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Abstract: In this short note, we report an error in the proof of Theorem 1 of Noor
A’lawiah Abd Aziz, which concerns the Rk-construction for generating graphs with

integer Sombor index. We provide a corrected proof and the corresponding formula.

Importantly, we verify that the main conclusion of the theorem remains valid despite
this correction.
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1. Introduction

For a graph G, the Sombor index of G is defined as

SO(G) =
∑

uv∈E(G)

√
deg(u)2 + deg(v)2,

where deg(u) denotes the degree of vertex u in G. The Sombor index was introduced

by Gutman [2] and has attracted considerable attention in recent years. One impor-

tant research direction concerns the characterization of graphs whose Sombor indices

are integers.

In a recent paper [1], Abd Aziz introduced the Rk-construction, which produces from

a given graph G and an integer k ≥ 2 a new graph Rk(G) with the property that

if SO(G) is an integer, then SO(Rk(G)) is also an integer. The construction was

claimed to satisfy the formula

SO(Rl
k(G)) =

(
k3 + k2

2

)l

SO(G)
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for all l ≥ 1 and k ≥ 2, where Rl
k(G) denotes the l-fold iterated application of the

Rk-construction.

In this note, we point out an algebraic error in the proof of this result and provide

the correct formula. Fortunately, the main conclusion that the construction produces

infinitely many graphs with integer Sombor index remains valid.

2. The Rk-construction

We briefly recall the Rk-construction from [1]. Given a graph G with vertex set

V (G) = {v1, v2, . . . , vn} and an integer k ≥ 2, the graph Rk(G) is constructed as

follows: Consider k copies of G, denoted G1, G2, . . . , Gk, where

V (Gi) = {vi1, vi2, . . . , vin}, E(Gi) = {virvis | vrvs ∈ E(G)}

for i = 1, 2, . . . , k. Then

V (Rk(G)) =

k⋃
i=1

V (Gi)

and

E(Rk(G)) =

k⋃
i=1

E(Gi) ∪ {virvjs | i 6= j, vrvs ∈ E(G)}.

In other words, Rk(G) consists of k copies of G, with each edge of G replaced by

a complete bipartite graph Kk,k in Rk(G) (where the two parts correspond to the

k copies of each endpoint). An important observation is that for any vertex vij ∈
V (Rk(G)), we have

degRk(G)(v
i
j) = k · degG(vj).

3. The error in Theorem 1

Theorem 1 of [1] claims that for each l ≥ 1 and k ≥ 2,

SO(Rl
k(G)) =

(
k3 + k2

2

)l

SO(G).

The error occurs in the proof when computing SO(Rk(G)). Let us carefully recompute

this quantity. We partition the edges of Rk(G) into two types:

(i) Edges within a single copy: virv
i
s for some i and vrvs ∈ E(G).

(ii) Edges between different copies: virv
j
s for i 6= j and vrvs ∈ E(G).
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For edges of type (i), we have

k∑
i=1

∑
vrvs∈E(G)

√
deg2

Rk(G)(v
i
r) + deg2

Rk(G)(v
i
s) = k

∑
vrvs∈E(G)

√
k2 deg2

G(vr) + k2 deg2
G(vs)

= k2
∑

vrvs∈E(G)

√
deg2

G(vr) + deg2
G(vs)

= k2 · SO(G).

For edges of type (ii), we need to count carefully. For each edge vrvs ∈ E(G) and

each ordered pair of distinct indices (i, j) with i 6= j, there is an edge virv
j
s in Rk(G).

The number of such ordered pairs is k(k − 1). Therefore,

∑
1≤i,j≤k

i 6=j

∑
vrvs∈E(G)

√
deg2

Rk(G)(v
i
r) + deg2

Rk(G)(v
j
s)

= k(k − 1)
∑

vrvs∈E(G)

√
k2 deg2

G(vr) + k2 deg2
G(vs)

= k2(k − 1) · SO(G).

Adding both contributions, we obtain

SO(Rk(G)) = k2 · SO(G) + k2(k− 1) · SO(G) = k2(1 + k− 1) · SO(G) = k3 · SO(G).

This leads us to the correct version of Theorem 1.

Theorem 1 (Corrected). For each l ≥ 1 and k ≥ 2,

SO(Rl
k(G)) = k3l · SO(G).

Proof. We have shown that SO(Rk(G)) = k3 · SO(G). The general result follows

by induction on l. For the base case l = 1, this is exactly what we proved above.

For the inductive step, assume SO(Rl−1
k (G)) = k3(l−1) · SO(G). Then SO(Rl

k(G)) =

SO(Rk(Rl−1
k (G))) = k3 · SO(Rl−1

k (G)) = k3 · k3(l−1) · SO(G) = k3l · SO(G).

Despite the error in the explicit formula, the main conclusion of [1] remains valid:

Corollary 1. If G is a graph with integer Sombor index, then for each l ≥ 1 and k ≥ 2,
Rl

k(G) is a graph with integer Sombor index.

Proof. Since k3l is an integer for all integers k ≥ 2 and l ≥ 1, we have that

SO(Rl
k(G)) = k3l · SO(G) is an integer whenever SO(G) is an integer.
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Thus, the Rk-construction does indeed provide a method for generating infinitely

many families of graphs with integer Sombor index, as originally claimed.

4. Remarks on related indices

The paper [1] also states similar results for the Randić index and reciprocal Randić

index in Theorem 2. We briefly verify these claims. For the reciprocal Randić index,

defined as

RR(G) =
∑

uv∈E(G)

√
deg(u) · deg(v),

a similar calculation shows that

RR(Rk(G)) = k3 ·RR(G),

and thus RR(Rl
k(G)) = k3l ·RR(G). For the Randić index, defined as

R(G) =
∑

uv∈E(G)

1√
deg(u) · deg(v)

,

the computation is different due to the reciprocal. In Rk(G), each vertex correspond-

ing to a vertex u ∈ V (G) has degree k degG(u). Hence, for each edge corresponding

to uv ∈ E(G), the Randić weight becomes

1√
(k degG(u))(k degG(v))

=
1

k

1√
degG(u) degG(v)

.

For the edges within the copies, there are k copies of G. Therefore, their total con-

tribution is

k
∑

uv∈E(G)

1

k

1√
degG(u) degG(v)

= R(G).

For the edges between different copies, there are k(k − 1) ordered pairs of distinct

copies. Thus, their total contribution is

k(k − 1)
∑

uv∈E(G)

1

k

1√
degG(u) degG(v)

= (k − 1)R(G).

Consequently,

R(Rk(G)) = R(G) + (k − 1)R(G) = kR(G),

and, by induction,

R(Rl
k(G)) = klR(G)
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for all l ≥ 1. Therefore, the claim in [1] that

R(Rl
k(G)) =

(
k + 1

2

)l

R(G)

is incorrect, and the correct multiplicative factor is kl.
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