sn(fA)b’fcgz") > Sn(fA)Sn_k_l(B)c?Jrkz”
_ n=0 n=0 n=0
- (1 —c2) TI (1 —abicy2) (1 —abaciz) [] (1 —abicoz) T (1 — abacaz)
a€EA a€A a€EA a€EA
This completes the proof. O

In this theorem we used an operator in order to derive new generating functions for
different products of numbers and polynomials.
If k=0,1,2 and a3 = 0 in theorem (4), we deduce the following results.

Lemma 1. [5] Let A, B and C be three alphabets, respectively, {a1,az2}, {b1,b2} and
{c1,c2}. Then we have

with
Ny = (a1 + a2)z — aras(by + ba)(c1 + ¢2)2° + bibacica(ar + a2)(2a1a2 — (a1 + az)?) 2
+ arazbibacica(by + b2)(c1 + ¢2)(ar + a2)224 — bleClCzafag(m + az2)(biba(c1 + 02)2+

cica (b1 + b2)2 — 01025152)25 + a‘i’a%b?bgc%cg(bl + b2)(e1 + 02)/‘:6.
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D =1— (a1 4 as)(b1 + b2)(c1 + ¢2)z + (biba(ar + as)*(c1 + c2)? + (b1 + b2)® — 2b1bs)
((a1 4 a2)c1ce — 2a1a2c1c2 + araa(cr + 2)%))2* — (a1 + az2)(by + b2)(c1 + ¢2)
(bibacica(ar + 112)2 + bib2araz(c1 + 02)2 + arazcica(br + 52)2 - 5&1(12810217152)23
+ (a%a%c?cg(bl + b2)4 + cfcgbfbg(al + a2)4 + afa%b%bg(cl + 62)4 — aia2bibacica
(4b1b2cica(ar + 02)2 + darazcica(by + 52)2 + 4arazbiba(c1 + 02)2 — (a1 + a2)2(bl + b2)2
(c1+¢2)?) + 6aiasbibscics)z! — arasbibacica(ar 4 a2) (b + ba2)(c1 4 c2)(bibacica(ar + a2)?
+ ajazcica (b + b2)2 + arazbiba(c1 + 62)2 - 5a1a2b1b2c102)z5 + (a%a%b‘fbgcfcg(al + a2)2(01 + 62)2

+ ata3bibscic3((by + ba)® — 201b2)((a1 + az)’crca — 2a1a2¢1¢2 + araz(c1 + ¢2)))2°

— a3a3bib3c3ch (a1 + a2)(by + ba)(c1 + ¢2)2” + alasbibscicaz®.

Lemma 2. [5] Let A, B and C be three alphabets, respectively, {a1,az2}, {b1,b2} and
{c1,c2}. Then we have

with

No = (c1 4 2) (b1 + b2) — (a1 + az)(crc2(by + b2)® + biba(ci 4 2)® — cireabibe)z + cieabiba(ar 4 a1)?
(b1 +b1)(c1 + c1)z” — cieabibs (a1 + ar)((ar + a1)® — 2a1a2)2° — aia3bibicich(by + b2)

(1 + 02)z4 + a%a%b?bgcﬁcg(m + az)z5.

From the previous lemma, we deduce the following relationship

i S 1(A)S,(B)Sw(C)2" = %, n € No, (3.4)
n=0

with

N3 = (01 + 02)(b1 + b2)Z — ((11 -+ ag)(clcg(ln + b2)2 + ble(Cl -+ 02)2 — 0102b1b2)22 + Clcgblbg(al
+a1)%(by +b1)(e1 +¢1)2% — 22203 (a1 + a1)((a1 + a1)? — 2a1a2)2* — alalbbic3ch

(by + b2)(c1 + ¢2)2° + a2a2b3bic3cs (a1 + ag)2b.

Lemma 3. [5] Let A, B and C be three alphabets, respectively, {a1,a2}, {b1,b2} and
{c1,¢c2}. Then we have
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with

Ny =1- (arazcic2(br + b2)2 + arazbibz(c1 + 02)2 + bibacica(ar + a2)2 - 3a1a2c102b152)22

+ 2a1a2b1b20102((11 + ag)(bl + bg)(cl + 02)23 — (blbga?agcfcg(bl =+ 62)2 =+ clcgafagbfbg

2 2,2 2 2 2 2 2,2;2 2 2 4 3 3;3;3 3 3.6
(c1 + c2)” + arazbibscica (a1 + a2)” — 3ajazbibscicy)z” + alasbibycicaz” .

The following relationship is deduced from the previous lemma
n_ s
> Sn1(A)Sn-1(B)S,-1(C)z" = - nEN, (3.6)

with

N5 =z — (a1a2C1C2(b1 + b2)2 + a1a2b1b2(61 + 62)2 + bleClcQ(al + (12)2 - 3a1a20162b1b2)z3+

2a1a2b1b20102 (a1 =+ ag)(bl =+ bg)(Cl + 02)2’4 — (blbga%agcfcg (bl —+ b2)2 =+ cm%@a%b%b%

2 212 2 2 2 227212 2 2 7
(e1 4 c2)* + aragb?bicica(ay + az)? — 3ata3bibicic)z® + afadbibicicss.

4. The novel generating functions of several products
This case consists of two related parts

Firstly

For getting a new generating function, involving the product of squares of k-Fibonacci
numbers with bivariate Mersenne and bivariate Mersenne Lucas polynomials, we re-
place az by [—as], ba by [—bs] and ca by [—c2] and we put a1 — az = 3y, by — b = k,
c1—ca =k, ajay = —2x, bibs = 1 and ¢1c = 1 in (3.4) and (3.5) we obtain

oo

Z Sn—1(a1 + [—az])Sn (b1 + [=b2])Sn(c1 + [—c2]) = %?7 (4.1)
n=0
and .
Z Sn(al + [_GQ])Sn(bl + [_bQ])Sn(Cl + [_CQ]) = %:, (42)
n=0
with

Ng = 1222y25 — 4k?2225 — 3y(—4x + 9y?) 2% + 9k%y223 — 3y(—2k? — 1)22 + Kk22.

Dy = 16228 — 24k223y2" + (=36k%22y? + 422(k® + 2)(2k%x + 4o — 9y?))2° —
6k2xy(—4k?z — 10z +9y?)2° + (8k* 22 + 2422 — 22 (—9k*y? — 16k%x + 36y?) + 81y*) 24 —
3k2y(—4k%x — 102 + 9y?) 22 + (—9Kk2y? + (k% + 2)(2k2z + 4o — 9y?)) 2% — 3k%yz + 1.
N7 = 82328 — (—=8Kk%2? — 1222 + 18xy?)2* + 12k%2y2® — (—4k2x — 62 + 9y?)22 + 1.
From the previous results, we conclude the following theorems.
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Theorem 5. For n € N, the new generating function for the product of squares of
k-Fibonacci numbers with bivariate Mersenne polynomials is given by

Z FI?,nMn(m7y)zn =
n=0

1202y2°% — 4k%222° — 3y(—4x 4 9y?)2* + 9K%y?2® — 3y(—2k* — 1)2° + k2
D1 '

Corollary 1. For n € N, the new generating function for the product of squares of
Fibonacci numbers with bivariate Mersenne polynomials is given by

8

_ 120%y2% — 4a?2® — 3y(—4ax + 9y?) 2" + 9y22° + 9y + 2
= D2 b

FT%MTL(JZ’ y)zn
0

n

with
Dy = 162428 — 2423y2" + (—369523/2 + 1222 (696 — 9y2)) 2% — 62y (—14:5 + 9y2) 2%+
(3222 — 2z (—162 + 27y?) + 81y*) z* =3y (— 14z + 9y?) 23+ (18z — 36y?) 22 —3yz+1.

Theorem 6. For n € N, the new generating function of the product of squares of
k-Fibonacci numbers and bivariate Mersenne Lucas polynomials is given by

o] ]VF2 mp (2,Yy)
F2 omn(z,y)z" = —2n
nz::() k, (z,y) D,
with
Ne2 mp(ay) = (16:03 — 36m2y2) 2% 12K% 0%y 2® + (16/<:2ac2 + 242” — T2xy° + 81y4) 2*

+ (24k2xy - 27k2y3) 2+ (8k2x - 18l<:2y2 + 122 — 27y2) 22— 3k2yz + 2.

Proof.  We have m,(z,y) = 25, (a1 + [—a2]) — 3ySn—1 (a1 + [—a2]), (see [22]).
then

oo

> ((28n(a1 + [—a2]) = 3ySn—1(a1 + [a2]))(Sn (b1 + [~b2]) Sn(c1 + [—c2])))2"

n=0

2 Z Sn(ar + [—az2])Sn(by + [—b2])Sn(c1 + [—ca])2"
n=0

oo
> Fima(,y)="
n=0

3y Sno1(ar + [—as])Sn(by + [~b2])Sn(cr + [—c2))2"

n=0
1+ (4R = 6)x — 9y?) 2% — 12k%ay2® + ((—8k? + 12)a% + 18xy?)z* — 82326
= D
_ 3 k22 + (—6k2 + 3)y2? + 9k2y%23 + (—12zy — 27y3) 2% — 4k22%2° + 1222y20
y Dl b
SO
o0 NFZ m (I y)
ke,n M (T
Z FkQ,’nmn (I, y)Zn = D 9
n=0 1
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then

Npz mo(ey) = (16.103 - 36m2y2) 28+ 12k222y2° + (16k2x2 + 2422 — T209% + 81y4) 2t
+ (24kPzy — 27K*y3) 23 + (8K%x — 18k%y? + 122 — 27y?) 2% — 3k%yz + 2.

As required. O

Corollary 2. For n € N, the new generating function of the product of squares of
Fibonacci numbers and bivariate Mersenne Lucas polynomials is given by

(163v3 — 36x2y2) 2%+ 122%y25 + (4012 — T2xy? + 81y4) 2+ (24fvy — 27y3) 2
D,

> Fimn(z,y)2" =
n=0

(202 — 45y°) 2*> — 3yz + 2
Ds :

In this step we use the main theorem and appropriate lemmas to derive new generating
functions of squares of k-Fibonacci numbers with bivariate Mersenne and bivariate
Mersenne Lucas polynomials.

Secondly

Obtaining a new generating functions of the products of squares of k-Jacobsthal
numbers with bivariate Mersenne and bivariate Mersenne Lucas polynomials requires
the following replacements as by [—az] , b2 by [—ba] and ca by [—c2] we make the
following substitutions a; — as = 3y, by —bs =k, c1 —ca =k, ayas = =2z, b1bs = 2
and ¢1cp = 2 in (3.6) and (3.2), we obtain the following

- N,
D Snoa(ar + [=a2))Spo1 (b1 + [<ba]) S (1 + [—e2]) = an (4.3)
n=0
and
Z Sn(al + [—(IQDSn_l(bl + [—bg])Sn_l(Cl + [—CQ]) = D73’ (44)
n=0
where
Ng = 5122327  — (—64k2x2 — 19222 + 2883:3/2) 2> 4+ 48K2xy2t  —

(—8k2x — 24z + 36y2) 23+ 2.

Ng = 128k?2325 —482%y (—4k2 — 4) 22 +72k%zy? 2 12y (496 - 9y2) 23 —2k%x22 +3yz.

D3 = 409637428—1536k2x3yz7+(—1152k2$2y2 + 6422 (k2 + 4) (2k2227 + 8z — 18y2)) 20—

24k*zy (—8k%x — 40z 4 36y?) 25+ (32k*2? + 38422 — 8z (—9k*y? — 32k%x + 144y%) + 1296y*) 2*—
3k%y (—8k2:t — 40z + 36y2) 2+ (—181€2y2 + (k2 + 4) (2k2x + 8z — 18y2)) 22—

3k2yz + 1.
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From our previous results, we obtain the following theorems.

Theorem 7. For n € N, the new generating function of the product of squares of k-
Jacobsthal numbers with bivariate Mersenne polynomials is given by

Nz M (2

S RaMa(r )zt = —nlC)
n=0 3
and we have
NJg,nMn(z,y) =

5122°2" — (—64k°z* — 1922° + 288zy?) 2° + 48k wyz* — (—8Kk°x — 24z + 36y°) 2° + .

Corollary 3. For n € N, the new generating function of the product of squares of
Jacobsthal numbers with bivariate Mersenne polynomials is given by

i JELMn(m,y)z” _ 5122327 + (2561’2 — 288$y2) Z5D+ 481’yz4 + (32£E _ 36y2) .3 n Z7
4
n=0

and we have
Dy = 40962*2° — 15362°yz" + (32002° — 69122%y%) 2% + (11522°y — 864xy”) 2° +
(6722 — 1080zy> + 1296y*) 2* + (144zy — 108y°) z° + (502 — 108y?) z*> — 3yz + 1.

Theorem 8. For n € N, the new generating function of the product of squares of the
product of k-Jacobsthal numbers and bivariate Mersenne Lucas polynomials is given by

> Nyz mnew)
Z JIEJLmn(m?y)Zn = kﬂll;n - ’
n=0 3
where
Npz ey = —153627yz" +256k°2°2° + (192k°2%y — 1922%y + 864xy”) 2°

+ (—24Ic2xy + 24zy — 108y3) 2° — 4kPz2® + 3yz.

Proof. With the knowledge that m,,(z,y) = 25, (A1 + [-A2]) —=3ySn—1 (A1 + [—A2])
(see [22]),
then, we obtain the following

oo

D T ama(@,y)z" = D (28a(ar + [—as]) = BySp—1(a1 + [—a2]))(Sn-1(b1 + [b2])Sn1(c1 + [—c2])) 2"

n=0 n=0

= 2)  Sn(ar+ [~aa])Sn_1(br + [~ba2])Sn_1(c1 + [—ca]) 2"

n=0

= 3y > Sn-1(ar + [—a2])Sn_1(by + [~b2])Sn_1(c1 + [—ca])2"

n=0
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~ o 128k223 2% — 482%y (—4I<:2 - 4) 254+ 2Kzt + 12y (4z - 9y2) 23— 2k + 3yz)

D3
B 3y(512x3z7 - (764Ic29c2 — 19222 + 288:L'y2) 2%+ 48k2xyz4) .
Ds
—8k2z — 24z + 36y2) 2% + 2
+ 3y( ( ) ) )
3
NJ my (z,y)
Z Jk nm’ﬂ(x y) = 7b )
n=0 3
then
Npz moey) = —15362°yz" + 256k%2°2° + (192k%2%y — 19222y + 864ay?) 2°

+ (—24k2xy + 24zxy — 108y3) 23 — 4k%x2% + 3yz.
This completes the proof. O

Corollary 4. For n € N, the new generating function of the product of squares of
Jacobsthal numbers with bivariate Mersenne Lucas polynomials is given by

> _ 3,7 3.6 35 3.3 4.2
Z J2mn z,y)2" = 1536x°yz" + 2562°2° + 864333; z 108y~ 2 4oz® + 3yz7
4

As a consequence of this step, we derive new generating functions of squares of k-
Jacobsthal numbers with bivariate Mersenne and bivariate Mersenne Lucas polyno-
mials.

5. On the generating functions of some bivariate polynomials

Now, we will do the following substitutions with the aim of the achievement of new
generating functions of the product of bivariate complex Fibonacci polynomials with
bivariate Mersenne and bivariate Mersenne Lucas polynomials, then we replace as by
[—az] , by by [—b2] and ¢ by [—c2] and we put a; — as = is, ajas =t , by — by = ir,
biba = h, ¢1 — c2 = 3y, c1c2 = —2x, in (3.2) and (3.6), we obtain the following

> Sucalon + ) Suma(br + [haSasle + e = T2 G)

n=0

and .
> Sular + [~az))Sp-1 (b1 + [~b2])Sp—1(e1 + [—c2]) = %1517 (5.2)
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where

Ny = 8h3t3x327+(—4h2s2tx2 + 12h2t222 — 18h2t22y?% — 4hr2t2x2) 22 —12hrstryz*+
(—2h32x + 6htx — 9hty? — 2r2t$) 22+ 2.

Ni1 = —12R%irt3 22y 20 + (4h2ist2x2 — 18h%ist?xy? — 4hir2st2x2) 25 — 6hirs’tayz* +
(—ths?’x + 4histm) 23 4 3irtyz? + isz.

Ds = 16R*t 228 4 24h3rst3a3y2"

(—16R3s%t223 + 36R3s2222y% + 32h3t30% — 72313 0%y? + 8h%r2st2a — 16R% 12323
36h2r2t322y?) 25 + (12h27's3taf2y — 60R%rstia’y + 54hrstay® + 12h7'3st2m2y) 28

(4]12841'2 — 16h%s%ta? 4 24h%t2 2% — 72h% 2 ay? + 81A%%y* + 18hr2stay® — 16hrt2a? + 47'4t21‘2) 2
(6h7"5337y — 30hrstry 4 27hrsty® + 6T35txy) 28

(74h52x + 9hs?y? + 8htx — 18hty? + 2r2sx — 4rta + 97“2ty2) 22+ 3rsyz + 1.

+ o+ o+ o+ o+

From these results, we conclude the following theorems

Theorem 9. Forn € N, the new generating function of the product of bivariate Mersenne
polynomials with bivariate complex Fibonacci polynomials is given by

3 NE (3,0 P ) Mo

> F(s,t)F(r,h) My (z,y)2" F( ’t)F(DJz)Mn( W)
5

n=0

and we have
NE@st)F(rh) M (c,y) = 8h3t32327 + (74h232tx2 + 12h2%¢%2% — 18h21523ﬂy2 — 4hr2t2x2) 2> —
12hrstayz* + (—thzm + 6htx — Yhty? — 2r2tm) 22+ 2.

Theorem 10. For n € N, the new generating function of the product of bivariate
Mersenne Lucas polynomials with bivariate complex Fibonacci polynomials is given by

o0
N,
F(s,)F(r,h)mn (2, y)z" = —o0Ebmalzn,
Ds
n=0

where
Np(s,t)F(rh)ymn (z,y) = —24i131€3a:3y,7:7 — 24h2i7"t3x2y26 + (12h232tz2y + 8h%ist’x? — 36h2ist2xy2

— 36R* 222y + 54t ay® — 8hir’st’x® + 12h*tPa?y) 2 + (—12hirs*tay

+ 36hrstwy2)z4 + (—4his3m + 6h3232y + 8histx — 18htxy + 27hty3 + 6r2tmy) 2

+ 6irtyz® + (2is — 3y) 2.
Proof. As we mentioned previously m,(z,y) = 2S,(a1+[—a3]) —

3ySn—1 (a1 + [—az]), (see [22]).
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oo e}

Z F(s,t)F(r, h)ymn(z,y)2" = Z(QS”(al + [—aa]) = 3ySn_1(a1 + [=a2])) (Sn—1(b1 + [=b2])Sn_1(c1 + [—c2]))2"

n=0 n=0

=2 Z Sn(ar + [—a2])Sn_1(b1 + [=b2])Sn_1(c1 + [—c2]) 2"

n=0

— 3y i Sn—1(a1 + [—a2])Sn—1(b1 + [=b2])Sn—1(c1 + [—c2])) 2"

n=0

Y —12h%irt3a?y25 4+ (4h2ist2m2 — 18h%ist?xy? — 4hir25t2$2) 2% — 6hirs’*tayz?
= D
(*2]12'5390 + 4histm) 23+ 3irtyz? +isz
+ Ds )
8h3t3a327 4+ (*4}128275?62 + 12h2%%22 — 18h%t2ay? — 4hr2t2x2) 2% — 12hrstzyz?
y( s
(*2h52$ + 6htr — 9hty? — 2r2tz) 2B +z
Ds ),
SO
oo N7F
(s,t)F(r,h)mn (x,1
Z F(S7t)F(T7 h)m"(xvy)zn = e e )
n=0 D5
then
Np(s,)F(rhymn(zy) = —24h3t3x3yz7 — 24h2irt3x2y26 + (12h232m2y + 8h%ist?x? — 36h2ist2:cy2
— 36h2%2%y + 54h2%xy® — Shir?st®z? + 12hr?t2a%y) 25 + (—12hirstzy
+ 36hrstzy®)z* + (—4hi53x + 6hs’xy + Shistz — 18htxy + 27hty> + 6r2tmy) 23
+ Girtyz? + (2is — 3y) z.
This completes the proof. O

By this theorems we derive new generating functions of squares of bivariate com-
plex Fibonacci polynomials with bivariate Mersenne and bivariate Mersenne Lucas
polynomials.

6. Ordinary generating functions of the products of bivari-
ate Mersenne and bivariate Mersenne Lucas polynomials with
Chebyshev polynomials

Finally by making the following substitutions, we will derive new generating functions
of the product of Chebyshev polynomials of the first and second kind with bivariate
Mersenne polynomials and with bivariate Mersenne Lucas polynomials, then we re-
place a; by [2a1] , az by [—2as] , by by [2b1] , by by [—2bs] and ¢3 by [—c3].

1 1
For the first kindreplacing a1 —as = t, by — by = s, ajas = - biby = ——

47
¢1 — ¢z =3y and cieo = —27 in (3.2), (3.4), (3.5) and (3.6), we obtain



18 Homogeneous symmetric functions and new generating functions
> Sn_1(2a1 + [~2a2])Sn (201 + [—2b2])Sn(c1 + [—c2]) = B (6.1)
n=0 6
Z Sn(2a1 + [—2&2])Sn(2b1 + [—2b2])5n(01 + [—CQ]) = j’ (62)
6
n=0
[e’g) T3
> Sn(2a1 + [~202]) Sp—1(2b1 + [2b2])Sn1(c1 + [—c2]) = oo (6.3)
n=0 6
and
> Sno1(2a1 + [~202])Sn -1 (201 + [~ 262]) Spo1 (1 + [—c2]) = oo (6.4)
6
n=0
where
T = 162328 — 24s2?yz® + (73215312 + 16tx2) 24 4 48st?ayz®  +
(—16s%tx + 4tz — 18ty?) 2% + 6syz.
15 = 8328 + (—16821’2 — 16t22% 4+ 1222 — 18:cy2) 24+ 48stxyzd  +
(—8sx — 8t%x + 6z — 9y?) 2% + 1.
Ty = 24s2%y25 + (—32s2tx2 + 8tx? — 36t:cy2) 2% 4 48st?xy2t + (—16t3x + 8tac) 23—
6syz? + 2tz.
Ty = 8x327 + (—1632x2 — 16222 + 1222 — 18xy2) 2>+ 48stxyzt +
(—8s%z — 8t?x + 6z — 9y?) 2% + .
Dg = 162*2® — 96stadyz" + (1285*%2% — 64572 + 144s°2%y* — 64¢%2% + 144¢%2%y? + 322° — 722%y?) 2°
+ (—1925%t2%y — 192st32?y + 240stz’y — 216stxy®) 2° + (64s*a? + 2885t xy?
— 645222 + 64t 2% — 64t%2? + 2427 — T2y + 81y*) 2t + (9653 tay — 96st3wy + 120stwy — 108sty®) 23
+ (328%t%x — 165z + 365%y® — 16t°2 + 36t°y° + 8z — 18y°) 2° — 12styz + 1.

From our previous results, we obtain the following theorems.

Theorem 11. For n € N, the new generating function of the product of Chebyshev
polynomials of the first kind with bivariate Mersenne polynomials is given by

- n NTn t)Tn (s) My (x,
S TaO ()M, y)z" = —TOTMalen),
n=0

and we have

N1, ()T (5) M () = (85tm3z7 + (—488tac2y + 12x2y) 2%+ (—1653ta:2 + 645%t%2% — 85z

2 2

+ 365236312 — 16st°z® — dstz® — 185t:cy2 —8t%z? + 36t2:ry2)25

+ (—48s’txy + 4857 xy — 48stPwy + 12zy — 27y°) 2"

+ (16s*z — 85t — 8%z — 8st®x + bstx + 27sty® + 16t*z — 8t°x)2°
+ (—125%y + 12sty — 12t>y + 3y)2° + (—252 + 5st — 2t2) z.
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Proof. We have the expressions

My (2,y) = Sn—1(c1 + [—c2]) (see [22]),
Tn(t) = Sn(2a1 + [—2(12]) — tSn,1(2a1 + [—2@2]), (see [6]),

then > T,,(8)Tn(t) My (z,y)z" is equal to
n=0

(S,,,(Qal + [—202]) - tSn,1(2a1 + [—2&2]))(571,(2171 + [—21)2})

I
gk

o

n

— t L,1(2b1 —+ [721)2}))571,1(01 + [*Cz])Z"

3 Wl

=) ([Sn(2a1 + [~2a2])Sn (2b1 + [~2b2]))Sn—1(c1 + [—c2])
n=0
— tSn(2a1 + [—2a2])Sn,1(2b1 + [—21)2])5",,1(61 + [_CQ])
— 85n71(2a1 + [72(12])371(2[)1 + [721)2})51”,1(01 + [*Cg])
+ Stsn,1(2(21 + [72&2])Sn,1(2b1 + [721)2})5”,1(01 + [*CQ]))Z”
16t2328 — 24s22y2° 4+ (—3275312 + 16tx2) 24+ 48st%xy2® + (—16521‘,&0 + dtx — 18ty2) 2% + 6syz

D¢
(24sx2y26 + (—3232t1'2 + 8ta? — 36t33y2) 25 4 48st2xyzt + (—16t3ar + 8t1') 23 — 6syz? + 2tz)
s Dy
t(24t:1;2y26 + (—32t%s2? + 8sa? — 36say?) 2° + 48ts2wyz" + (—16s°w + 8sz) 2 — 6lyz? + 2.9,2)
Ds
N t(&nz‘;ﬂ + (—16s%2? — 161227 + 1227 — 18zy?) 2° + 48stwyz? + (—8s%x — 8%z 4 6z — 9y?) 2° + z)
s
D¢

Np, )T (5) Mo (2,)
Ds '

where

(8sta®2" + (—48sta”y + 122%y) 2° + (—16s°ta® + 645°t°2*

— 85222 4+ 365%xy? — 16st32? — dsta® — 18stxy® — 8t22% + 36t2my2)z5
+ (—48s3tay + 485%t2xy — 48stPxy + 12zy — 27y°)2* + (165 z

— 8s%tx — 8s%x — 8stdx + 6stx + 27sty* + 16tz — 8t2x) 2>

+ (—128%y + 12sty — 12t%y + 3y)2° + (—2s% + 5st — 2t°) z.

N, ()T ()M, (2,y)

O

Theorem 12. For n € N, the new generating function for the product of Chebyshev
polynomials of the first kind with bivariate Mersenne Lucas polynomials is given by

bl N
S Ta(O)Tu(syma ()" = T,
n=0

where
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Nr, ()T (s)mn (zy) = (724stm3yz7 + (6452t2sc3 —32s%2° + 7232x2y2 —326%2°% + 72t2m2y2

+ 16z° — 36$2y2)z6 + (—144s3tm2y - 144st31’2y + 1805t1’2y — 1625t1’y3) 2

+ (64s4x2 + 28882t2my2 — 64s%2? + 64t z? — 64t%0% + 242° — 72:Ey2 + 81y4) 2
+ (712033t:ty - 1203t3xy + 150stxy — 1353ty3) 2+ (4852262:5 — 245z

+ 54s%y® — 248%x + 54t%y° + 122 — 27y%) 2% — 2styz + 2).

Proof. We have the expressions

my(x,y) = 2S5, (c1 + [—c2]) — 3ySn—1(c1 + [—c2]), (see [22]),

T(t)
then
ZTrL(S>TrL(t)mrz(z,7/)Z” =
n=0

with

= Sp(2a1 + [—2a2]) — tSn—1(2a1 + [—2a2]) , (see [6]),

Ngk

(Sn(2a1 + [~2as]) — £Sn_1(2a1 + [~202]) (S, (261 + [~2b2])

» i
L

—1(2b1 + [—2b2])).(2Sn(c1 + [—c2]) — 3ySn_1(c1 + [—c2]))z"

Sn(2a1 + [—2a2]) S, (21 + [—2b2]) — £S5, (2a1 + [~2a2])Sp—1(2b1 + [-2b2])

M2

n=0

tSn-1(2a1 + [~2a2])Sp (b + [~ba)) + £2Sn_1(2a1 + [~202])Sn—1(2b1 + [~2b2])

- [28n(er + [=e2]) = BySn—1(er + [—c2])]2"

oo

> 2(80 (201 + [~202]) S0 (21 + [~262])) S (e1 + [—c2])

n=0

3y(Sn(2a1 + [—2a2]) S, (2b1 + [—2b2]))Sn—1(c1 + [—c2])

25(Sn(2a1 + [—2a2])Sn—1(2by + [—2b2]) Sy (c1 + [—c2])

3ys(Sn(2a1 + [—2a2])Sp-1(2b1 + [~2b2])) Sn-1(c1 + [—c2]))

2tS,-1(2a1 + [~2a2])Sn (201 + [~2b2]) S (c1 + [—c2])

3yt(Sn—1(2a1 + [—2a2]) S, (2b1 + [—2b2]))Sp—1(c1 + [—c2])

2tsS,—1(2a1 + [—2a2])Sn—1(2b1 + [—2b2])Sp(c1 + [—c2])

3yst(Sn—1(2a1 + [—2a2])Sp—1(201 + [=2b3]))Sh_1(c1 + [—c2])2"

2(8x3z5 + (—16s%2? — 16222 + 1227 — 182y?) 2* + 48stwyz® + (—8sx — 8t%w + 62 — 9y?) 22 + 1)

Ds
s (1222y2% — 16st222° + (1217_/ - 27‘1/3) 24 4 36sty?2® + (71232,1/ —12t%y + 3y) 2% + 4stz)
3y Do
2% (1652325 — 24ta?yz® + (—325%2% + 16522) 21 + 48s%twyz® + (—16st?x + dsz — 18sy?) 22 + 6tyz)
Ds
3ys (24522y25 + (—32s%ta? + 8ta? — 36tay?) 2° + 48st?wyz" + (—16t°z 4 8tx) 2° — 6sy2? + 212)
Dy
ot (16t2325 — 24s2%y2° + (*32t3z2 + lﬁth) 2 4 48st2wyz® + (*16522‘,1 + dtx — 18ty2) 2% + 6syz)
Ds
3t (24tz?yz5 + (7325#12 + 8sw? — 36317_/2) 20 + 4852 twyzt + (71653I + 831) 23 — 6tyz? + 2s2)
! Do
" (32sta325 + (74832123/ — 48t%x%y + 122%y) 2° + T2stxy?z* + (12;1:y — 27]/3) 2% — 8stw2? + 3yz)
L Da
3yts(8m327 + (—165%22 — 16t%2% + 1222 — 18ay?) 25D+ 48stayz" + (—8s%x — 8t%x + 6 — 9y?) 2° + 2)
(

N, ()T (5)m (2.0)
Ds ’
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Nz, ()T (s)mn(zy) = (—24stxyz" + (645222 — 32522 + 72522292 — 3222 + 7212222 + 162°
— 36x2y2)26 + (—14453t$2y - 1445t3x2y + 1805t$2y - 1625twy3) 2°
(64s*2? + 2885 t%xy® — 64s°2% + 64t a® — 64t°27 + 242” — T22y° + 81y*) 2*

_l’_

+ (—12083try — 120st3zy + 150stzy — 135sty3) 22+ (4852152.23 — 2452y
+ 5457y — 24122 + 54t%y% + 120 — 27y°) 2% — 21styz + 2).
This completes our proof. O
. . 1
For the second kind Replacing a1 —as = t, by — by = s, a1a0 = e biby = e

¢1 — ¢z =3y and ci1c = —2z in (3.4) and (3.5), then we obtain

o0

U
D Sn(2a + [~202))S0 (2 + [2a]) Suler + [~e2]) = (6.5)
n=0
and
= U.
> Sn_1(2a1 + [~202])Sn (2b1 + [—2b2])Sn(c1 + [—c2]) = Diﬁ, (6.6)
n=0
where
Uy = 8x326 + (—1652302 — 16t222% + 1222 — 18my2) 24 4+ 48stxyz® +

(—85295 — 8tz + 6z — 9y2) 22+ 1.
Us = 1222920 — 16st2?2° + (12xy — 27y3) 244+ 36sty%23 + (—1252y — 122y + 3y) 224
4stz.

Therefore, we state the following theorems.

Theorem 13. For n € N, the new generating function for the product of Chebyshev
polynomials of the second kind with bivariate Mersenne polynomials is given by

12z%y25 — 16stx?2° + (12xy - 27y3) 2 4 36sty?2>
Ds

Z Un(t)Un(s) My (z,y)2" =

(—12523/ — 122y + Sy) 2% + 4stz
Ds '

Theorem 14. For n € N, the new generating function of the product of Chebyshev
polynomials of the second kind with bivariate Mersenne Lucas polynomials is given by

oo}

N s)m x
Un(OUn(s)mn(,y)2" = —FeOmaln)
6

n=0

and we have
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Nuw @) Un(s)ymn(ey) = (162° —362%y%)2° + 48sta’yz” + (—325%2” — 32¢%2% + 242® — 722y + 81y") 2*
(96stzy — 108sty”) 2° + (—165°x + 365°y” — 16t°x + 36t°y” + 122 — 27y°) 2°
12styz + 2.

+

Proof. As we have
M (7,y) = 25, (c1 + [—c2]) — 3ySn—1(c1 + [—c2]), (see [22]),
and

Un(t) = Sn(2a1 + [-2a2]), (see [6]),

> Un(OUn(s)mn(z,9)2" = Y Sn(2a1 + [~2a2])Sn (2b1 + [~2b2])[2Sn(c1 + [—c2]) — BySn_1(c1 + [—ca])]2"
n=0

=2 i Sn(2a1 4 [—2a2])Sn (201 + [—2b2])Sn(c1 + [—ca])2"

n=0

— 3y Sn(2a1 + [~2a2])Sn(2b1 + [~2b2])Sn—1(c1 + [—ca])2"

n=0
28.7:326 + (71652102 — 16t22% + 1222 — 18101;2) 24 + 48stayz®
D¢
+ (785210 — 82 + 6z — 97/2) 241
Ds
1222y20% — 16st2?2° + (12xy — 277/3) 24 + 365ty 23
3y Ds
(71252_7/ — 122y + 3y) 2%+ 4stz
Dg
Nu, (U (s)ma (@)
Dg ’

where

NUw () U (5)mn () = (1627 — 362%y%)20 + 48sta?yz® + (—325%2% — 32t%27 + 242% — T2xy® + 81y*) 2*
(96stxy — 108sty®) 23 + (—165x + 365%y? — 16t%x + 36t%y> + 122 — 27y?) 22
— 12styz + 2.

+

Thus our proof is complete. O

Here, we use our main theorem to derive new generating functions of the product of
Chebyshev polynomials of the first and second kind with bivariate Mersenne polyno-
mials and with bivariate Mersenne Lucas polynomials.

7. Conclusion

In our work, we have introduced new generating functions for several products of
special numbers and polynomials as k-Fibonacci and k-Jacobsthal numbers, bivariate
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complex Fibonacci polynomials and Chebyshev polynomials with bivariate Mersenne
and bivariate Mersenne Lucas polynomials. This opens up several avenues for further
research and application in areas.
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