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Abstract: This paper investigates k-distance magic labeling, for a positive integer
k, within the framework of sibling graphs, that is, graphs that are both self-centered
and antipodal. A k-distance magic labeling is a vertex labeling in which the sum of
the labels on all vertices at distance k from any given vertex is constant throughout
the graph. We establish sufficient conditions for a sibling graph to admit a k-distance
magic labeling, covering both regular and non-regular cases. Using these conditions,
we show that several well-known families of regular sibling graphs of diameter k are
k-distance magic, including cylindrical grid graphs, cyclic grid graphs, n-dimensional
hypercubes, circulant graphs, weak Bruhat graphs, and the Moébius—Kantor graph. In
addition, we construct examples of irregular sibling graphs that admit a 2-distance
magic labeling.
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1. Introduction

Let G = (V, E) be a graph with a (finite) set V = V(G) of vertices and a set F = E(G)
of edges. The distance between vertices u and v in G, denoted by d(u,v), is the length
of a shortest path connecting v and v in G. The eccentricity e(v) of a vertex v is the
distance to a vertex that is farthest from v. Thus, e(v) = maxd(u,v) for u € V(G).
The diameter diam(G) of G is the maximum eccentricity, and the radius rad(G) of G is
the minimum eccentricity in G. A vertex v is called a center of G if e(v) = radius(G).
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2 Sibling graphs which are k-distance magic

A graph G is self-centered if every vertex is a center of G [2]. Thus, a self-centered
graph is a graph whose diameter equals its radius. An antipode of any vertex v is the
vertex farthest from v. An antipodal graph is a connected graph in which each vertex
has exactly one antipode. A graph G is called a sibling graph if it is both self-centered
and antipodal. For instance, even cycles, odd-length paths and trees with a unique
odd-length longest path are antipodal graphs [5]. Among these, only even cycles are
also self-centered, and hence qualify as sibling graphs. But odd-length paths and
such trees are not self-centered. Therefore, they are not sibling graphs. The Petersen
graph is not a sibling graph, since it is self-centered but not antipodal. We note that
the term “sibling tree” was introduced in a different context by Arockiaraj et al. [1],
where it refers to a graph obtained from the 1-rooted complete binary tree by adding
edges (called sibling edges) between the left and right children of each parent node.

For any integer k, 1 < k < diam(G), and any vertex € V(G) define Ni(z) as the
set of all vertices in G at distance k from x. If kK = 1, we may write N(v), instead.
In graph theory, a distance magic labeling is a vertex labeling that assigns distinct
integers to the vertices of a graph while enforcing a fixed “magic” sum around each
vertex. More precisely, for a graph G with n vertices, a distance magic labeling is a
bijection

V(@) —A{1,2,...,n}

such that there exists a constant M (called the magic constant) satisfying

Z fluy=M for every v € V(G).
u€N (v)

See [10] for the original definition. Rinovia Simanjuntak [9] introduced the notion of
distance magic labelings for a fixed distance other than one in a presentation at the
2010 International Workshop on Graph Labeling (IWOGL). Furthermore, O’Neil and
Slater [8] generalized the notion of distance magic to be D-distance magic. Let G be
a graph of order n with diameter d. Let D C {1,2,...,d}. A labeling f : V(G) —
{1,2,...,n} is called a D-distance magic labeling if there exists a constant M such that
> weNp(w) f(w) is M for every u € V(G). Here, Np(z) :={y € V(G) : d(z,y) € D}
denotes the set of vertices at distances in D from z in G. We say that G is D-distance
magic (or D-vertex magic) if G admits a D-distance magic labeling. If D = 1 then we
have the distance magic concept. If D = {k} for some k € [1,d], the graph G is called
k-distance magic. In [6], Vilfred studied the concept of k-distance magic labeling of
a graph. He characterized all paths, cycles, a union of paths, a union of cycles and
the long brush graphs to be k-distance magic. For a cycle, it is given in the following
theorem.

Theorem 1. [6] Let k> 2, n >3 and k,n € N. Then C, is k-distance magic if and
only if n = 4k.
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In this paper, we investigate k-distance magic labeling for a positive integer k, typ-
ically chosen as half the diameter, in the framework of sibling graphs. We establish
sufficient conditions under which a sibling graph admits a k-distance magic labeling,
covering both regular and non-regular cases. Using these conditions, we demonstrate
that numerous families of regular sibling graphs of diameter 2k are k-distance magic,
including cylindrical grid graphs, cyclic grid graphs, hypercubes, circulant graphs,
weak Bruhat graphs, and the Mobius—Kantor graph. In addition, we construct exam-
ples of irregular sibling graphs that admit a 2-distance magic labeling.

2. Main Results

In this paper, we consider a sibling graph G, namely a self-centered antipodal graph
of diameter d = diam(G) > 2. This graph has the property that for every vertex u
in G there exists a unique vertex v at distance d from wu, namely Ng(u) = {v}. This
vertex v is called the sibling of v in G. Since v is a sibling of w implies that u is
a sibling of v in G, then the order of the sibling graph G must be even. Define a
function 7 : V(G) — V(G) such that 7(z) = y if y is a sibling of x in G. Then, 7 is a
permutation on G with the property that 72 = I. Furthermore, 7 is an automorphism
in G, as shown in the following theorem.

Theorem 2. Let G be a sibling graph. Then, the sibling function on G is an automor-
phism.

Proof. Let G be a sibling graph of diameter d = diam(G) and 7 be its sibling
function. We show that z is adjacent to y if and only if 7(x) is adjacent to 7(y).
Before we do so, we shall prove that §(G) > 2. For a contradiction, we assume that
there is a vertex = of degree one in GG. Then, there is a unique path of length d from
x to its sibling z’, namely ' = w(x). Let P := (z,y,...,2’) be such a path. Then,
a geodesic path connecting y and its sibling ¢’ (= 7(y)) will not pass through z. Let
Q:=(y,...,2,y). But now z = 7(z), a contradiction. Therefore, §(G) > 2.

Let x be adjacent to y in G. We have d(x,n(x)) = d implies d(y,n(x)) = d — 1.
Let ay,as,...,a, € N(n(z)), for r > 2, then d(z,a;) = d —1 and d(y,a;) #d—1
for each 7. If there is a geodesic path from y to a; that does not include z or m(x),
then d(y,a;) = d — 2. Since d(y,n(y)) = d the geodesic path from y to 7 (y) passes
through x or m(x). Then d(n(y),z) = d — 1 and w(y) € N(n(z)). If there exists
another geodesic path from y to a; # 7(y) including = or 7(z) then d(y,a;) = d, a
contradiction. Therefore, w(y) € N(mw(x)) is the only vertex at a distance d from y.
Therefore, 7 is an automorphism in G. O

Since a sibling function is an automorphism on a sibling graph G, then the existence
of a path of length k (for some k) from z to y in G will imply a corresponding path
of length k from m(x) to m(y). Thus, we immediately have the following corollary.
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Corollary 1. For any positive integer t and any vertez  in a sibling graph G, |N¢(z)| =
[N (m ()]

Note that a sibling graph is not necessarily regular. In Figure 1, the graph
G is an example of a non-regular sibling graph with a sibling function = :=
(a1 b1)(az ba)---(ag bg), and G is a regular sibling graph with a sibling function
I ((11 bl)(az bg) tee (CL12 blg).

Figure 1. Two sibling graphs.

Corollary 2. If G is a sibling graph of diameter d, then for every x € V(QG) there exists
a cycle Caq without a chord edge containing x, its sibling w(z), and (d — 1) other vertices
with their siblings.

Proof. Let G be a sibling graph of diameter d. Let m be a sibling function on G.
Let z be a vertex in V(G) and let a path P := (¢ = xo, 21, -+ ,Td—1,24 = 7(x))
of length d from z to w(x). Then, by Theorem 2 there is a path @ := (7w(z) =
g, m(21), -+ ,m(r4-1),m(xq) = x) of length d in G. Since each 7(z;) ¢ P for i =
1,2,--- ,x4_1, then P and @ are paths having no common internal vertices. Therefore,
P together with @ will form a cycle C of length 2d containing d vertices as well as
their siblings, including = and w(x). Now, if there is a chord edge (u,v) in C' with
u € P and v € Q, then m(u) is not in @, a contradiction. O

Corollary 2 immediately implies the following corollary.

Corollary 3. If G is a sibling graph of diameter d = 2k with a sibling function m, then
Ni(u) N Ni(m(u)) # ¢.
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Note that in a sibling graph of diameter 2k (for some k), it is not necessarily that
Ni(z) = Ni(w(x)), for any vertex x. For example, in the graph Ga (Figure 1),
a19 € N3(a1), but a9 & N3(by). Thus, Ns(a1) # Ns3(m(a1)). However, in graph G;
(Figure 1), it can be verified that No(z) = Na(7w(z)), for any vertex x.

Theorem 3. Let G be a sibling graph of even diameter 2k, for some integer k > 1. Let
7w be a sibling function on G. If G satisfies the following conditions:

1. Ni(z) = Ni(rw(z)), for each x € V(G), and
2. |Nk(z)| = [Nk(y)l, for any =,y € V(G),

then G is a k-distance magic graph.

Proof. Let G be a sibling graph of even diameter, say d = 2k for some integer
k > 1. Let 7 be a sibling function on G, namely m(z) = y if y is a sibling of x. If
Ni(z) = Ni(n(z)) for each z € V(G) and |Ni(x)| = |Ni(y)| for any z,y € V(G),
then we will show that G is a k-distance magic graph.

Let x be any vertex of G and let a € Ni(z). By the first condition, we have a €
Ni(m(z)). Since G is a sibling graph, by Theorem 2, a € Ni(z) implies 7(a) €
Ni(m(z)), and so w(a) € Ni(z), according to the first condition. Therefore, for each
x € V(G) both Ni(z) and Ng(w(x)) contain the same pairs of vertices and their
siblings. Now, define a 1-1 mapping « : V(G) — {1,2,--- ,n} such that if a(z) = a
then a(m(z)) = n+ 1 — a, where n is the order of the graph G, 1 < a < n. By the
second condition, such a mapping « gives us a k-distance magic labeling of G with
the magic constant ¢(n + 1), if [Ny (z)| = 2t for each x € V(G) and for some integer
t. O

By Theorem 3, being a sibling graph does not guarantee to be a k-distance magic
graph. A sibling graph G must satisfy the above two conditions to be a k-distance
graph, with k£ being half the diameter.

There are many examples of sibling graphs that satisfy only one of these two conditions
of Theorem 3, and so they are not k-distance magic. In Figure 2, graph Gj is an
example of a sibling graph (b; is the sibling of a; for each i) satisfying only the first
condition, and graph G is an example of a sibling graph (b; is the sibling of a; for each
i) that satisfies the second condition but not the first one. But, G3 is not 2-distance
magic. For a contradiction, assume that G3 is a 2-distance magic graph. Then, there
exists a 2-distance magic labeling f : V(G3) — {1,2,...,|V(G)|}. Then,

SNoori= D fo= > f0).

JEN2(a1) JEN2(as) JEN2(ar)

This implies that

flas) + f(bs) = flas) + f(bs) = f(az) + f(b7)- (2.1)
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Now, from the following equalities:

o= > fo= Y. f0),

JENz2(a1) JEN2(az) JEN2(aa)
we also have
flaz) + f(b2) = f(az) + f(bs) = f(as) + f(ba). (2.2)
Next, we have
Yoot = Y] f6). (2.3)
JEN2(as) JEN2(as)

From (2.1), (2.2), (2.3), we have f(as) + f(bs) = f(az2) + f(b2) = f(as) + f(bs). But,

then
Sooth#E DD FO),

JEN2(as3) JEN2(as)

a contradiction. Therefore, we conclude that G3 is a sibling graph, but not a 2-
distance magic graph.

Now, for a contradiction, assume that G, is 3-distance magic. There exists a
3-distance magic labeling f : V(G3) — {1,2,...,|V(G)|}. Then

S fG)= > f(j)implies f(as) + f(bs) = f(ar0) + f(b1o)- (2.4)

jEN3(a1) jE€N3(az)
S fG) =Y f(j) implies f(as) + f(bio) = f(bs) + f(a10)- (2.5)
j€N3(a3) jeNg(b[;)

From (2.4) and (2.5), we obtain f(as) = f(b1o) = f(bs) = f(a10), a contradiction.
Therefore, G4 is a sibling graph, but not a 3-distance magic graph.

Some vertex-transitive graphs are sibling graphs and k-distance magic. However, in
Figure 1, graph G5 is an example of a vertex-transitive sibling graph, but it is not
k-distance magic, showing that vertex transitivity is not mandatory for k-distance
magic, with & being half the diameter.

It is known that cylindrical grid graphs P,,0C,, do not admit a 1-distance-magic
labeling [7]. The following theorem characterizes the k-distance-magic property of
P,acC,, for even n, where k equals half the diameter.

Theorem 4. The cylindrical grid graph P,0OC5; admits a k-distance-magic labeling, where
k is half the diameter, if and only if t is odd and t > 3.

Proof. Let G = P,0C%, t > 2. Let V(G) = {u1,usa,...,u2,v1,02,...,02t} and
E(G) = {wuj,vvj i —j = £1(mod 2t),1 < 4,5 <2k} U{wv; :1<i<2¢} Itis
obvious that the diameter of the graph G is t + 1. Since k is half the diameter and k
is an integer, then ¢ must be odd.
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Figure 2. Graphs G3 and G4 are sibling, but G3 is not 2-distance, and G4 is not 3-distance magic.

Further, for odd ¢ and ¢t > 3, it is easy to verify that G is a sibling graph with the
sibling function m mapping u; to v;4., where all indices are calculated in modulo 2t.
Let k = % Now, for any vertex u; € V(G), consider all vertices at distance k from
u; and from its sibling, namely v;1;. Then,

Ni(ui) = {Uitks Wik, Vig(h—1)s Vie (k—1) }, and

Ni(Vige) = AVittak, Vigt—ky Wit (h—1)s Wit —(k—1) }

{vi+2t+k7t+17 1y Vidt+1—k—1, Wit2t—t4+k—1) Uitt—k+1 }

{Ui+2t—k+1a Vitk—1, Ui42t—k> Ui+k}
{'Uif(kfl)z Vit (k—1)> Ui—k)> ui-i—k}
Ni(vig) = Ni(uq).

Furthermore, G satisfies the two conditions of Theorem 3, namely Ni(z) = Ni(7(x))
for each x and |Ny(z)| = |Nk(y)| = 4 for any z,y € V(G). Therefore, by Theorem 3,
G is a k-distance magic graph. O

Theorem 5.  For integers m > n > 1, the cyclic grid graph C2,0Cs%, admits a k-
distance-magic labeling, where k is half the diameter, if and only if m + n is even.

Proof. For integers m > n > 1, let G = C9,0Cy,. Let V(G) = {u;; : 1 <i <
2m,1 < j < 2n} and E(G) = {u; ju;k : j —k = £1(mod 2n),1 <i <2m,1 < j,k <
2n} U{u; jusj 11— s ==+1(mod 2m),1 <i,s <2m, 1 < j < 2n}. The order of G is
4mn and the diameter G is m + n. Since k is half the diameter, then m + n must be
even.
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Furthermore, G is a sibling graph, since for any u; ; € V(G) there exists one vertex
Y = Ujtm,j+n at a distance exactly m+n from w; ;. Therefore, the function 7(u, ;) =
Uitm,j+n is a sibling function of G where the first indices are calculated in modulo
2m, and the second ones are calculated in modulo 2n.

Now, let m + n be an even number, and m + n = 2k for some integer k. We show
that G satisfies the two conditions of Theorem 3. It can be verified that the distance
between two vertices u; ; and us; in G is

d(u; j,ust) = min{i — s,s — ¢ mod 2m} + min{j — ¢,t — j mod 2n}.

Therefore, if m+n = 2k and m > n > 1 then we obtain that Ny (u; ;) = Nk (Witm,jtn)
and |Ni(u; ;)] = 2n + 2 for any vertex u;; in G. Note that the first indices are
calculated in modulo 2m, and the second ones are calculated in modulo 2n. Therefore,
by Theorem 3, G is a k-distance magic graph. O

Theorem 6. The hypercube Q. admits a k-distance-magic labeling, where k is half the
diameter, precisely when n is even.

Proof. Let G = @, be the n-dimensional hypercube. Its vertex set is
V(G) ={z122...0p 20, €Zo, i =1,2,...,n}.

Two vertices x = 123 -z, and y = y1y2 - - - Yy, are adjacent whenever

n
Z |lzi — il =1,
i=1

that is, when their binary strings differ in exactly one coordinate. Consequently, the
distance between any two vertices is the number of coordinates in which they differ,
and hence the diameter of G is n, since two binary strings of length n may differ in
at most n positions. Therefore, since k is half the diameter, then n must be even.
First, we will show that G is a sibling graph. Let x = zix5...x, be any vertex of
G. Then the vertex T = T1Ts...T, IS a unique vertex at distance n from z, where
T; = x; + 1. Therefore, 7 is the sibling of x, and so G is a sibling graph.

Second, we will show that G satisfies the first condition of Theorem 3. If y € Ni(x)
then the representation of y differs in k£ digits from the one of z, and so they both
have k common digits (since k = n/2). This means that the representation of y will
also differ in k digits from that of Z. Therefore, y € Ni(Z). This concludes that
Ni(z) = Ni(Z) for any z € V(G).

Third, we will show that G satisfies the second condition. By the adjacency definition
of G, the representation of each vertex at distance k from x will differ in k digits from
the one of . Therefore, [Ny (z)| = (}) for any = € V(G).

By Theorem 3, this leads to the conclusion that G is a k-distance magic graph. [
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In [3], a study was conducted on the existence of distance magic labeling in circu-
lant graphs C,,(1,a). We investigate k-distance magic labeling in circulant graphs,
specifically among sibling graphs, through the following theorems.

Theorem 7. For any positive integer t, a circulant graph Cr(1,2,...,t) is a k-distance
graph if n = 2t(2k — 1) + 2, with t > 2 and k > 1.

Proof. Let G be a circulant graph C,,(1,2,...,t) with n = 2¢(2k—1)+2 for any ¢t > 2
and k > 1. Let V(G) = {v1,v2,...,v,} and E(G) = {v;v; : i — j = £a (mod n),1 <
a <t,1 <45 <n} Ttis easy to verify that the diameter of the graph G is 2k.
For any vertex v; in G, there is a unique vertex vy (or—1)4+1 at distance 2k from v;.
Therefore, G is a sibling graph with the sibling function f(v;) = v;4(2x—1)+1 for each
1 with all indices calculated in modulo n.

Since d(vi,v;) = k if j = i £ s(mod n) for all s with (k — 1)t < s < kt, then
Ni(vi) = Np(vigr2p—1)41) and [Ng(v;)| = |[Ni(v;)| for any i and I. Therefore by
Theorem 3 G is a k-distance graph. O

Corollary 4. The cocktail party graph Ko o ... 9 of the order 2n is a 1-distance magic
—_——

n

graph, for any n > 2.
Proof. The cocktail party graph K. 2,2,...,2 of order 2n is isomorphic to the circu-
lant graph C5,(1,2,...,n —1). By Theorem 7, it is a 1-distance magic graph. O

Theorem 8. For any odd integer a > 2 and any integer k > 1, a circulant graph Cy (1, a)
is a k-distance magic graph if n = 4ak — (a®* — 1) and k > [a/2].

Theorem 9. Let a be an odd integer with a > 3 and let k be an integer with k > [a/2].
Then the circulant graph Cp(1,a) is a k-distance magic graph whenever

n = 4ak — (a® — 1).
Proof. For any odd integer @ > 2 and k > 1, let G be a circulant graph C,(1,a)

with n = 4ak — (a® —1). Let V(G) = {vo,v1,v2,...,vn_1}, and E(G) = {v;v;x, : 1 <
i <n,t =1,a}, the indices being taken modulo n. For 0 < ¢,j7 < n — 1 define

z =min{(j — ) mod n, (i — j) mod n}, 0<z<|n/2].

Write
zZ=pa-+r,
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with integers p > 0 and 0 <7 < a — 1. Then the distance between v; and v; in G is

p+r, 0<r<TJa/2],
d(’l]i,’Uj)Z
p+l4+a—r, Ja/2]l<r<a-1

It can be verified that the diameter of the graph G is d = 2k. Since n = 4ak —(a®—1),
for any vertex v;, there exists a unique vertex v; ok at distance 2k from v;, where the
indices are calculated in modulo n. Therefore, G is a sibling graph with the sibling
function f(v;) = v;yor for each ¢ with all indices calculated in modulo n.

Now, we will determine the number of vertices at distance k from vertex vg. Let v;
be a vertex in Ni(vg). By the distance formula, we have (k — [a/2] + s)a < i <
(k= Ta/2] + s+ 1)a for s = 0,1,2,...,|a/2]. Furthermore, there are exactly two
is in the first interval (that is, for s = 0) and four s in each of the other intervals.
Therefore, there are 4|a/2] + 2 = 2(2|a/2] + 1) = 2a vertices. Then |Nj(vo)| = 2a.
Since G is vertex-transitive, then |Ng(v)| = 2a for any v € V(G). Thus, the second
condition of Theorem 3 is satisfied.

Now, we show that the first condition is also satisfied. Let v; be a vertex at a distance
k from vg. We will show that v; is also at distance k from vz .

Let z = min{ ¢, n — ¢ } be the circular distance between vy and v; along the cycle C,,.

Write z = pa + r with integers p > 0 and 0 < r < a — 1. By the distance formula for
Cn(1,a),

IN
IN

(1S}

1

r
d(’l]O,UZ‘): < 1
<r<sa-—1.

+ 7, 0
! ( (6)

p+l+a—r [%]
Now consider the distance from v,/ to v; along the cycle. Since vy and v, /, are
antipodal, the corresponding circular distance is

P+
d(vn/27vi) = (7)

0
pP+ld+a—r, [¢]<r<a-1

Using the identity
n = 4ak — (a®> — 1),

no_

5 — z and expanding both expressions in (6)

one checks directly (by computing 2z’ =
and (7) that for every vertex v;,

d(vo, vi) + d(vn /2, vi) = 2k. (8)
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Finally, if d(vg,v;) = k, substituting into (8) yields
k+ d(’l]n/g,l}i) =2k,

and hence
d(vn/Q,vi) =k.

This shows that Ny (vo) = Ni(m(vy/2)). Since G is vertex-transitive, then the first
condition of Theorem 3 is satisfied. Therefore, G is a k-distance magic graph. O

Let S,, be the symmetric group on n elements and let T" be the set of transpositions
{(#,7) : 1 < i < j < n}. The Bruhat graph is the graph whose vertex set is the
symmetric group S,, and two permutations 7 and ¢ are connected by an edge if 7o ~?
is a transposition. The Bruhat graph is intimately related to the strong Bruhat order
on the symmetric group [4].

In particular, the weak Bruhat graph B, is defined as the graph whose vertex set is
the symmetric group S,, and two permutations are connected by an edge if they differ
by an adjacent transposition. The associated graph is known as the 1-skeleton of the
permutahedron [4]. The weak Bruhat graph has n! vertices.

The distance between two vertices o1 := [a1,as,...,a,] and o9 := [by,bs,...,b,] in
the weak Bruhat graph B, is calculated using the Kendall tau distance. The Kendall
tau distance K (o1, 02) is the minimum number of adjacent transpositions necessary to
transform o; into o2. It can also be considered as the minimum number of discordant
pairs between o1 and o. For example, if o7 = [2,4,1,3] and o2 = [4,1,3,2], then
the discordant pairs are D = {(1,2),(1,3),(1,4)}. Thus, K(o1,02) = 3. Therefore,
the farthest vertex from the vertex [1,2,3,4] in By is [4,3,2, 1], namely its distance
is 342+ 1= 6. It can be shown that the diameter of the weak Bruhat graph B,, is
m=1)4+m—-2)4+---+24+1=n(n—1)/2. The following theorem deals with the
weak Bruhat graph.

Theorem 10. Let B, be the weak Bruhat graph on the symmetric group S,. Ifn =0 or 1
(mod 4), then B, is a k-distance magic graph with

_n(n—-1)
kz—T.

Proof. Let G be the weak Bruhat graph B,,. The diameter of B,, isd = (n—1)+(n—
2)+---4+2+41=n(n—1)/2. This diameter is even if n = 0, 1(mod 4). For any vertex

o :=[ay,as,...,an_1,a,] in G, there is a unique vertex ¢ = [an, an-1,...,02,a1] at
distance n(n — 1)/2, the diameter of G, from o. Therefore, G is a sibling graph with
a sibling function 7([a1,az,...,an-1, ay]) = [an,an-1,...,a2,a1].

Let o :=[a1,a2, -+ ,a,] be any vertex in G. Let k be half the diameter of G, that is,
k =n(n —1)/4. Every vertex ¢ at distance k from o will have exactly k discordant
pairs with respect to 0. This means that ¢ will have exactly concordant pairs with
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respect to the sibling (o) of 0. Therefore, 7(o) has exactly d—k = k discordant pairs
with respect to ¢, so the distance between ¢ and (o) is k. Thus, Ni(o) = Ni(m(0)).
We conclude that the first condition of Theorem 3 is satisfied.

From the definition of Kendall tau distance, it is clear that the number of vertices at
distance k from any vertex o is invariant with respect to . Therefore, the second
condition of Theorem 3 is satisfied. This concludes that G is a k-distance magic
graph. O

In Figure 3, we present the weak Bruhat graph B, with a 3-distance magic labeling.
This graph is also called the truncated octahedral graph.

{2,3,4,1} {2,4,3,1}

182,41} om‘o {4,2,3,1}

{3,2,1,4} & O {4,2,1,3}

{3,4,1,2}

{2,1,3,4}

{3,1,2,4} Q O {4,1,2,3}

Figure 3. The weak Bruhat graph Bs

The Mobius-Kantor graph is a symmetric bipartite cubic graph with 16 vertices and
24 edges. It can be defined as the generalized Petersen graph P(8,3).

Theorem 11. The Mobius—Kantor graph is a 2-distance magic graph.

Proof. Let G be the Mobius—Kantor graph. The order of G is 16 and its diameter
is 4. Let V(G) = {uy,ua,...,ug} U{vy,va,...,v8} and E(G) = {uv; :1<i <
8U{uuj 1 i—j = +3(mod 8),1 <4,j < 8}U{vv; :i—j = +1(mod 8),1 <i,j < 8},
Then, G is a sibling graph with the sibling function 7 mapping u; to u;+4 and v; to
vi+4, where all indices are calculated modulo 8. Now, define a 2-distance magic
labeling o : V(G) — {1,2,---,16} such that if a(z) = a then a(n(x)) = 17 — q,
1 < a < 16. Then, we obtain 51 as the 2-distance magic constant of G. Therefore,
the Mobius-Kantor graph is a 2-distance magic graph. O
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Figure 4. the M&bius—Kantor graph.

In Figure 4, we present a 2-distance magic labeling in the Mobius-Kantor graph.
Even though all k-distance magic graphs obtained from the sibling graph family
above are regular, we may have ones which are not regular. Consider the following
graph F,. Let n be any positive integer. Define F, as a graph constructed by
connecting a cycle Cs with (2n) K5 so that we have the set of vertices and the set of
edges as follows. Let

V(F,) ={u;,v;:i=1,2,3,4} U {a;,b; : 1 =1,2,...,2n},
E(Fn) = {Uiui+1,'l}i'l}i+1 1= 172,3} U {U4U1,’U4U1} U

{u1b;,v1a; : for all odd j} U
{uabj, v2bj, uzaj, vaa; : for all even j}.

Note that for any n > 1 the graph Fj, is not regular of order 4n + 8 and diameter 4.
For example, the graph Fj is depicted in Figure 5.

Theorem 12. The graph F,, is a 2-distance magic graph for all m > 1.

Proof. For any n > 1, the graph F, has order 4n + 8 and diameter 4. Define a
permutation 7 : V(F,) — V(F,,) as follows:

= (ulvl)(uzvg)(U3v3)(u4v4)(a1b1)(a2bg) e (agnbgn).

This permutation 7 is a sibling function of F,. Thus, F,, is a sibling graph. Now, we
shall prove that F;, satisfies the first and second conditions of Theorem 3. For any
vertex x € F),, consider all vertices at distance 2 from x. We will have:
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al

Figure 5. The irregular graph Fj3.

{us,vs,a;,b; : all even i} ,T = Uy
{ug,vq,a;,b; : all odd i} ,T = Ug

Ny(z) = Na(n(z)) = ¢ {ui,v1,a;,b; : all even i} , T = U3
{ug, ug,ve,vq,a;,b; : all odd i,4 #t} ,x = a; for odd ¢
{ug, ug,va, vy, a;,b; : all even i,i #t} ,x = a; for even t.

Thus, No(z) = Na(w(x)) for every x € V(F),) and | Nao(x)| = 2(n+1) for every z € F,.
By Theorem 3, F), is a 2-distance magic graph. O
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