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Abstract:  Given an undirected bipartite graph G = (A U B, E), a many-to-many
matching (MM) in G matches each vertex v in A (resp. B) to at least one vertex in
B (resp. A). In this paper, we consider the limited-capacity many-to-many match-
ing (LCMM) in G, where each vertex v € AU B is matched to at least one and at
most Cap(v) vertices; the function Cap : AU B — Z > 0 denotes the capacity of v
(an upper bound on its degree in the LCMM). We give an O(n3) time algorithm for
finding a maximum (respectively minimum) weight LCMM in G with non-positive real
(respectively non-negative real) edge weights, where |A| + |B| = n.

Keywords: Hungarian algorithm, many-to-many matching, limited-capacity, bipar-
tite graphs.
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1. Introduction

Given two sets of objects A and B, a many-to-many matching (MM) matches each
object of A (respectively B) to at least one object of B (respectively A). The MM
has many uses, including computational biology, pattern recognition, and wireless
networks [9, 13—-15]. We can represent the sets and their relations using a bipartite
graph; for example, one part can represent mutated genes and the other part outlying
genes [14]. Given an undirected bipartite graph G = (AU B, E), a matching in G is
a set of vertex-disjoint edges M C E. Denote by W (e) the weight of the edge e € E.

* Corresponding Author

(© 2026 Azarbaijan Shahid Madani University



2 The maximum-weight limited-capacity many-to-many matching

The weight of M which is denoted by W (M) is the sum of the weights of all edges in
M, hence
W(M) =Y W(e).

ecM

A mazimum weight matching (MWM) denoted by M’ is a matching that for any other
matching M" we have W(M") < W(M'). A perfect matching is a subset of edges
PM C E such that every vertex of G is adjacent to exactly one edge of PM. Assume
that |A| = |B| = n and |E| = m. The first polynomial-time algorithm for computing
a mazimum weight perfect bipartite matching (MWPBM), a maximum weight perfect
matching in the bipartite graph G, is the basic Hungarian algorithm [8, 11]. Then,
Fredman and Tarjan [3] solved the MWPBM problem in G in O(mn + n?logn)
time by implementing the Hungarian algorithm using fibonacci heaps. Later, other
algorithms were developed for bipartite graphs with integer edge weights [5, 12]. For
more discussion, see [7].

In many applications, the capacities of objects are limited. For example, consider a
set of base stations communicating with a set of wireless sensors. The aim is to send
data gathered by the sensors to the base stations. The number of sensors that can
communicate with each base station is limited by the finite battery storage capacity of
the sensors and the limited capacity of radio links of the base stations. In this context,
ensuring full utilization of the network is often a primary goal. A lower bound of 0
on vertex degree is insufficient, as it allows for base stations to be idle (a waste of
infrastructure) and sensors to be unassigned (leading to data loss). Thus, imposing
a uniform lower bound of 1 on all vertices elegantly prevents this, guaranteeing that
every base station is active and every sensor’s data is collected. While an arbitrary
lower bound I(v) > 1 offers more generality, it might lead to a significantly higher
time complexity. The case of a uniform lower bound of 1 is therefore particularly
interesting: it enforces the critical requirement of full utilization while maintaining a
favorable time complexity of O(n?).

The capacity of a vertex v € AU B denoted by a function Cap : AUB — Z > 0 is the
number of vertices that can be matched to v. A limited-capacity MM (LCMM) in G
is an edge set such that 1 < deg(v) < Cap(v) for all v € AUB (we use deg(v) to refer
to the degree of the vertex v in the LCMM). The maximum weight LCMM problem
has been solved in the time complexity of O(W’y/B’m) for integer edge weights [6],
where W’ = max.cp(W(e)) and ' =3 4,5 Cap(v).

In this paper, we present an O(n?) time algorithm for the maximum weight LCMM
problem in G when the edge weights are non-positive real numbers. Note that a
maximum weight LCMM in G with non-positive real edge weights W (e) is a minimum
weight LCMM in G with non-negative real edge weights F(e) = —W (e) for all e € E.
In a degree constrained subgraph (DCS) H' = (V' Ey/) of a general graph H =
(V', E}) it holds that I(v) < deg(v) < u(v) for each vertex v € V' with degree deg(v),
where [(v) and u(v) denote integer bounds. The maximum weight LCMM problem in
G can be stated as a specific case of the maximum weight DCS problem in a general
graph and solved in O(n? min(mlogn,n?)) time [4]. It is true that the maximum
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weight LCMM problem can be formulated as a minimum cost flow problem. How-
ever, this general formulation does not capitalize on the problem’s underlying bipartite
structure, potentially leading to computational inefficiencies. Although recent theo-
retical breakthroughs in minimum cost flow offer superior asymptotic run-times [1],
the high complexity of these algorithms casts doubt on their practical performance.
We therefore introduce an approach based on the Hungarian algorithm, a classic solu-
tion prized for its simplicity and proven efficacy in bipartite matching problems. We
first review the basic Hungarian algorithm and some preliminary definitions. Then,
we present our new algorithm.

2. Preliminaries

Consider a weighted bipartite graph G = (AU B, E) such that all edge weights are
non-positive real values. Let A = {aj,as,...,a,} and B = {by1,ba,...,b,}. We denote
by W (a;,b;) the weight of the edge (a;,b;) for a; € A and b; € B. If there exists no
edge between two vertices a; € A and b; € B, we assume that W(a;,b;) = —oc0. A
path with the edges alternating between the edges of the matching M and F — M is
called an alternating path. Fach vertex v that is incident to an edge in M is called a
matched vertex; otherwise, it is a free vertex. All alternating paths originating from a
free vertex v € AU B constitute an alternating tree. An alternating path with two free
endpoints is called an augmenting path. Note that by finding the symmetric difference
between M and an augmenting path, the augmentation of M which is denoted by
augment(M), we get a new matching M’ with |M’| = |M|+1 (the size of M increases
by 1).

A wvertex labeling is a function [ : V' — R~ U {0} with V = A U B that assigns
a non-positive real value as a label to each vertex v € V. A vertex labeling that
in which {(a;) + I(b;) > W(a;,b;) for all a; € A and b; € B is called a feasible
labeling. The equality graph of a feasible labeling [ is a graph G; = (V, E;) such that
E; = {(ai,bj) € Ell(a;) +1(bj) = W(ai,b;)}. The set of neighbors of a vertex u € V
is defined as Nj(u) = {v € V|(v,u) € E;}. Consider a set of vertices S C V, we define
Ni(S) = Uyes Ni(u) as the set of neighbors of S.

Lemma 1. Consider a feasible labeling I of an undirected bipartite graph G = (AUB, E).
Let S C A andT C B with Ni(S) =T, where S and T represent the vertices of an alternating
tree. Let
= i l(a;) +1(bj) — i, b))
o=, min () +1(b) = W(asb)

If the labels of the vertices of G are updated such that:

l(v) —ay ifvesS

'w)y=< lw)+a ifveT,
l(v) Otherwise

then 1’ is a feasible labeling such that E;, C Eyr.
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Proof.  Obviously, in the cases a; € S,b; € T, or a; ¢ S,b; ¢ T, or a; ¢ S,b; € T,
we have:

V(a:) +1'(b) = las) +1(b;) = W (ai, b;).

And, for some vertices a; € S,b; ¢ T, we have I'(a;) + I'(b;) = l(a;) — oq + U(bj)
W(ai,bj).

ol

Theorem 1. Let! be a feasible labeling such that E; covers all vertices. If M is a perfect
matching in Ey, then M is a mazimum weight matching [8].

Proof. Suppose that M’ is a perfect matching in G, since each vertex is incident to
exactly one edge of M’ we have:

WM = > Wab)< Y 1)

(a;,bj)eM’ ve(AUB)

Thus, ZUE(AUB) I(v) is an upper bound for each perfect matching. Now assume that
M is a perfect matching in Fj:

W)=Y W)= Y i)

eeM ve(AUB)

O

Now, we review the basic Hungarian algorithm which computes an MWPBM in an
undirected bipartite graph G = (AU B, E) with |A| = |B| = n (see Algorithm 1).
It has been shown that the maximum weight matching problem in bipartite graphs
can be reduced to the MWPBM problem and solved using the Hungarian algorithm
in O(n?) time [2]. Note that, for all the free vertices v € A, the Hungarian algorithm
builds an alternating tree rooted at v to find an augmenting path.

pt ps
[

Figure 1. An example for illustration of Lemma 2; the hollow circles are free vertices and the filled circles
are matched vertices.

In Lines 2 and 3 of Algorithm 1, the vertices of the input bipartite graph are labeled
by a feasible labeling. An initial matching M, which can be empty, is defined in Line
4. In each iteration of the while loop of Lines 5-27, the size of M increases by exactly
1; therefore, the loop iterates at most n times.
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Algorithm 1 The Basic Hungarian algorithm(G = (AU B, E))

1: Initial > Find an initial feasible labeling [ and a matching M in E;
2 l(bj)=0forall1<j<n

3 la;) = max?_; W(as,b;) forall 1 <i<n

4: M=0

5: while M is not perfect do

6 Select a free vertex a; € A, and let S = {a;}, T =0

7 for j « 1 ton do

8 slacklj] = l(a;) + U(bj) — W (as, bj)

9: end for
10: repeat
11: if N;(S) =T then
12: oy = miny, g7 slack(j]
13: Update(l) > Update the labels according to Lemma 1
14: for all b; ¢ T do
15: slack[j] = slack[j] — o
16: end for
17: end if
18: Select u € N;(S)\T
19: if u is not free then > (u is matched to a vertex z; extend the alternating tree)
20: S=SU{z},T=TU{u}.
21: for j < 1,n do
22: slack[j] = min(I(z) + 1(bj) — W (z,b;), slack[j])
23: end for
24: end if
25: until v is free

26: Add (a;,u) to M or augment(M) so that all new adding edges to M are in E
27: end while
28: return M

The repeat loop of Lines 10-25 iterates at most O(n) times until finding a free vertex
u. In Line 12, the value of «; is computed by:

o) = lfnin slack[j],
in O(n) time. After computing «;, the feasible labeling [ is updated in Line 13 such
that Ny(S) # T. The values of the slacks must also be updated by:

slack[j] = slacklj] — au,

for all b; ¢ T (Lines 14-15). A vertex u € N;(S) \ T is selected in Line 18. Observe
that if u is not a free vertex, the alternating tree must be extended (Lines 19-20).
Note that in the repeat loop, an alternating tree is constructed to find an augmenting
path. Once a vertex is moved from S to S, the values of slack[j] for all 1 < j < n are
updated in O(n) time (Lines 21-22). At most O(n) vertices are moved from S to S,
so the repeat loop takes the total time of O(n?). Therefore, the time complexity of
the basic Hungarian algorithm is O(n?).

Lemma 2. After each augmentation of a matching (Line 26 of Algorithm 1), the weight
of the matching does not increase.
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Proof. Given an augmenting path P, two cases arise:

e P = (p1,p2). According to non-positive real edge weights, this condition is
trivial.

e P = (p1,p2,p3,.-.,Pn) (see Figure 1). Note that

W(pi, pi+1) = U(pi) + U(pi+1)

fori=1,2,...,n—1, since all edges of an augmenting path are in EF;. Assume
for a contradiction that the lemma is false, and thus

W(p1,p2) + W(p3,pa) + -+ W(pn-1,0n) >W(p2,p3) + W(p4,ps)
+- +W(pn—2,Pn-1).

So, it holds that:

I(p1) +U(p2) + - +1pn) > U(p2) +1(p3) + - +Upn-1),

and thus:
l(pl) + l(pn) > 0.

Note that both p; and p, are free, and according to the above feasible labeling we
have I(p,) < 0 and I(p1) < 0, a contradiction. O

The Hungarian algorithm gives the best run time for bipartite graphs with low range
edge weights [10]. In the worst case, the repeat loop of the algorithm runs in O(n?)
overall time; the function Update(l) of the algorithm produces a new feasible labeling
" whose equality graph has only one more edge (|Ey/| = |E;|+1). However, in bipartite
graphs with low range edge weights and dense graphs, after updating the labels, many
more edges are added to Ej, substantially decreasing the computational complexity.
Low range matrices are used in problems with low precision data.

The maximum weight LCMM algorithm on bipartite graphs

Let G = (AU B,FE) be a bipartite graph with non-positive real edge weights,
where A = {aj,as,...,a5} and B = {by,bs,...,b;} such that s +¢ = n. Let
Ca = {a1,0a9,...,as} and Cg = {B1,0P2,...,0:} denote the capacities of A and
B, respectively. Assume w.l.o.g that t < s. Also, assume that s < Z;Zl B; (it is

obvious that if s > Z;Zl B;, then there does not exist any LCMM in G). We present
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an O(n?) time algorithm for computing a maximum weight LCMM in G = (AUB, E),
where each vertex a; € A must be matched to at least one and at most «; vertices in
B, and each vertex b; € B must be matched to at least one and at most 3; vertices
inAforalll<i<sand1<j<t.

Our algorithm is based on the basic Hungarian algorithm. Recall that the basic
Hungarian algorithm computes an MWPBM in an undirected bipartite graph. Thus,
we first construct a complete bipartite graph G’ = (X UY, E’) with X = AU A’ and
Y = BU B’ (see Figure 2), and then run our algorithm on it.

In a complete connection between two sets, each element of one set is connected to
all elements of the other set. We represent each set of vertices by a rectangle and
the complete connection between two sets by a line connecting the two corresponding
rectangles.

Given A ={ay,az,...,as} and B = {by,ba,...,b:}, we construct a complete connec-
tion between A and B, where the weight of the edge (a;,b;) in G’ is equal to the
weight of the edge (al,b-) inGforalll<i<sand1<j<t.

Let B; = {b};,b)9,.-, ](,@ pt for 1 <j <t and B" = {B},B;,...,Bj}. Each
Vertex of A is connected to all Vertlceb of B’ such that

W(ai, b;k) = W(ai, bj)

forall 1 <k < (5; —1).
Let A} = {ajy,aly,...,aj,, )} for 1 <i < sand A" = {47, A4),..., AL}, we also
construct a complete connection between the sets B and A’ such that

W (agy,, bj) = W(ai, b;)

for all 1 < k < (a; — 1). Also, there exists a complete connection between two sets
A’ and B’ with zero weighted edges.

Now, we modify the basic Hungarian algorithm to get a new algorithm, called
ModifiedHungarianAlg (see Algorithm 2). In the modified Hungarian algorithm,
Line 5 of Algorithm 1 is changed; the while loop iterates until matching the subset
A C X. The initialization step is also removed.

Our new algorithm consists of two steps (see Algorithm 3). In the first step, all
vertices of A C X are matched, together with one or more vertices of B. And, in
the second step, the remaining free vertices of B C Y (the vertices of B that are not
matched in the first step) are matched. We claim that by applying our algorithm
on G, Mazxweight LCMM Algorithm(G = (AU B, E)), we get a maximum weight
LCMM in G.

Step I. Given an undirected complete bipartite graph G’ = (X U Y,E’) with
X = AUA and Y = B U B, in this step, we call the function
ModifiedHungarianAlg(G', A, M,1) (Line 6 of Algorithm 3). It matches the
vertices a; € A for all i = {1,2,..., s} until there does not exist any free vertex
in ACX.
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ay, a, . .., a5

biybo, ... by

Figure 2. Our constructed complete bipartite graph; the dashed line represents a complete connection
with zero weighted edges between A’ and B’.

In ModifiedHungarianAlg(G', A, M,1), the while loop of Lines 1-30, called
the main loop, iterates until each vertex of A is matched to exactly one vertex
of BU B’. Obviously, it iterates O(n) times, since the number of vertices of
A is O(n). In the following, we show that each iteration of the main loop of
ModifiedHungarianAlg(G’, A, M, 1) takes O(n?) time.

Observation 1.  The labels of all the free vertices b}, € Bj are equal for all
1<k<pB—1

Initially, we have I(b};) = 0 for all 1 < &k < B; — 1. The function Update(l)
updates the labels of all the vertices b;-k €T, i.e., all the vertices b}k that have
been matched to a vertex in S. Hence, all the free vertices b;k € B;» have equal
labels for 1 <k < 3; — 1.

Observation 2.  The slacks of all the free vertices b}, € Bj are equal for all
1<k<pB—1

Note that the vertices of B} are copies of the vertex b;. By Observations 1 and
2, all the free vertices of B;- have equal labels and slacks. Therefore, in each
iteration of the main loop, we consider only one of the free vertices b; L € B; for
1<k < B; — 1, arbitrarily. Actually, in each iteration of the main loop, all the
free vertices b;-k € B; are considered a single vertex (Line 5 of Algorithm 2).

Let B” = b{,b3, ..., b/, where b7 is an arbitrary free vertex of B, if exists (Line
6 of Algorithm 2). Let Y/ = BUC U B”, where C is the set of the matched
vertices of B’ with respect to M (Lines 8-9 of Algorithm 2). In each iteration of
the main loop, we first give initial values to the slacks of all the vertices y; € Y’
in O(n) time (Lines 10-12). Then, the repeat loop of Lines 13-28 iterates until
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Step II.

we find a free vertex u and either add (x;,u) to M or augment(M). Note
that if N;(S) = T, we update the vertex labels of G’ to get a new feasible
labeling such that N;(S) # T'. The neighbor set of a vertex u € A is defined as
Ni(u) = {v € Y'|(u,v) € Ei}.

Note that there exist at most O(n) matched vertices, i.e. the vertices of A, so
the number of the vertices in T" and S is at most O(n). Hence, in Line 15, we
get the minimum value in O(n) time. Also, updating the labels and slacks takes
O(n) time (Lines 16, 17-19 and 24-26).

Observe that in this step, the initial matching M is an empty set (Line 5 of
Algorithm 3), and each iteration of the main loop starts from an arbitrary free
vertex a; € A for 1 < i < s. Therefore, by Lemma 2, the output of this step,
My, is an MWM covering A. Note that in M7, all vertices of A are matched,
but some vertices of B might be free. Let Btemp = B (Line 7 of Algorithm 3).
Note that (aub;k) € M, for a; € A and b;k = B; implies that a; is matched
to b; (since bl is a copy of b;). Thus, if a vertex a; is matched to a vertex
b’ in My, we remove the corresponding vertex b; from Btemp (Lines 8-12 of

J
Algorithm 3).

In this step, we call the function Modified HungarianAlg(G', Btemp, My, 1)
(Line 13 of Algorithm 3). We use the final labels of the vertices from Step I,
so the labels of the vertices are feasible. We also use the output matching of
Step I, M;, as the initial matching for Step II. Once all vertices of Btemp are
matched, this step terminates. Recall that the initial matching of this step,
M, is an MWM that covers A. Additionally, observe that each iteration of
the main loop of ModifiedHungarianAlg(G’, Btemp, My,11) starts from an
arbitrary free vertex b; € B for 1 < j < t. Therefore, the output of this step,
M, is an MWM covering AU B (if M> covers a vertex b}, € B}, we assume that
it also covers the vertex b;). Note that, by Lemma 2, if we continue matching the
vertices of G’, the weight of M5 does not increase. Similar to Step I, we observe
that the slacks and labels of all the free vertices a},, € A} (forall 1 <k < a;—1)
are equal in value. Thus, we can show that the time complexity of Step II is
also O(n?).

Observation 3. M, does not contain both (a;,bj,) and (a5, b;).

Proof.  Assume for contradiction that (a;,b};) € Ma and (aj;,b;) € Ma. Replace
(ai, b3) and (aj;,b;) in My by the edges (ai,b;) and (aj;,,b%;). The result is still
a matching that covers A U B with a greater weight, this contradicts that Ms is an
MWM covering AU B. O

We claim that from the output matching of Step II, M5, we get a maximum weight
LCMM in G = (AU B, E), denoted by L. In the following, we prove that the weight
of My is equal to the weight of L, i.e., W(L) = W (Ms).
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Lemma 3. W(L) < W(Ma).

Proof.  We construct from L a matching M’ in G’ covering AUB such that W (M') =
W(L). We relate an edge of G’ to each edge of L as follows.
For each (a;,b;) € L, one of the following three cases arises:

e Both a; € G’ and b; € G’ are free. Then, we add (a;,b;) to M’.

e a; € G' is free but b; € G’ is already matched. Then, we add (a;,b};) to M’,
where b’ is an arbitrary free vertex of B} € G'.

e a; € G' is already matched but b; € G’ is free. In this situation, we add (a};, b;)
to M', where a, is an arbitrary free vertex of A € G'.

a  a, ay 4 a'y 'y
.

e

b'yy b

32

B'y

Figure 3. The edges of G’ related to the edges of L = {(a1,b1), (a1,b2), (a2, b3), (a3, bs), (as,b3)}.

Thus, for each edge (a;,b;) € L, we add the edge (a;,b;) to M’ if neither a; € G’ nor
b; € G’ is incident with an edge in M’. Otherwise, we add to M’ the edge incident to
the free vertex of (a;,b;) and an arbitrary free vertex (see Figure 3 for an example).
For each (a;,b;) € L, we add an edge with equal weight in M’, so W(M') = W(L).
Since My is a maximum-weight matching in G’ that covers AU B, we have W (M') <
W (Ms), and thus W (L) < W (My). O

In the following, we get an LCMM L' in G from the output matching M5 in G’. Note
that for each a; € A (where 1 < i < s), there exists the set {a;} U A} in G’ with «;
vertices. Similarly, for each b; € B (where 1 < j < t), there exist 3; copies in G’ (i.e.,
{bj} U B}). Therefore, the capacities of the vertices of A and B are satisfied in Ms.
Note that, by Observation 3 and because M, consists of vertex-disjoint edges of G,
at most one of the following can hold: (a;, ;) € Ma, (aj,,b;) € Ma, or (a;, b;) € Mo
(we do not count the zero-weighted dummy edges (agk,,b;k)). For each such case, we
add the edge (a;,b;) to L. It is easy to see that W(L) > W(L') = W (Ma).
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Theorem 2. Let G = (AU B, E) be a non-positive real weighted bipartite graph with
|A| + |B| = n, a mazimum weight LOMM in G can be computed in O(n®) time.

Algorithm 2 ModifiedHungarianAlg(G' = (X UY, E'),A,M )

1: while {u € Alu is free} # 0 do

e e e e e e e el e
© %0 NPT wh o

NN NN NN N N

29:

© PP w

®)
e

Select a free vertex z; € A, and let S = {z;}, T =0
B// — @
for j + 1 to |B| do
Select a free vertex v € B}
Bl/ — B/l U {U}
end for
Let C be the set of the matched vertices of B’
Y'=BUCUB”
for all y; € Y’ do
slack[j] = l(z) + U(y;) — W (@i, y;5)

end for
repeat
if N;(S) =T then > Ni(u) = {v € Y'|(u,v) € E;}
oy = miny ey slack[j]
Update(l) > Update the labels according to Lemma 1

for all y; € Y\ T do
slack[j] = slack[j] — oy
end for
end if
Select u € N;(S)\T
if u is not free then > (u is matched to a vertex z, extend the alternating tree)
S=SuU{z},T=TU{u}.
for all y; € Y’ do
slacklj] = min(U(z) + 1(y;) — W (2,y;), slack]j])
end for
end if
until u is free
Add (z;,u) to M or augment(M) so that all new adding edges to M are in E;

30: end while
31: return M and
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Algorithm 3 Maxweight LCMM Algorithm(G = (AU B, E))

1: Construct the bipartite graph G/ = (X UY, E’) from G with X = AUA’ and Y = BU B’
2: Initial > Find an initial feasible labeling [ and a matching M in E;
5 p=1X|, q=1Y]

4: Let I(y;) =0 for all 1 < j < qand l(z;) = max?:1 W(zi,y;) forall 1 <i<p

5: M=0

6: (Mi,l1) =MODIFIEDHUNGARIANALG(G’,A,M,l)

7: Btemp =B

8: for all a; € A do

9: if Hb;k € B; s.t. (ai,b;k) € M; then

10: Btemp = Btemp — {b;}

11: end if

12: end for

13: (Ma,l2) =MODIFIEDHUNGARIANALG(G’,Btemp,Mj,l1)
14: return Mo
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